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PREFACE. 

rflHIS  Short  Course  of  Elementary  Plane  Trigonometry  is 
-*-  intended  for  the  use  of  Junior  Students  and  of  those 
others  who  do  not  require  so  complete  a  knowledge  of  the 
subject  as  would  be  obtained  from  a  study  of  my  larger 
work.  In  its  range  this  book  will  be  found  sufficient  for 
Candidates  for  the  Oxford  and  Cambridge  Local  Examina- 
tions, the  College  of  Preceptors,  the  Cambridge  Previous 
Examination,  the  London  Intermediate  Examination  in 
Arts,  the  Science  and  Art  Examinations,  College  Entrance 
Examinations,  and  other  examinations  of  the  same  character. 


C.  P. 


ST  PAUL'S  SCHOOL,  LONDON, 
December,  1899. 


Vll 


CONTENTS. 
PART  I. 

PAGE 

I.        AN  ANGLE.  '  Rectangular  measure ;  circular  measure ;  miscella- 
neous examples 1 

II.  THE  TRIGONOMETRICAL  EATIOS.     Acute  angles ;  the  complement 

of  an  angle ;  the  trigonometrical  ratios  of  45°,  60°,  30°,  0°, 
and  90° ;  general  remarks ;  geometrical  problems ;  miscella- 
neous propositions 12 

III.  IDENTITIES 28 

IV.  EXPRESSIONS  INVOLVING  Two  ANGLES.     The  sine,  cosine   and 

tangent  of  A  +  B,  75°,  A  -  B,  and  15° ;  the  sum  and  the 
difference  of  two  sines  and  two  cosines,  and  the  converse 
formula 30 

V.  THE  TRIGONOMETRICAL  EATIOS  OF  A  +  B  +  C     .        .        .        .      39 

VI.  MULTIPLE    AND   SUBMULTIPLE  ANGLES.     The    Trigonometrical 

Eatios  of  2A,  3A  &c 40 

VII.  IDENTITIES 43 

VIII.  ANGLES  GREATER  THAN  A  EIGHT  ANGLE  AND  NEGATIVE  ANGLES. 

Positive  and  negative  lines;  the  trigonometrical  ratios  of 
180°  and  270° ;  the  complement  and  supplement  of  an 
angle;  the  trigonometrical  ratios  of  180° -A,  180°  + A, 
360° -A,  -A,  90° -A,  and  90°  + A;  changes  in  the  value 
of  a  ratio  as  the  angle  increases  from  0°  to  360°  .  .  49 

PART   II. 

IX.  LOGARITHMS 67 

X.  THE  USE  OF  MATHEMATICAL  TABLES.     Logarithms  of  numbers  ; 

natural  ratios  ;   logarithmic  ratios 76 


viii  CONTENTS. 


PART   III. 

PAGE 

XI.       THE  ANGLES  OF  A  TRIANGLE 85 

XII.  THE  SIDES  AND  ANGLES  OF  A  TRIANGLE 89 

XIII.  THE  SOLUTION  OF  TRIANGLES.    Bight- angled  triangles;  (a)  when 

an  acute  angle  and  a  side  are  given,  (/3)  when  two  of  the 
three  sides  are  given.  Triangles  which  are  not  right-angled; 
(a)  when  three  sides  are  given,  (/3)  when  two  angles  and  a 
side  are  given,  (7)  when  two  sides  and  the  included  angle 
are  given,  (5)  the  ambiguous  case 103 

XIV.  THE  AREA  OF  A  TRIANGLE 114 

XV.  PROBLEMS  INVOLVING  THE  SOLUTION  OF  TRIANGLES   .        .        .     116 

XVI.  CIRCL'ES  AND  OTHER  FIGURES  ASSOCIATED  WITH  A  TRIANGLE.    The 

circumcircle ;  the  incircle ;  the  escribed  circles ;  the  pedal 
triangle  .  -•>  '•+_,'  .  .  .  .  .  .  .  122 


PART  IV. 

XVII.    TRIGONOMETRICAL  EQUATIONS 131 

QUESTIONS  ON  BOOKWORK  .  •     -. 144 

Answers  to  Examples       •    .    • 148 


IX 


FORMULAE. 

ABTICLE 

qc^  oo 

13.     TT  =  3  -14159265...  =gr  (nearly)  =  y  (nearly). 

13.     Circumference  of  a  circle  =  Trd=2-jrr. 

16.  1  radian  =  57°  17'  45",  nearly. 

17.  180°  =  200«r=7r  radians. 

19      A  -_?.-?. 

'     180  ~  200  ~  TT  ' 

~.      .  arc  subtended 

11,22.     Circular  measure=n°.  of  radians=  -  =p  -  . 

radius 

23.     Arc  of  a  circle  =  rd. 

31.     45°;  —  picture  a  right-angled  triangle  whose  sides  are  1,  1,  ys/2; 

Sin45o  =  j_.     cos45°=-V;    tan  45°  =  1. 

V2  \/2 

6O°  and  3O°;  —  picture  a  rt-angled  triangle  whose  sides  are  1,  A/3  ,  2 

/q 

sin  60°=^,     cos60°  =  i,  tan  60°  =  J3; 


-. 

. 
34.     o°  ;  perpendicular  vanishes  ;  intercept  coincides  with  hypotenuse  ; 

sinO°  =  0,     cosO°  =  l,    tanO°  =  0. 
9O°  ;  intercept  vanishes  ;  perpendicular  coincides  with  hypotenuse  ; 

sin  90°  =  1,     cos90°  =  0,     tan90°=oo. 
For  geometrical  problems. 
A/2  =  1-4142;     ,/3  =  1-73205;     ^  =  2-23607;     */6  =  2-44949. 

46.  (i)  tanA  =  S1D^; 

cos  A 

(ii)    sin2  A  +  cos2  A  =  1  ; 
(iii)  1  +  tan2  A  =  sec2  A  ; 

(iv)  1  +  cot2  A  =  cosec2  A. 

49.  sin(A  +  B)  =  sinAcos  B  +  cos  A  sin  B, 
cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B. 

50.  t 


R. 
B 

51.     sin  75°=       ^1>     cos  75°=  ^^C^,     tan  75°  = 
2V2  2V2 


X  FORMULA. 

AETICL.E 

52.  sin  (A-  B)  =  sin  A  cos  B-  cos  A  sin  B, 
cos  (  A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B. 

tan  A  -  tan  B 

53.  tan  (A  -8)  =  -.—    —  Trr—  5  • 

1  +  tan  A  tan  B 

54.  sinl5°=  -3-^J,     cos  15°=        **,     tan  15°=2-\/3. 

2N/2  2\/2 


56.  sin  P  +  sin  Q  =  2sin£  (P  +  Q)cos|(P-  Q), 
sin  P-sinQ  =  2cos|(P  +  Q)sini(P-Q), 
cos  P  +  cosQ  =  2cos|(P+Q)cos£(P-Q), 
cos  Q  -  cos  P  =  2  sin  |(P  +  Q)  sin  ^  (  P  -  Q). 

57.  2  sin  A  cos  B  =  sin  (A  +  B)  +  sin  (A  -  B), 
2  cos  A  sin  B  =  sin  (A+  B)-sin(A-B), 
2  cos  A  cos  B  =  cos  (A  +  B)  +  cos  (A  -  B), 
2  sin  A  sin  B  =  cos(A-  B)-cos(A+B). 

59.     sin  2A  =  2  sin  A  cos  A, 

cos  2A  =  cos2  A  -  sin2  A  =  2  cos2  A  -  1  =  1  -  2  sin2  A, 
2  tan  A 


60.  l- 

.  ,A      1-cosA 

whence  tan2  -^  =  ^-     —  A  • 
i  A     o       2  2      1  +  cosA 

1  +  cos  A  =  2cos2- 

2  tan  A 

61.  sin2A= 


l  +  tan2A' 
62.     sin  3A  =  3sinA-4sin3A, 
cos  3A  =  4  cos3  A  -  3  cos  A, 
3  tan  A  -  tan3  A 


tan3A  = 

63.     sin  18°  = 


1- Stan2  A 

v/5-1 


4 

74.  1 8O° ;  perpendicular  vanishes ;  intercept  coincides  with  hypotenuse, 

and  is  negative ; 

sin  180°  =  0,    cos  180°  =-1,     tan  180°  =  0. 

75.  27O°;    intercept  vanishes;   perpendicular  coincides  with  hypote- 

nuse, and  is  negative ;  • 

sin  270°  =  -  1,     cos  270°  =  0,     tan  270°  =  -  oo  . 
79-82.     180° -A,    18O°  +  A,    360° -A,    -A;   trigonometrical  ratios   are 

numerically  equal  to  corresponding  ratios  of  A  ;   algebraic  sign 

is  determined  by  quadrant. 
85-87.     9O°-A,  9O°  +  A;  trigonometrical  ratios  are  numerically  equal  to 

corresponding  co-ratios  of  A ;    algebraic  sign  is  determined  by 

quadrant. 


FORMULAE.  XI 


ARTICLE 

95.    loga  1  =  0;  loga  a  =  1  ;  whatever  a  may  be, 
Iog0  (mn)  =  Iog0  m  +  Iog0  n, 


96.    Iog6axloga6  =  l. 
118.    If  A+B  +  C  =  180°, 

(i)     tan  A  +  tan  B  +  tan  C  =  tan  A  tan  B  tan  C  ; 

ABC 

(ii)    sin  A  +  sin  B  +  sin  C  =  4  cos  —  cos  ^  cos  —  ; 

222- 

A         R        r* 

(iii)    cosA  +  cos  B  +  cos  C  =  4  sin-  sin  —  sin  ^+1. 

SI  21    .       3 

123-132.     Each  of  the  following  formulae  is  one  of  a  set  of  three  :  —  • 
(i)     a  =  6cosC  +  ccosB.  (ii)    a2  = 


-b)s-c) 


2 


A-B*a-&C  a  &  c 

(vm)   tan  —  —  -  =  --  -  cot  -jr  .          (ix)    ^—  -=  -^-_  =  -—  =  . 
2          a  +  &        2  v    7     sm  A      sm  B      sm  C 


(vii)    sin  A  =  —  V*  (*  -  o)  (a  -  6)  («-c). 
oc 

A-B*a-&C 

(vm)   tan  —  —  -  =  --  -  cot  -jr  .          (ix) 
2          a  +  &        2  v    7 

145-6.     Area  of  triangle  =  ^&csinA  =  ^ac  sin  B  —  \  a  b  sin  C 


152      R  =      a  b  c       _abc 

2  sin  A      2  sin  B  ~  2  sin  C  ~  4A  * 

.     B    .     C 

a  sin  -  sin  — 


cot  -  +  cot-  cos- 


acos  jrcos  — 

•«^/»  «  22 

156.    r,  = 


,      —  ^  A  s  *-  a  * 

tan -+ tan  2  cos- 

160.     Pedal  Triangle :— angles  are  180° -2A,  180° -2B,  180°  -  2C  ; 

sides  are  a  cos  A,       b  cos  B,       c  cos  C. 
162.         tan0  =  tan(tt7r  +  0), 
cot  0  =  cot  (mr  +  0) ; 

164.  cos  0  =  cos  (27i7r±^),  j  where  n  is  any  integer,  positive 
sec  6  =  sec  (2mr ±6)-  "  or  negative. 

165.  sin0:=     sin{?z7r  +  (-l)ri^}; 
cosec  ^  = 


A  SHORT  COURSE  OF 
ELEMENTARY  PLANE  TRIGONOMETRY. 


PART  I. 

I.    AN  ANGLE. 

1.  In    Plane   Trigonometry    we   investigate   the    properties 
of  plane  rectilineal  angles,  and  of  such  plane  figures  as  are  dealt 
with  in  Euclid.     The  Triangle  is  of  course  the  most  important  of 
these  figures. 

2.  In   no  case  considered  by  Euclid  does  the  magnitude 
of   an  angle  equal,  or  exceed,  two  right  angles,  but  it  is  not 
necessarily  subject  to  any  such  limitation.     For  the  purposes  of 
our  present  subject,  we  will  adopt  the  following  definition. 

DEFINITION.     If  a  straight  line   OA  have  one  end  O  fixed, 
and  be  made  to  rotate  about  that  end 
from  the  position  OA  to  another  position 
such   as    OP,   it  is  said   to  describe  an 
angle  AOP. 

An  angle  is  measured  by  the  extent 
of  the  line's  rotation. 


3.     When  the  line  has  rotated  from  OA  to  OB,  as  in  the 
figure,  it  has  described  a  right 
angle,  and  when  it  has  reached 
OC,  it  has  described  two  right 
angles. 

But  the  rotating   line   need 
not  stop  at  OC.     It  may  go  on 

until  it  arrives  back  again  at  OA,       Q ' 

when  it  will  have  described  4 
right  angles,  and  it  may  then 
continue  to  rotate  on  and  on  as 
many  times  round  O  as  we 
please. 
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Thus  the  angle  bounded  by  OA  and  OP  may  be  simply  the 
visible  angle  AOP,  or  it  may  be 

the  visible  angle  AOP  +  any  integral  multiple  of  4  right  angles ; 
but  the  student  will  find  that  the  trigonometrical  properties  are 
in  all  cases  the  same  as  those  of  the  visible  angle  AOP. 

4.  The  measure  of  an  angle  is  the  number  which  expresses 
how  many  times  it  contains  the  unit  angle. 

5.  A  unit  angle  is  one  which  serves  the  same  purpose  in 
measuring  angles  that  a  foot,  or  a  yard,  serves  in  reckoning  the 
distance  between  one  place  and  another. 

Rectangular  measure. 

6.  In  Euclid  the  magnitude  of  an  angle  is  expressed  with 
reference  to  a  right  angle,  which  is  Euclid's  standard  or  unit  of 
angular  measurement.     This  is  one  of  the  units  adopted  also  in 
Trigonometry,  and  the  measure  of  an  angle  is  then  called  its 
rectangular  measure. 

A  right  angle  is  divided  and  subdivided  into  degrees,  minutes 
and  seconds,  the  relations  between  which  are  stated  in  the  follow- 
ing table : — 

SEXAGESIMAL  MEASURE. 

1  right  angle  =  90  degrees  (90°). 

1  degree         =  60  minutes  (60'). 

1  minute        =  60  seconds  (60"). 

The  measure  of  an  angle  containing  523  degrees,  15  minutes 
and  49  seconds  is  written  thus: — 523°  15'  49".  It  may  be  noticed 
that  although  a  right  angle  is  here  the  unit  of  measurement,  it  is 
not  mentioned  by  name. 

The  above  method  of  dividing  and  subdividing  a  right  angle 
is  called  the  sexagesimal  method.  It  is  the  only  one  that  is,  or 
ever  has  been,  in  common  use. 

7.  Certain   eminent  French   mathematicians,   towards   the 
end  of  the  eighteenth  century,  wishing  to  have  a  decimal  system, 
suggested  that  the  right  angle  should  be  divided  and  subdivided 
as  follows : — 

CENTESIMAL  MEASURE. 

1  right  angle-  100  grades  (100gr). 
1  grade  =100  minutes  (100V). 

1  minute        -  100  seconds  (100VV). 
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The  measure  of  an  angle  containing  523  grades,  15  minutes 
and  49  seconds  would  be  written  thus  : — 523^  15N  49"\  This  is 
called  the  French,  or  centesimal,  method. 

8.  The  advantages  of  the  centesimal  method  would  be  that 
the  measure  of  an  angle  of  52^  5V  39XV,  for  example,  could  be 
expressed  at  sight  in  any  of  the  following  forms : — 52^  5V>39, 
52-0539  grades,  -520539  of  a  right  angle,  5205-39   centesimal 
minutes,  and  520539  centesimal  seconds.     The  process  of  con- 
version or  reduction  would  thus  consist  of  nothing  more  than  the 
insertion  of  a  decimal  point  in  its  proper  place,  or  its  transference 
from  one  place  to  another.     Practical  difficulties  have  however 
prevented  the  adoption  of  the  centesimal  system  even  in  France. 

9.  An  angle  expressed  sexagesimally  as  52°  5'  39"  cannot  be 
reduced  at  sight  to  the  decimal  of  a  right  angle.     We  must  use 
the  method  explained  in  Arithmetic,  Art.  192. 

60  39  seconds 
5 '65  minutes 


60 


90,52-09416  degrees 
Hence        52°  5'  39"  =  -5788240?  of  a  right  angle. 

1 0.  For  examination  purposes  it  is  necessary  for  the  student 
to  be  able  to  convert  the  measure  of  an  angle  from  sexagesimal 
measure  to  centesimal,  and  vice  versa. 

To  convert  from  sexagesimal  measure  to  centesimal,  we  first 
express  the  angle  as  the  decimal  of  a  right  angle,  by  the  method 
of  Art.  9.  Thus  we  found  that 

52°  5'  39"  -  -5788240?  of  a  right  angle; 
hence  52°  5'  39"  =  57**  88V  24" -674. 

Conversely,  to  convert  from  centesimal  measure  to  sexagesi- 
mal, we  express  the  angle  as  the  decimal  of  a  right  angle,  and 
then  by  the  process  explained  in  Arithmetic,  Art.  193,  we  reduce 
the  decimal  of  a  right  angle  to  degrees,  minutes  and  seconds. 

For  example,  52^  5V  9"  =  -520509    of  a  right  angle  ; 

90 

46-845810 

60  .• .  52s11 5*  9"  =  -520509  of  a  rt.  angle 

50748600  =46°  50'  44"-916. 

60 

44-916000 
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EXAMPLES   1. 

Express  the  following  angles  in  centesimal  measure : — 

(1)  45°.  (5)     36°  54'.  (9)       2°  48'  45". 

(2)  15°.  (6)     56°  45'  30".  (10)     37°    0'  12". 

(3)  12°.  (7)       5°  37'  30".  (11)  12'  36". 

(4)  22°  30'.  (8)     54°    0'  24".  (12)  8". 
Express  the  following  angles  in  sexagesimal  measure  : — 

(13)  26gr  50\  (16)     13^  41V    T.  (19)     48^  Or  50V\ 

(14)  42*r25\  (17)     82^    3V    5N\  (20)  2N  54". 

(15)  64^  18V  36V\        (18)       2*r    8N    T\  (21)  5V\ 

Circular  Measure. 

11.  The  special  unit  of  angular  measurement  which  is  used 
in  Trigonometry,  but  not  in  Euclid,  is  the  angle  between  two 
radii  of  a  circle  which  intercept  on  the  circumference  an  arc  equal 
in  length  to  the  radius. 

DEFINITION.  An  angle  subtended  at  the  centre  of  a  circle 
by  an  arc  equal  in  length  to  the  radius  is  called  a  radian.  The 
circular  measure  of  an  angle  is  the  number  of  radians  con- 
tained in  it. 

A  quantity  cannot  be  used  as  a  unit  of  measurement  unless  it 
is  of  constant  magnitude.  We  must  therefore  prove  that  a 
radian  is  an  angle  of  unvarying  size  whatever  the  radius  of  the 
circle  may  be.  We  will  first  prove  that  the  circumference  of  a 
circle  is  always  the  same  multiple  of  the  radius. 

12.  PROPOSITION  I.     The  circumference  of  a  circle  is  always 
the  same  multiple  of  the  radius.    • 

Let  there  be  two  circles  with  a  common  centre  O ;  and  let  P, 

Q,  R,  S,...  be  equidistant  points  s 

on  the  outer  circumference,  and 
A,  B,  C,  D, . . .  the  points  in  which 
OP,  OQ,  OR,  OS,...  respectively 
meet  the  inner  circle. 

Join    PQ,  QR,   RS ,   and 

AB,    BC,   CD.... 

Then,  by  Euclid  vi.  4, 

OP  _  PQ  _  QR  _  RS  _ 
OA~AB~BC~~CD  = 

_  PQ  +  QR  +  RS  + 

~AB+  BC  +  CD+  ..   ~.' 
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If  now  the  distances  PQ,  QR,  RS,...  be  diminished  indefinitely, 
and  consequently  the  number  of  points  P,  Q,  R,  S,  . . .  be  increased 
indefinitely,  the  polygon  of  which  PQ,  QR,  RS,  ...  are  sides 
becomes  indistinguishable  from  the  outer  circle  itself,  and  the 
polygon  of  which  AB,  BC,  CD, ...  are  sides  becomes  indistinguish- 
able from  the  inner  circle. 

Hence,  when  the  number  of  points  is  increased  indefinitely, 
and  the  polygon  becomes  coincident  with  the  circle,  we  see  that 
OP      circumference  of  outer  circle 
OA      circumference  of  inner  circle' 
circumference  of  outer  circle      circumference  of  inner  circle 

OP  OA 

Hence  we  may  infer  that  the  ratio  which  the  circumference  of 
a  circle  bears  to  the  radius,  and  consequently  the  ratio  which  it 
bears  to  the  diameter,  does  not  vary  as  we  go  from  circle  to  circle. 

13.  The  exact  numerical  value  of  the  ratio  of  circumference 
to  diameter  cannot  be  ascertained,  but  it  may  be  represented  by 
3'14159265....     This  can  be  expressed  approximately  by  %£,  and 
more  nearly  by  f|~|  and  3-1416.     Of  these,  the  value  -2T2-,  or  3^, 
is  generally  used  when  great  accuracy  is  not  required. 

The  exact,  numerical  value  of  the  ratio  of  circumference  to 
diameter  is  denoted  by  the  symbol  TT.  Thus, 

circumference  of  circle  =  TT  x  diameter  =  2?r  x  radius. 

EXAMPLES   2. 

Assuming  that  TT  =  3^,  find  the  length  of  the  circumference  of 
a  circle  the  length  of  whose  radius  is 

(1)  2  in.  (3)     31  ft.  (5)     4  ft.  9  in. 

(2)  5  ft.  (4)     6  ft.  3  in.          (6)     3  yds.  1  ft.  6  in. 
Find  the  length  of  the  radius,  when  the  circumference  is 

(7)  8  in.  (9)     -25  in.  (11)     1  ft.  6  in. 

(8)  500  yds.         (10)     24  ft.  (12)     5  m.  3  fur. 

14.  It  should  be  noticed  here  that  a  right  angle,  or  an  angle 
of  90°,  at  the  centre  of  a  circle,  is  subtended  by  an  arc  which  is 
equal  to  ^  of  the  circumference  and  is  called  a  quadrant ;  that 
two  right  angles,  or  an  angle  of  180°,  are  subtended  by  an  arc 
equal  to  half  the  circumference ;  and  that  an  angle  of  360°,  or 
four  right  angles,  is  subtended  by   an  arc  equal   to  the  whole 
circumference  of  the  circle. 
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15.     PROPOSITION  II.     The  angle  called  a  radian  is  of 
variable  magnitude. 

Let  O  be  the  centre  of  the  circle 
ABC,  and  let  AB  be  an  arc  equal  in 
length  to  the  radius  OA;  then 

A 

AOB  is  a  radian. 
From  Euclid  vi.  33,  we  learn  that 
angles  at  the  centre  of  a  circle  bear 
to  one  another  the  same  ratio  as  the 
arcs  upon  which  they  stand.     Hence 

A 

AOB  arc  AB 


2  rt.  angles      semi-circumference      irr     TT) 
.'.  AOB  =  —  x  2  right  angles, 

7T 
1          A'  18°^ 

i.e.,  1  radian  = degrees. 

7T 

Hence,  IT  being  a  constant,  a  radian  is  always  of  the  same 
magnitude,  whatever  the  radius  r  may  be. 

16.  PROPOSITION  III.     To  find  the  number  of  degrees  in  a 
radian. 

\  radian  =  —  =     ^0      =  5r.29582  =  5r  ir  4g,,  nearl 
TT        3*14159 

17.  The  relation  between  a  degree  and  a  radian  must  be 
very  carefully  remembered  : — 

180  degrees  =  TT  radians. 

The  following  equivalents  are  deduced  from  this,  and  must  be 
committed  to  memory: — 

90°  =  ^  radians,  45°  =  j  radians,  30°  =  ^  radians,  60°  =  -5  radians; 

hence  the  circular  measures  of  180°,  90°,  45°,  30°,  and  60° 

TT       TT       TT  ,    -fl- 

are respectively  TT,       -,     j,     ^,    and    ^. 

Generally,  x°  —  ^—^  radians,  and  the  circ.  measure  of  x°  =  — — - . 
ioU  loU 

18.  When  measured  in  radians,  an  angle  is  commonly  denoted 
by  a  letter  of  the  Greek  alphabet  such  as  a,  fi,  y,  0,  <£,  etc. ;  and 
when  such  a  symbol  as  0  is  used  to  denote  an  angle,  it  means 
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that  the  angle  contains  0  radians.     Under  similar  circumstances 
TT  denotes  an  angle  containing  3  '141  59...  radians. 

19.  If  D  be  the  number  of  degrees,  G  the  number  of  grades, 
and  0  the  number  of  radians  in  any  angle,  it  will  be  seen  that  & 
is  connected  with  D  and  G  by  the  relation 

D  G         0 


for  each  of  these  fractions  expresses  the  ratio  which  the  angle 
bears  to  two  right  angles. 

20.     To  reduce   sexagesimal   measure   to    circular  we   first 
express  the  angle  in  degrees,  and  we  then  multiply  the  number 

of  degrees  by  ^. 

Example.     No.  of  radians  in  23°  15'  45"  =  23  ^f  x  ^ 

oO       lou 


Similarly  to  reduce  centesimal  measure  to  circular,  we  express  the 
angle  in  grades,  and  we  then  multiply  the  number  of  grades  by  ^^  • 

Example.     No.  of  radians  in  34gr£  5"  =34  '0405  x  r^r 

iiUO 

=  -l7020257r 
68061* 

"400000* 

EXAMPLES   3. 

Express  the  following  angles  in  radians  in  terms  of  TT  :  — 


(1)    i  of  a  rt.  angle. 

(6)    10°. 

(11)      60°. 

(16)     7°  30'. 

(2)   y1^  of  a  rt.  angle. 

(7)    15°. 

(12)    135°. 

(17)  2'2°30'. 

(3)    J  of  a  rt.  angle. 

(8)      9°. 

(13)     20*r. 

(18)     3°  45'. 

(4)    i  of  a  rt.  angle. 

(9)   30°. 

(14)     25^. 

(19)    6^25\ 

(5)    J  of  a  rt.  angle. 

(10)   45°. 

(15)    30^. 

(20)  73*r75\ 

21.     Conversely,  to  reduce  the  measure  of   an  angle   from 
radians  to  degrees  or  grades,  we  multiply  the  number  of  radians 

!SO  A  ,  ,      200   .  , 

by        -  to  reduce  to  degrees,  and  by  to  reduce  to  grades. 
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Example.     12  radians  =12  x 


180° 


i  a     2°0Rr 
12x- 

7T 


12x 


3-1416  3-1416 

=  687-54984°  =  763'9419Er 

=  687°  32' 59"  nearly 

EXAMPLES   4. 

[Take  TT  =  3-1416,  and  1  =  -3183.] 

Express  in  degrees,  minutes  and  seconds,  neglecting  fractions 
of  a  second,  the  angles  whose  circular  measures  are 

(i«)   i- 

(17)  I- 

(18)  -8. 

(19)  -3. 

(20)  2f. 

Express  in  centesimal  measure  an  angle  of 
(21)     ITT  radians.       (22)      -01  of  a  radian.      (23)     3J  radians. 

22.     In   Art.    11    the   circular   measure   of    an   angle   was 
defined    to    be    the     number    of 
radians   in   the   angle.      Thus   if 

AOB  be  one  radian,  the  circular 

„      A 
measure  of  AOP 


(1) 

7T 

2' 

(6) 

7T 

5' 

(ii) 

6lT 

6  * 

(2) 

7T 

3' 

(7) 

7T 

12' 

(12) 

27T 

7  ' 

(3) 

7T 

4' 

(8) 

27T 

3  ' 

(13) 

27T2. 

7T 

3ir 

W 

6' 

(9) 

T' 

(14) 

•31416. 

^TT 

(5) 

8' 

(10) 

«J7T 

e; 

(15) 

5. 

AOP 
AOB 


arc  AP      arc  subtended 


arc  AB 


radius 


Hence : — If  a  circle  be  de- 
scribed with  the  angular  point 
as  centre,  and  with  any  radius, 
the  circular  measure  of  the 
angle  is  the  ratio  which  the 
arc  subtending  the  angle  bears 
to  the  radius  of  the  circle. 
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23.  If  1*  be  the  radius  of  the  circle,  I  the  length  of  the  arc 
which  subtends  the  angle,  and  6  the  circular  measure  of  the 
angle,  we  have 


Hence,  the  length  of  an  arc  of  a  circle  is  obtained  by  multi- 
plying the  number  of  units  of  length  in  the  radius  by  the  number 
of  radians  in  the  angle  at  the  centre. 

Example.  If  the  radius  of  a  circle  be  100  yards,  determine  the 
number  of  yards  in  an  arc  which  subtends  at  the  centre  of  the  circle  an 
angle  of  25°  30'.  (77  =  31.) 

-— p — = circular  measure  of  25°  30'  =  25^  x  — -  ; 
.-.  length  of  arc  =  25^  x  r^r  x  100  yds=  -£  yds=44|ryds. 

EXAMPLES   5. 


(1)  Find  the  radius  of  a  circle  if  an  arc  a  feet  long  sub- 
tends at  the  centre  an  angle  whose  circular  measure  is  m. 

(2)  Find  the  radius  of  a  circle  when  an  arc  of  1  inch  sub- 
tends an  angle  of  1°  at  the  circumference. 

(3)  The  length  of  the  radius  of  a  circle  is  6  ft.  3  in.     Find 
approximately  the  length  of  an  arc  which  is  y1^  of   the  whole 
circumference. 

(4)  Find  the  length  of  an  arc  which  subtends  an  angle  of 
132°  30'  at  the  centre  of  a  circle  whose  radius  is  24  feet. 

(5)  If  the  radius  of  a  circle  is  4000  miles,  determine  the 
number  of  miles  in  an  arc  which  subtends  an  angle  of  «   radians 
at  the  centre. 

(6)  Find  the  radius  of  a  circle  if  an  arc  of  8  ft.  5  in.  sub- 
tends at  the  centre  an  angle  of  70°  42'. 

Miscellaneous  Examples. 

24.      The  set  of    miscellaneous   examples  which  follows  re- 
quires only  a  knowledge  of  elementary  algebra  and  geometry. 
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Example  i.     If  the  measured  angle  of  33°  27'  48"  be  represented  by  6, 
what  is  the  unit  of  measurement  ? 

6  units =33°  27' 48"  ; 
.-.  1  unit  =\  of  33° 27' 48" 
=  5°  34' 38". 

Example  ii.     Find  the  magnitude  of  an  angle  of  a  regular  figure  of 
7  sides. 

By  Euclid  I.  32  (Corollary), 

The  sum  of  the  7  interior  angles  +  4  rt  angles  =  14  rt.  angles ; 
.  \     the  sum  of  the  7  interior  angles  =  10  rt.  angles  ; 
.  •.     each  interior  angle  =  If  rt.  angles 
=  128f  degrees. 

Example  iii.    If  AC,  one  side  of  a  right-angled  triangle,  be  3  inches  in 
length,  and  the  hypotenuse  AB  be  8  inclies,find  the  length  of  BC. 

By  Euclid  I.  47  we  know  that 

AB2=AC2+BC2, 
.-.     BC2=AB2-AC2, 

BC  =  V64-9  inches 
=  \/55  inches 
=  7*416  inches. 

Example  iv.     If  the  diameter  of  a  circle   be   10  inches,  find  the 
distance  from  the  centre  of  tlie  circle  of  a  chord  whose  length  is  7  inches. 

Let  AB  be  the  chord,  O  the  centre  of  the 
circle,  and  OC  the  perpendicular  from  O 
upon  AB,  /^  c 

Then  OB  =  5  inches,  and  BC  =  3i  inches  ;          A/ 


*  -  -4£>-  inches 
=  |\/51  inches 
=  3*57  inches  nearly. 

EXAMPLES  6.     MISCELLANEOUS. 

(1)  How  often  is  the  angle  6°  15'  13"  contained  in  the  angle 
62°  32' 10"? 

(2)  If  an  angle  of  22J  degrees  be  represented  by  5,  what 
angle  is  the  unit  of  measurement? 
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(3)  If  the  measure  of  30°  30'  is  '15,  what  is  the  unit  angle? 

(4)  Through   what  angle  does  an  hour-hand   revolve  in  a 
quarter  of  an  hour? 

(5)  The  angles  of  a  triangle  are  in  Arithmetical  Progression, 
and  one  of  them  is  50°  5'  16".     Find  the  others. 

(6)  Two    adjacent    angles    of    a    cyclic    quadrilateral    are 
36°  17' 25"  and  125°  42' 31";   what  are  the  other  two  angles'? 

(7)  Express  in  degrees  and  in  radians  the  sum  of  the  angles 
of  a  regular  (i)  pentagon,  (ii)  hexagon,  (iii)  octagon,  (iv)  decagon. 

(8)  Express    a    single    angle    of    a   regular    (i)    pentagon, 
(ii)   hexagon,    (iii)    octagon,    (iv)    decagon,    in   degrees   and   in 
radians. 

(9)  Find  the  number  of  degrees  and  the  number  of  radians 
in  the  angle  between  two  consecutive  spokes  of  a  14-spoke  wheel. 

(10)  Find  in  degrees,  and  also  in  grades,  the  difference  between 
100°  and  100". 

(11)  An  isosceles  triangle  has  each  angte  at  the  base  double 
the  vertical  angle.     Express  each  of  the  three  angles  in  degrees 
and  in  radians. 

(12)  The   difference  between    two  acute  angles  of    a  right- 
angled  triangle  is  f  tr  radians :    express  the  angles  in  radians 
and  also  in  degrees. 

(13)  What  angle  added  to   '5432   radians  will  make  up  a 
right  angle? 

(14)  The  angles  of  a  triangle  are  as  3:4:5.     Express  them 
in  degrees  and  also  in  radians. 

(15)  Express  in  degrees  the  angle  subtended  at  the  centre  of 
a  circle  by  an  arc   15  feet  in  length,  the  circumference  being 
225  feet. 

(16)  Find  the  radius  of  a  circle  in  which  an  arc  8  inches  long 
subtends  30°  at  the  centre.      (-=  -3183.) 

(17)  The  hypotenuse  of  a  right-angled  triangle  is  x  inches 
long  and  one  of  the  sides  is  2  inches ;   find  the  length  of  the 
other  side. 

(18)  Determine  the  length  of   the  shortest  side  of   a  right- 
angled  triangle  of  which  the  other  two  sides  are  24  and  25  inches. 

(19)  In  a  circle,  whose  radius  is  5  inches,  find  the  distance 
from  the  centre  of  the  circle  of  a  chord  6  inches  long. 
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(20)  If  the  radius  of  a  circle  be  3  inches,  find  the  length  of 
a  side,  and  the  area  of  a  square  inscribed  in  it. 

(21)  In  a  circle  a  chord,  ^  of  an  inch  long,  is  ^  of  an  inch 
from  the  centre ;  find  the  diameter  of  the  circle. 

(22)  The  number  of  grades  in  one  angle  is  equal  to  the 
number  of  degrees  in  another.     Find  the  ratio  of  the  magnitudes 
of  the  two  angles. 

(23)  The  difference  between  the  number  of  grades  and  the 
number  of  degrees  in  an  angle  is  4.     Find  the  angle. 

(24)  Find   two   angles    such   that    their  difference    is   one 
degree,  and  their  sum  a  radian.     (TT  =  ^-.) 

(25)  Divide  f  of  a  right  angle  into  two  parts,  such  that  the 
number  of  degrees  in  one  part  may  be  to  the  number  of  grades  in 
the  other  part  as  3  is  to  10. 

(26)  One  angle  of  a  triangle  is  45°,  and  another  is  1 J  radians. 
Express  the  third  angle  in  degrees  and  also  in  radians. 

(27)  The    three  angles  of   a   triangle  are  in  Arithmetical 
Progression  and   the  greatest  is  double  the  least.     Find   each 
angle  in  degrees. 

(28)  The  three  angles  of  a  triangle  have  the  same  measure 
when  one  is  measured  in  degrees,  another  in  grades  and  the  third 
in  radians ;  find  the  third  angle  in  terms  of  TT. 

II.    THE  TRIGONOMETRICAL  RATIOS. 

Acute  Angles. 

25.  It  is  proved,  in  Euclid  vi.  4,  that  two  triangles  which 
are  equiangular  to  one  another  have  the  sides  about  equal  angles 
proportional ;  hence  any  side  of  the  one  triangle  is  in  a  constant 
ratio  to  the  corresponding  side  of  the  other. 
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We  will  consider,  for  example,  the  triangles  POM,  P'OM', 
P"OM",  which  are  formed  by  taking  points  P,  P',  P"  in  either  of 
the  lines  OA,  OB,  and  from  these  points  drawing  the  perpen- 
diculars PM,  P'M',  P"M"  upon  the  other  line. 

In  each  of  these  triangles  there  is  a  right  angle,  viz.,  at  M,  M', 
M",  and  the  angle  at  O  is  common  to  all ;  hence  the  triangles  are 
equiangular,  and  (by  Euclid  vi.  4)  it  follows  that 

OM  :  MP:OP  =  OM':  M'P':  OP'  =  OM":  M"P":OP". 
From  these  proportions  we  see  that 
MP  _  M'P'  _  M"P"        OM  _  OM'  _  OM"        MP  _  M'P'  _  M"P" 

OP  ~  OP'  ~  ^P'T  '     OP^  ~  op7  "  OP"  '    OM  ~  "oivP  =  OM"  ' 

Hence,  if  the  angle  MOP  remains  of  the  same  size,  then  each 
of  the  ratios 

MP      OM         .  MP 

— ,    —    and  - 
OP       OP  OM 

will  have  an  unvarying  value,  wherever  in  either  bounding  line 
the  point  P  may  be  taken.  These  ratios  are  called  respectively 
the  sine,  cosine  and  tangent  of  the  angle  AOB. 

Their  reciprocals,  — ,  ,  and  ,  are  respectively  called 

the  cosecant,  secant  and  cotangent  of  the  angle  AOB. 

26.  The  six  ratios  mentioned  in  the  preceding  article  are 
called  the  Trigonometrical  Ratios  of  the  angle  AOB.  We  will 
now  give  a  formal  definition  of  them. 

In  an  examination,  however,  the  student  should  draw  the  four 
figures  on  page  52,  instead  of  this  one,  so  that  the  definitions  may 
apply  to  an  angle  of  any  size. 

DEFINITION.     In    OB,    one 

of  the  lines  which  bound  the  ^^^ 

angle  AOB,  take  any  point  P, 
and  from  P  draw  PM  perpen- 
dicular to  the  other  bounding 
line  OA,  meeting  it  in  M.  We 
thus  form  a  right-angled  tri- 
angle. Then 


A        M  P     perpendicular 
the  sine  of  AOB  = — =  £=-  — 

OP         hypotenuse 

,  .  „     A        OM        intercept 

the  cosine        of  AOB  =  —  =  .—  -  : 

O  P      hypotenuse 
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the  tangent     of  AOB  =  M-f  = 

O  M          intercept 

-A        OM          intercept 
the  cotangent  of  AOB  =  —  =  -  -: 

M  P      perpendicular 

the  secant       of  A£B  =^  =  hypotenuse  ; 
O  M        intercept 

„     A        OP        hypotenuse 
the  cosecant    of  AOB  =  —  =  —  --  —  r  ------  . 

M  P      perpendicular 

27.  The  sine,  cosine,  tangent,  cotangent,  secant  and  cosecant 
of  an  angle  A  are  written  respectively 

sin  A,  cos  A,  tan  A,  cot  A,  sec  A,  and  cosec  A. 

28.  DEFINITIONS  :    (i)     The   expression   1  -  cos  A  is  called 
the  versed  sine  of  the  angle  A,  and  is  written  versin  A. 

(ii)     The  expression  1  -  sin  A  is  called  the  coversed  sine  of 
the  angle  A,  and  is  written  covers  A. 

The   Complement  of  an  Angle. 

29.  DEFINITION.     When  the  sum  of  two  angles  is  a  right 
angle,  each  is  called  the  complement  of  the  other. 

For  example, 
the  complement  of      34°  5'  43"  -  90°  -  34°  5'  43"  -  55°  54'  17", 

,  7T         7T         7T          3?T  —  2?T         If 

and  the  complement  or        —=  —  —  —  =  -  -  -  =  -  . 


EXAMPLES    7. 

Write  down  the  complements  of  the  following  angles : 

(1)  10°.  (7)   22°  30'.  (13)    19°  28' 53".  (19)  ^. 

(2)  20°.  (8)     7°  15'.  (14)    68°  33' 48".  (20)  ~. 

(3)  53°.  (9)    43°  5'.  (15)    15*39\  (21)  |. 

(4)  48°.         (10)   67°  50'.  (16)    68*54\  (22)  ^. 

(5)  39°.         (11)   83°  17'.  (17)    84*63*24*.  (23)  |. 

(6)  72°.         (12)   25°  14' 38".         (18)   37*59*85*.  (24)  ^. 
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30.  The  student  must  notice  in  the  figure  of  Art.  26  that 
each  of  the  angles  MOP  and  MPO  is  the  complement  of  the  other. 
Also  that 

(i)    —  ,  which  is  the  sine  of  MOP,  is  also  the  cosine  of  MPO, 
i.e.,  the  sine  of  an  angle  =  the  cosine  of  its  complement  ; 
(ii)  --  ,  which  is  the  cosine  of  MOP,  is  also  the  sine  of  MPO, 
ie.,  the  cosine  of  an  angle  =  the  sine  of  its  complement  ; 
(iii)  —  —  ,  which  is  the  tangent  of  MOP,  is  also  the  cotangent  of  M  PO, 
i.e.,  the  tangent  of  an  angle  =  the  cotan.  of  its  complement; 
(iv)  —  ,  which  is  the  cotangent  of  MOP,  is  also  the  tangent  of  MPO, 

iVI  H 

i.e.,  the  cotan.  of  an  angle  -  the  tangent  of  its  complement; 

(v)    -    -  ,  which  is  the  secant  of  MOP,  is  also  the  cosecant  of  MPO, 
v  '   OM' 

i.e.,  the  secant  of  an  angle  =  the  cosec.  of  its  complement; 

(vi)        ,  which  is  the  cosecant  of  MOP,  is  also  the  secant  of  MPO, 
M  P 

i.e.,  the  cosec.  of  an  angle  =  the  secant  of  its  complement. 

Briefly, 
any  ratio  of  an  angle  =  the  co-ratio  of  its  complement. 

EXAMPLES    8. 

Of  what  acute  angle  is 
(1)     sin  35°  the  cosine,  (6)     cosec     the  secant, 


(2)  cos  7  9°  the  sine,  (7)     tan  |  the  cotangent, 

(3)  tan  43°  28'  the  cotangent,       (8)     cos  54°  47'  32"  the  sine, 

(4)  cot  87°  41'  the  tangent,  (9)     tan  86°  15'  9"  the  cotangent, 

(5)  sec  ~  the  cosecant,  (10)     sec  68^  #  93"  the  cosecant  ? 

The  Trigonometrical  Ratios  of  45°,  60°  and  30°. 

31.     For  any  given  angle  each  of   the  six  trigonometrical 
ratios  has  a  definite  numerical  value.     We  will  determine  these 
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values :  (i)  for  an  angle  of  45°,   (ii)  for  an  angle  of  60°,  and  for 
an  angle  of  30°. 

(i)    An  angle  of  45°.  B 

Let  ACB  be  an  isosceles  right-angled 
triangle,  the  angle  ACB  being  a  right  angle. 
Each  of  the  angles  ABC  and  CAB  is  then  half 
a  right  angle,  i.e.,  each  contains  45  degrees. 

Let     AC  =  #;   then  CB  =  x, 
and  A  B  =  Jx*  +  x*  = 


Hence 

.     ,-0     CB 
sm  45  =  — 


I 


cosec  45°  = 


AB 


AB 


0     AC        x 

cos  45   =  —  =  — j=  = 
AB      xj2 

.  K0     CB      x 
tan  45°  =  —  =-=1; 
AC      x 


(ii)    An  angle  of  60°,  and  an  angle  of  30°. 

Let  ABC  be  an  equilateral  triangle, 
and  let  AD  be  drawn  perpendicular  to  BC ; 
then  from  Euclid  i.  26  it  follows  that  AD 
bisects  BC  and  bisects  also  the  angle  BAG. 

Hence  ABD  =  60°,  and  BAD  =  30°. 
Let  BD  =  x-  then  BA  =  2x, 
and  DA  = 

Hence 


BA      2a 
tan  60°  =  —  =  ^ 


BD 

.A0      BA 
cosec  60  =  —  = 
DA 


AB     2x        29 

Q.0     AD      xj3      J3 
cos  30  =~r=  =-%—  =^r'> 
AB        2x         i 

tan  30°  =?5  =-^=  =  -- ; 


,  OAO      AD      ic 

cot  30  =  —  -  =  — ^ 
DB         x 

.        AB        2x 


_1  =  —     =2 
DB       x 
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32.  All  these  numerical  values  the  student  must  know  well, 
so  as  to  be  able  to  recall  any  one  of  them  instantaneously. 

(i)     To    recall    the   numerical   value  of  any  ratio  belonging 
to  an  angle  of  45°,  he  should  make  a  mental 
picture  of  the  figure  which  is  here  placed  in 
the  margin. 

The  hypotenuse  of  this  right-angled  tri- 
angle is,  as  we  found  in  Art.  31,  proportional 
to  ^2,  and  the  sides  to  1  and  1  ;  and  we  may 
therefore  consider  them  to  represent  JH  units, 
1  unit,  and  1  unit  respectively. 

(ii)  The  trigonometrical  ratios  of  an  angle 
of  60°,  and  of  an  angle  of  30°,  should  be  remem- 
bered in  a  similar  manner. 

For  both  these  cases  a  mental  picture  of  the 
figure  in  the  margin  is  sufficient.  The  hypotenuse 
of  this  triangle  we  may  consider  to  represent  2 
units,  and  the  sides  1  unit  and  <J3  units  respec- 
tively. In  these  mental  pictures  lies  a  safe  and 
certain  method  of  recalling  any  or  all  of  the 
ratios  correctly  "and  quickly. 

33.  We  will  briefly  state  these  values  again  : — 


45° 

60° 

30° 

45° 

60° 

30° 

sine 

1 

V3 

1 

cosecant 

V« 

2 

2 

V'2 

2 

2 

V3 

cosine 

1 

V2 

1 
2 

V3 
2 

secant 

V2 

2 

2 
V3 

1 

1 

tangent 

1 

V3 

V3 

cotangent 

1 

V3 

V3 

The  following  properties  will  be  noticed : 

(i)  In  each  case  the  cotangent,  secant  and  cosecant  are 
respectively  the  reciprocals  of  the  tangent,  cosine  and  sine. 

This  also  follows  necessarily  from  the  definitions  given  in 
Art.  26. 

(ii)  The  sine,  cosine,  and  tangent  of  60°  are  respectively 
equal  to  the  cosine,  sine  and  cotangent  of  30°. 

This  again  necessarily  follows  (Art.  30)  from  the  fact  that  an 
angle  of  60°  and  an  angle  of  30°  make  up  a  right  angle. 


P. 


2 
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EXAMPLES    9. 


Find  the  value  of 

(1)  sin2  45°  + cos2  45°.  (7) 

(2)  tan2  30°  + tan2  60°,  (8) 

(3)  tan  30°  +  cot  30°.  (9) 

(4)  (sec60°-l)(sec60°  +  l).      (10)   sin 30° cos 60°  +  cos 30° sin 60°. 

(5)  (cosec  45°  +  1)  (sec  45°  -  1).       (11)     cos  45°  sin  45°  -  sin2  30°. 

(6)  1  +  tan2  30°.     (12)    (tan  60°  -  tan  30°)  -r-  (1  +  tan  60°  tan  30°). 


sin2  30  -  cos2  60°. 

cot2  45° +  1. 

tan  30°  tan  C0°  tan  45C 


The  Trigonometrical  Ratios  of  0°  and  90°. 

34.     (i)    An  angle  of  0°. 

For  an  angle  of  0°  the  rotating  line  coincides  with  the  initial 
line  OX.  We  will  however  imagine 
it  to  occupy  a  neighbouring  posi- 
tion such  as  OA,  and  we  will 
ascertain  what  happens  as  the 
angle  XOA  diminishes. 

It  will  be  seen  that   as   the 
angle    XOA    diminishes,    (OP    re- 
maining of  constant  length,)  the 
length  O  M  increases,  and  the  length        ° 
MP  diminishes. 

Ultimately,  when  OA  falls  upon  OX,  OP  and  OM  coincide,  and 
MP  vanishes  altogether. 


TT  •        AO  A 

Hence     sin  0  =  —  =  —  =  0  ; 
OP      OP 

OM       OP 

0080=5  OP -OP-1' 

MP        0 


OP 
_ 

OP 


OP 
_ 

OP 


OM       OP 


NOTE. — If  the  denominator  of  a  fractional  quantity  diminishes, 
while  the  numerator  remains  constant,  the  magnitude  of  the 
quantity  increases ;  and  if  the  denominator  becomes  indefinitely 
small,  the  quantity  becomes  indefinitely  great. 

The  numerical  value  of  a  quantity  which  is  indefinitely  great 
is  called  infinity,  and  is  represented  by  the  symbol  GO  . 
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(ii)     An  angle  of  90°. 

For  an  angle  of  90°  the  rotat- 
ing line  coincides  with  OY  :  but  we 
will  again  suppose  it  to  occupy  a 
neighbouring  position,  such  as  OA, 
and  we  will  ascertain  what  happens 
as  it  approaches  OY. 

It  will  be  seen  that  as  OA  moves 
nearer  to  OY,  (OP  remaining  constant 
in  length,)  the  length  MP  increases, 
and  the  length  OM  diminishes. 

Ultimately,  when  OA  falls  upon  OY,  OP  and  MP  coincide,  and 
OM  vanishes  altogether. 


Hence  sin  90°  = 


~=  1  ; 


OAO      OP      OP 
coSec90=—  =  0.- 

OP       OP 


35.  The  values  of  the  trigonometrical  ratios  of  0°  and  90° 
are  of  great  importance,  and  must  be  remembered;  but  the 
student  would  do  well  not  to  attempt  to  commit  them  to  memory 
as  isolated  or  disconnected  facts.  As  in  the  case  of  45°,  60°,  and 
30°,  he  should  call  up  a  mental  picture  of  what  happens ;  how 
the  intercept  vanishes  in  the  case  of  90°,  and  the  perpendicular 
in  the  case  of  0° ;  and  how  in  each  case  the  lengths  which  do  not 
vanish  become  equal. 


General  Remarks. 

36.  If  one  angle  of  a  triangle  is  a  right  angle  it  is  greater 
than  either  of  the  other  two  angles;  consequently,  the  side 
opposite  to  a  right  angle  is  greater  than  either  of  the  other  two 
sides.  Hence,  the  sine  or  the  cosine  of  an  angle  can  in  no  case 
be  numerically  greater  than  1 ;  and  in  no  case  can  a  secant  or  a 
cosecant  be  numerically  less  than  1. 

On  the  other  hand,  there  is  no  restriction  as  regards  the  ratio 
which  one  of  the  sides  containing  the  right  angle  may  bear  to 
the  other ;  consequently,  there  are  no  limits  to  the  numerical 
value  of  a  tangent  or  a  cotangent :  it  may  be  infinitely  great,  as  in 

2—2 
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the  case  of  tan  90°,  or  indefinitely  small,  as  in  the  case  of  tan  0° ; 
and,  for  angles  intermediate  between  90°  and  0°,  it  may  have  any 
value  intermediate  between  oo  and  0. 

37.  Turning  again  to  the  figure  in  Art.  34,  it  will  be  seen 
that  as  the  angle  AOB  increases,  the  line  MP  will  increase;  hence, 
since  OP  remains  unchanged,  the  ratio  of  MP  to  OP  will  increase 
as  the  angle  increases  from  0°  to  90°.     On  the  other  hand,  as  the 
angle  AOB  increases,  the  line  OM  will  decrease ;  hence,  the  ratio 
of  OM  to  OP  will  decrease  as  the  angle  increases  from  0°  to  90°. 

Consequently,   of   any  two  angles  between  0°  and   90°   the 
greater  angle  has  a  greater  sine,  but  a  smaller  cosine. 

38.  It  will  be  understood  that  the  value  of  any  Trigono- 
metrical Ratio  can  be  determined  for  any  angle  whatever.     They 
are  all  recorded  in  books  of  "  Mathematical  Tables."     Only  those 
which  we  specially  determine  need  be  committed  to  memory. 

39.  A  power  of  a  trigonometrical  ratio  is  denoted  in  the 
same  way  as  a  power  of   a  number,   but  the  index  is  placed 
between  the  name  of  the  ratio  and  the  angle :  for  example,  the 
5th  power  of  sin  A  is  written  thus : — sin5  A. 

40.  The  following  examples  will  help  the  student  to  become 
familiar  with  the  numerical  values  which  we  have  determined. 

Example  i.     Find  the  value  of 

(sin  90°  -  cos  90° + sec  60°)  (cos  90°  -f  sec  45° + tan  30°). 

Value=  (1-0  +  2) 


Example  ii.     Prove  that  4  cos3  J  -  3  cos  J  =  3  cos  -  -  4  cos3  -  -  1. 

o  6  3  3 

When  neither  side  of  the  equality  is  in  a  simple  form,  we  may  simplify 
them  separately  and  in  turn  as  below  :  — 


.-.  4  cos3  -;  -  3  cos  —  =  3  cos  -  —  4  cos3  —  —  1. 

O  O  O  O 
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EXAMPLES   10. 

Find  the  numerical  value  of 
(1)     cos2  30°  -  cos2  45°  +  cos2  0°.     (2)     sin  45°  x  cos  60°  x  cos  0°. 

(3)  tan  45°  x  tan  0°  -f-  tan  60°. 

(4)  (sin  90°  -  sin  45°)  (sin  90°  +  sin  45°). 

(5)  tan2  60° -2  tan2  45°.     (6)  cot2  60°  +  sin2  30°  -  cos2  90°. 
(7)  cot2  30°  -  2  sin2  30°  -  f  cosec2  45°. 

/0\  j.  T*  J-7*"  j_  ""  /r\\  .      W  7T  7T      .       7T 

(o;     cot  ^  x  cot  —  x  cot  -^ .  (9)     sin  —  cos  ^  +  cos  ^  sin  ^  . 


/I  S\\  •        o  O   "  i  O    "  /  -•   -t  \  •        rt   « 

(10)     sm2-  +  cos22+tan2-.          (11)     sm2-+v_3 

(12)  4  cos2 1  -  cos2  -  -  cos2  ^  x  cos2  £. 

Prove  that 

(13)  3  tan  60°  -  cot3  30°  =  0. 

(14)  3  cot2  60°  -  sin2  45°  -  cos  60°. 

sin  30°       tan  45°        .  2  . 

(15)  -— -  + -0  =  sin2  60   +  sm2  30  . 

cot  45       cosec  30 

(16)  cos2^:cos2£:cos2J=l  :  2  :  3. 


Geometrical  Problems. 

41 .  We  will  now  use  the  values  of  the  trigonometrical  ratios 
which  have  been  determined,  in  the  solution  of  a  few  simple 
geometrical  problems. 

The  angle  BCA  in  the  figure  of  Example  i.  is  called  the  angle 
of  elevation  of  the  point  A  when  viewed  from  C,  for  it  is  the 
angle  through  which  a  horizontal  telescope  at  C  must  be  turned 
upwards  in  order  to  bring  A  into  the  field  of  view.  This  angle 
is  equal  to  DAC,  the  angle  of  depression  of  C  when  viewed 
from  A. 

The  angle  BCA  may  be  called  also  the  angular  altitude  of  A, 
and  also  the  angle  subtended  at  C  by  the  tower. 

Angles  of  elevation,  and  angles  in  a  horizontal  plane  are 
measured  by  an  instrument  called  a  Theodolite.  Other  angles 
subtended  at  the  eye  of  an  observer  are  measured  by  a  Sextant. 
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Example  i.     At  a  place  C,  on  the  ground,  the  angle  of  elevation  of 
the  top  A  of  a  tower  AB  is  observed  to  be  60°.     The  distance  between  C 
and  the  foot  of  the  tower  is  30  yards.     Find  the  height 
of  the  tower. 

Let  A  =  no.  of  yds  in  the  height  BA,  then 


G0° 


50 


v  A=30\/3; 

height  of  tower = 30 \/3  yards  =  5 1*96  yards. 
Example  ii.     From  a  point  A  on  the  ground  on  one  side  of  a 


the  height  of  a  house  BD  on  the  opposite  side  is  observed  to  subtend  an 
angle  0/60°,  and  the  top  C  of  a  window  is  at  an  angular  altitude  of  45°. 
If  the  street  is  40  feet  wide,  determine  the  height  of  the  house  and  the  dis- 
tance of  the  top  of  the  window  from  the  ground. 

Let  BC=#feet  and  CD=yfeet. 


Then 


and 


and 


-r=tan45°  = 


40 


.  •  .  the  height  of  the  house  =  40\/3  feet  =  69'28  feet, 
and  the  height  of  the  top  of  the  window  =  40  feet. 

NOTE.    In  problems  of  this  kind,  which  involve 
both  algebra  and  geometry,  the  lengths  of  lines 


40 


'  should  be  expressed  by  algebraic  symbols,  when  they  A 
aVe  unknown  and  have  to  be  determined.  It  is  then  necessary  merely 
to  write  down  a  number  of  equations  sufficient  to  determine  the  un- 
known quantities,  and  the  remainder  of  the  process  is  purely  algebraical. 
Also  \the  numerical  values  of  the  known  lengths  or  angles,  and  the 
symbols  for  the  unknown,  should  be  distinctly  marked  in  the  figure. 


EXAMPLES   11. 

[Given  ^2  =  1-41421...;    ,^3  =  1-73205...] 

(1)  How  far  must  a  man  walk  away  from  a  house  28  feet 
high  in  order  that  it  may  subtend  an  angle  of  45°? 

(2)  What  is  the  height  of  a  house  whose  angular  altitude, 
at  a  point  in  the  street  35  feet  away,  is  GO0  ? 
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(3)  A  church  tower  subtends  an  angle  of  30°  at  a  point  on 
the  horizontal  plane  through  its  base.     If  the  height  of  the  tower 
be  150  feet,  find  its  horizontal  distance  from  the  observer. 

(4)  How  far  from  a  pillar,  55  feet  high,  must  an  observer 
stand  that  it  may  have  an  angular  elevation  of  60°  1 

(5)  The  upper  part  of  a  tree  broken  over  by  the  wind  makes 
an  angle  of  30°  with  the  ground,  and  the  distance  from  the  root 
to  the  top  of  the  stump  is  50  feet :  what  was  the  height  of  the 
tree? 

(6)  A  tower  casts  a  shadow  240  feet  long  when  the  sun  is 
at  an  altitude  of  30°.     Find  the  height  of  the  tower. 

(7)  A  pillar  40  feet  high  casts  a  shadow  30  feet  long,  find 
the  cosine  of  the  sun's  angular  altitude. 

(8)  From  the  top  of  a  tower  215  feet  high  the  angle  of 
depression  of   an  object  on  the  ground  is  30°;   how  far  is  the 
object  from  the  foot  of  the  tower,  and  how  far  from  the  observer  ? 

(9)  A  lark  is  seen  by  one  observer  to  be  directly  over  his 
head.     At  the  same  time  another  observer,  40  yards  away,  calcu- 
lates its  angular  altitude  to  be  60°.     Find  the  height  of  the  lark 
above  the  ground,  and  its  distance  from  the  second  observer. 

(10)  The  angular  altitude  of  a  tower  at  a  place  200  yards 
from  its  base  being  30°,  what  is  the  height  of  the  tower,  and  the 
distance  of  its  top  from  the  place  of  observation  ? 

(11)  An  observer  is  directly  opposite  a  post  on  the  other 
side  of  a  stream.     He  walks  100  feet  along  the  bank  and  finds 
himself  directly  opposite  another  post.     If  the  line  between  the 
two  posts  subtends  an  angle  of  30°  at  either  place  of  observation, 
determine  the  width  of  the  stream. 

(12)  The  look-out  at  a  ship's  mast-head,    90  feet  from  the 
surface  of  the  water,  catches  sight  of  an  object,  the  tangent  of 
whose  angle  of  depression  is  i.     Find  the  distance  of  the  object 
from  the  ship  and  also  from  the  mast-head.     (>/26  =  5'099....) 

(13)  There  are  two  trees  on  a  horizontal  plane.     If  I  stand 
at  the  foot  of  the  first  the  angle  of  elevation  of  the  top  of  the 
other  is  60°,  but  when  I  stand  at  the  foot  of  the  second  the  angle 
of  elevation  of  the  top  of  the  first  is  30°.     Prove  that  the  second 
tree  is  three  times  as  high  as  the  first. 

(14)  A  man  observes  at  two  points  the  angles  of  elevation  of 
a  tower  which  he  knows  to  be  100  feet  high,  and  finds  them  to  be 
G0°  and  30° :  determine  the  distance  between  the  points  of  obser- 
vation, supposing  them  to  be  in  a  line  with  the  foot  of  the  tower. 
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(15)  At  a  certain  distance  from  the  foot  of  a  tower  its  eleva- 
tion is  observed  to  be  45°,  and.  at  a  place  30  yards  nearer  it  is  60°. 
Find  the  height  of  the  tower,  and  the  distance  of  its  top  from  the 
second  place  of  observation. 

(16)  A  tower  has  an  elevation  of  45°  at  a  point  on  tho  hori- 
zontal plane.     After  walking   173  feet  farther  away  from  the 
tower,  the  observer  finds  the  elevation   to  be    30°.     Find  the 
height  of  the  tower,  and  the  distance  of  its  top  from  the  first 
place  of  observation. 

(17)  A  steeple-jack,  ascending  a  church  spire,  is  seen  at  a 
place  150  yards  away  to  be  at  an  angular  altitude  of  30°.     Half- 
an-hour  later  his  angular  altitude  is  45° ;  what  distance  has  he 
climbed  in  the  interval? 

(18)  A  man  in  a  balloon  vertically  over  a  straight  horizontal 
road  observes  that  the  angles  of  depression  of  two  consecutive 
milestones  on  the  road  are  45°  and  30°.     Find  the  height  of  the 
balloon  above  the  road. 

Miscellaneous  Propositions. 

4-2.  To  express  any  one  of  the  trigonometrical  ratios  in  terms 
of  any  other. 

The  method  will  be  sufficiently  clear  if  we  express  each  ratio 
in  terms  of  (i)  the  sine,  (ii)  the  tangent.  Moreover  we  need  only 
consider  the  sine,  cosine  and  tangent,  since  the  cosecant,  secant 
and  cotangent  are  respectively  the  reciprocals  of  these  j  arid  we 
will  suppose  the  angle  to  be  acute. 

(i)    Let       XOA  =  A. 
MP 


, 


Then 


sinA= 


OP 


We  take  the  denominator  OP  as 
the  unit  of  length ;  it  follows  that 

MP       . 
-y-  =  sm  A, 

/.  M  P  =  sin  A  units, 


«nA 


O        - 


and  /.  OM  =  ,/OP2  -  MP2  =  ^/l  -  sin2  A  units. 

We  mark  in  the  figure  the  number  of   units  in  each  line 
respectively.     Hence  we  see  that 


cos  A 


OM 


MP 


sin  A 
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(ii)     Let  XOA  =  A,  then  tan  A  = 

We  take  the  denominator  OM 
as  the  unit  of  length;  it  follows 
that 

MP 


and 


OM 


.'.  M  P  =  tan  A  units, 


=71  + tan*  A  unite. 

We  mark  in  the  figure  the  num- 
ber of  units  in  each  line  respec- 
tively. Hence  we  see  that 

MP  tan  A 


sin  A  = 


1 


OP 


OM 

,  COS  A  =  -—--  =  —.  ---  _  . 
tan2  A  t   OP      v/l+tan2A 


43.  When  the  numerical  value  of  one  trigonometrical  ratio 
of  an  angle  is  given,  we  may  by  the  method  of  Art.  42  determine 
the  numerical  values  of  all  the  other  ratios. 

Example  i.  Given  cosA=|,  find  the  numerical  values  of  the  other 
trigonometrical  ratios  of  A. 

Let  XOA  =  A;  and,  since  cosA  =  |,  let  us  choose  for  unit  of  length 
£  of  the  line  OP. 

Then  OP  =  4  units,  and  OM  =3  units; 

. _  .A 

.•.  MP  =  V16-9  units  =  V7  units.  ~/ 


Marking  these  measures  in  the  figure,  we 
see  that 


sinA=—  -; 


--;  cotA  =  —  ; 


secA=§; 


EXAMPLES   12. 

Express  the  trigonometrical  ratios  of  an  acute  angle  A  in 
terms  of 


(1)  the  cosine. 

(2)  the  cotangent. 


(3)  the  secant. 

(4)  the  cosecant. 
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Find  the  numerical  values  of  the  other  ratios  when 
(5)     sinA  =  £.  (8)     tanA  =  |.  (11) 


sin  A  =  — . 
n 


(7)     tan  A  -7. 


(9)     cosecA  =  |. 
(10)     cosA  =  -. 


(12) 
(13) 


44.     To  construct  an  acute  angle  having  (i)  a  given  tangent, 
(ii)  a  given  cosine,  (iii)  a  given  sine. 

(i)    An  angle  which  has  a  given  tangent. 
Let  j-  be  the  given  tangent. 


Take  a  straight  line  OA  to  represent  b 
units  of  length ;  and  at  A  draw  AB  perpen- 
dicular to  OA,  and  equal  in  length  to  a  units. 
Join  OB. 

Then       tan  AOB  =  —  =  |; 

.*.  AOB  is  the  angle  required. 


(ii)    An  angle  which  has  a  given  cosine. 
Let  -r  be  the  given  cosine. 

Take  the  straight  line  OA  to  represent 
a  units  of  length ;  and  with  centre  O,  and 
with  a  radius  equal  in  length  to  b  units, 
describe  a  circle. 

At  A  draw  AB  perpendicular  to  OA,  and 
let  it  meet  the  circle  at  B.  Join  OB. 


Then          oo8AX>B=U=|i 


.".  AOB  is  the  angle  required. 
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(iii)    An  angle  which  has  a  given  sine. 
Let  Y  be  the  given  sine. 

Take  a  straight  line  AB  to  represent  a 
units  of  length ;  and  with  centre  B,  and 
with  a  radius  equal  in  length  to  b  units, 
describe  a  circle. 

At  A  draw  AO  perpendicular  to  AB, 
and  let  it  meet  the  circle  at  O.  Join  OB. 

Then       sinAOB  =  —  =-7} 

.'.  AOB  is  the  angle  required. 

NOTE.  If  the  given  ratio  be  the  cotangent,  secant  or  co- 
secant, we  proceed  as  in  the  case  of  the  tangent,  cosine  or  sine 
respectively. 

45.  The  given  value  of  a  ratio  may  involve  surds  such  as 
N/2,  ,/3,  JH>  &c.  In  such  cases  we  may  determine  the  lengths  of 
the  corresponding  lines  by  re- 
peated applications  of  Euclid 
I.  47. 

For  example,  let  AB  repre- 
sent one  unit  of  length ;  and 
let  BC,  CD,  DE,  EF,  FG,  GH  be 
drawn,  each  equal  to  AB,  and 
perpendicular  respectively  to 
AB,  AC,  AD,  AE,  AF,  AG. 

It  follows  from  Euclid  I.  47,  that  AB,  AC,  AD,  AE,  AF,  AG,  AH 
contain  respectively  1 ,  ^/2,  J3,  2,  ,J5,  ^/G,  Jl  units  of  length. 


EXAMPLES  13. 

Construct  an  acute  angle 
whose  sine  is  (1)     f .  (2) 


o  T=; 


whoso  cosine  is 


whose  tangent  is      (7) 


(5)     %J5. 
(8)     1V2. 


(6)     ^' 

«  £ 
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III.    IDENTITIES. 

46.  We  will  now  consider  certain  relations  which  exist 
between  two  or  more  ratios  of  the  same  angle.  We  will  call  the 
angle  A,  but  the  relations  will  be  true  for  all  angles  whatever. 


sin  A 

(i)     To  prove   tan  A  =  --  -  —  .  / 

cos  A  / 

With  the  usual  figure,  _ 


tan  A  = 


MP 
MP      OP      sin  A 


M 


OM      OM      cos  A 
~OP 

(ii)     To  prove  sin2  A  +  cos2  A  =  1. 
With  the  same  figure, 

MP2      OM2      MP2+OM2      OP2 
sin2  A  +  cos2A=  —  -  H  --  -  =  -  =  —  =  ------  =  1. 

OP2       OP2  OP2  OP2 

(iii)     To  prove  I  +  tan2  A  =  sec2  A. 
With  the  same  figure, 

MP2      OM2+MP2      OP2 

I  +  O^-™F-  =oM-2 

(iv)     To  prove  1  +  cot2  A  =  cosec2  A. 
With  the  same  figure, 

.    ,  OM2      MP2  +  OM2      OP2 

1  +cot*A=l  +  ^  =^3- 

NOTE.     It  must  be  remembered  that 

1         cos  A  1 

cot  A  =  -  -  =  —  -  ,  sec  A  =  -  ,   and  cosec  A  = 


.  -      •  «      tov-'v-'  i~\  —  —  •      c*tLi\jL      vv^ov'V-'  ri  —       ; • 

tan  A      sin  A'  cos  A*  sin  A 

Also  that  sin,  cos,  tan,  &c.  have  no  meaning  when  separated 
from  the  angle;  they  must  not  be  treated  as  multipliers.  For 

example,  -—A  has  no  meaning,  and  may  not  be  written  for  tan  A. 

47.  When  one  trigonometrical  expression  can  be  deduced 
from  another  by  means  of  the  general  formulae  which  have  already 
been  proved,  or  will  hereafter  be  proved,  the  two  expressions  are 
said  to  be  identically  equal,  and  the  equation  which  states  that 
the  one  expression  is  equal  to  the  other  is  called  an  identical 
equation,  or  briefly  an  identity. 
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In  the  following  examples  the  object  is  to  transform  the 
expression  on  the  left-hand  side  of  the  equation  by  means  of  the 
formulae  which  have  been  proved  ;  and  to  do  so  in  such  a  way 
that  the  expression  on  the  right-hand  side  may  result  from  it. 
In  many  cases  it  will  be  found  best  to  get  rid  of  the  ratios 
tangent,  cotangent,  secant,  and  cosecant  by  substituting  for  them 
their  respective  equivalents  in  terms  of  the  ratios  sine  and  cosine:, 
but  it  should  be  understood  that  there  are  no  definite  rules  to 
follow. 

Example  i.     Prove  that  sec2  A  -f  cosec2  A  =  sec2  A  cosec2  A. 

1  1          sin2  A  +  cos2  A 

sec2  A  +  cosec2  A  =  —  5—  + 


5—     -v-^—         .  g   -  — 
cos2  A     sin2  A       sm2  A  cos2  A 


=  __  _ 

sin2  A  cos2  A      cos2  A     sin2  A 
=  sec2  A  cosec2  A. 

Example  ii.     Prove  that  sin4  A  -  cos4  A  =  1  -  2  cos2  A. 

sin4  A  —  cos4  A  =  (sin2  A  +  cos2  A)  (sin2  A  -  cos2  A) 
=  sin2  A  -cos2  A 
=  1  —  cos2  A  —  cos2  A 
=  1-2  cos2  A. 

Example  iii.     Prove  that  tan2  A  -j-  cot2  A  +  2  =  sec2  A  cosec2  A. 
tan2  A  +cot2  A  +  2  =  (tan2  A  +  1)  (cot2  A  +  1) 
=  sec2  A  cosec2  A. 

In  proving  an  identity  the  left-hand  member  must  generally 
be  dealt  with  until  the  right-hand  member  results  from  it  ;  but 
if  the  right-hand  member  is  not  in  a  simple  form  the  student  may 
proceed  as  in  Art.  40,  Ex.  ii. 

EXAMPLES   14. 

Prove  that 

(1)  sin  A  sec  A  =  tan  A.  (2)     sin  A  tan2  A  cot3  A  =  cos  A. 

(3)  sin2  A  —  cos2  B  —  sin2  B  —  cos2  A. 

(4)  cot2  A  —  cos2  A  =  cos2  A  cot2  A. 

(5)  tan2  A  -  sin2  A  =  sin4  A  sec2  A. 

(6)  tan  A  +  cot  A  =  sec  A  cosec  A. 

(7)  sin4  A  —  cos4  A  =  sin2  A  -  cos3  A. 

(8)  cos2  A  +  cos4  A  cosec2  A  =  cot2  A. 

(9)  sec  A  cot3  A  (sec2  A  -  1  )  =  cosec  A. 
(10)  sin2  A  +  sin2  A  tan2  A  =  tan2  A. 
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(11)  sin2  A  +  sin2  A  cot2  A  =  1. 

(12)  (sin  A  +  cos  A)2  =1+2  sin  A  cos  A. 

(13)  (sin  A  —  cos  A)2  =1—2  sin  A  cos  A. 

1JX     tan  A  +  tan  B 

(14)  --tanAtanB. 
cot  A  +  cot  B 

cos  x  cos  x 

(15) 

x     ' 


1  —  sin  x      1  +  sin  x 

EXAMPLES  15. 
Prove  that 

(1)  cos2  A  cos2  B  -  sin2  A  sin2  B  =  cos2  A  -  sin2  B. 

(2)  tan2  x  -  cot2  y  =  sln  f  ~CQS  y . 

9       cos2  x  sin2  y 


VI 

(5) 
(6) 

.(7) 

fH\ 

I  +  sec  A 
tan  A  (cot  A  + 

1  )      cos  A  +  sin  A 

1  +  cot2  A 

1  —  tan  A            cos  A  — 
sin2  A  tan2  A  +  cos2  A  cot2  A 
(l+cos2A)2  +  (l-cos2A)2 

sin  A' 
-tan2 

l  (f>f 

A  +  cot2  A 
>s2  A  +  sec2 

0 

-1. 

A), 

(1  +  cos3  A)2  - 
sec  x  —  tan  x 

(1 

-cos2  A)2 
cosec  x  — 

2  VCC 

cotx 

=  sin2  A. 


cosec  x  +  cot  x       sec  x  +  tan  x 

,  N     cos  x  +  cos  y     sin  x  —  sin  y 

(  J  )      —  -  -.  -  H  --  —  U. 
sin  x  +  sin  y      cos  x  —  cos  y 

(10)  (sin  A  +  cos  A)  (tan  A  +  cot  A)  =  sec  A  +  cosec  A. 

(11)  (1  +  sin  A  —  cos  A)2  +  (1  —  sin  A  +  cos  A)2  =  4(1—  sin  A  cos  A). 

(12)  (1  +  sin  A  +  cos  A)2  =  2  (1  +  sin  A)  (1  +  cos  A). 

(13)  sin4  A  +  cos4  A  =  1  -  2  sin2  A  cos2  A. 

.  1  —  2  sin2  A  cos2  A 

(14)  tan2  A  +  cot2  A  =  -  :~r—  —  . 

sin*5  A  —  sin4  A 

\ 

IV.    EXPRESSIONS  INVOLVING  TWO  ANGLES. 

48.  We  will  next  proceed  to  determine  the  trigonometrical 
ratios  of  the  sum  and  of  the  difference  of  two  angles  in  terms  of 
the  ratios  of  the  two  angles  themselves  ;  i.e.,  we  will  determine 
the  ratios  of  the  angles  (A  +  B)  and  (A  —  B)  in  terms  of  those  of 
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A  and  B.  "We  will  still  suppose  that  each  of  the  angles  con- 
sidered, namely,  A,  B,  (A  +  B),  and  (A  —  B),  is  less  than  a  right 
angle,  but  the  results  are  absolutely  true,  whatever  the  magnitude 
of  the  angles  may  be. 

The  Sine,  Cosine  and  Tangent  of  (A  +  B).  • 
49.    (i)    To  prove  that  sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B. 


Let  XOA  = 


and 


,  then  XOB-A-f  B. 


In  OB,  the  line  which  bounds  the 
angle  (A  +  B),  take  any  point  Q;  and 
from  Q  draw  QP  perpendicular  to  OA. 

Also  from  Q  and  P  respectively 
draw  QN  and  PM  perpendicular  to 
OX ;  and  from  P  draw  PR,  perpen- 
dicular to  QN. 


Then 


=  90°, 


NQ       MPH-RQ 


B 


_MP       RQ 

~OQ  +  OQ 

_MP     OP       RQ     QP 

=  CTP  '  OQ  +  QP  '  OQ 

—  sinXOAcosAOB  +  cos  RQPsinAOB 

=  sin  A  cos  B  +  cos  A  sin  B. 

(ii)     To  prove  that  cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B. 
Using  the  same  figure,  we  see  that 

ON  _OM  -  RP  _OM       RP 
OQ  =        OQ        ~  OQ  "OQ 

_OM     OP  _  RP     QP 

=  OP  '  OQ~QP*  OQ 

=  cosXOAcos  AOB  —  sin  RQPsinAOB 

=  cos  A  cos  B  —  sin  A  sin  B. 


cos  (A  +  B)  = 
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x      tan  A  +  tan  B 
50.     To  prove  that  tan  (A  +  B)  =  y- 


sin  (A  4-  B)      sin  A  cos  B  4-  cos  A  sin  B 
tan  (A  +  B)  =  -  7  — 

cos(A  +  B)      cos  A  cos  B  —  sm  A  sin  B 


sin  A      sin  B 

cos  A      cos  B          tan  A  +  tan  B 


sin  A    sin  B      1  -  tan  A  tan  B  ' 

cos  A  '  cos  B 

NOTE.  We  may  again  warn  beginners  against  the  mistake 
of  treating  the  prefixes  sin,  cos,  &c.  as  multipliers  ;  for  example, 
sin  (A  +  B)  is  not  equivalent  to  sin  A  +  sin  B. 

The  Sine,  Cosine  and  Tangent  of  75°. 

51.     As  an  example  of  the  use  of  the  formulae  of  Arts.  49 
and  50,  we  will  suppose  A  =  45°,  and  B  =  30°  ;  then  A  4-  B  =  75°. 
Hence,  (i)  sin  75°  -  sin  (45°  +  30°) 

=  sin  45°  cos  30°  +  cos  45°  sin  30° 


(ii)     cos  75°  =  cos  (45°  +  30°) 

=  cos  45°  cos  30°  —  sin  45°  sin  30° 

_L     N/?_J_     I 

~'    2-  '2 


(iii)    tan  75°  =  tan  (45°  +  30°) 

tan  45°  +  tan  30° 
~  1  -  tan  45Han  30° 


These  values  must  be  remembered, 
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The  Sine,  Cosine  and  Tangent  of  (A  —  B). 

52.    (i)    To  prove  that  sin  (A  -  B)  =  sin  A  cos  B  -  cos  A  sin  B. 

Let  XOA  =  A!  A  A, 

\,  thenXOB  =  A-B. 
and         AOB  =  BJ 

In  OB,  the  line  which  bounds 
the  angle  (A  —  B),  take  any  point 
Q;  and  from  Q  draw  QP  per- 
pendicular to  OA. 

Also  from  Q  and  P  respec- 
tively draw  QN  and  PM  perpen- 
dicular to  OX  ;  and  from  P  draw 
PR  perpendicular  to  NQ  produced. 

Then  PRQ  =90°, 

and  RQP  =  QPM  =  90°-OPM  =  MOP- 

NQ       MP-QR       MP       QR 

.'.    sm  (A  -  B)  =  -      =  —        -  = 

OQ  OQ  OQ      OQ 

_ 'MP    OP  _  QR     PQ 
~~OP'  OQ~  PQ*  OQ 

=  sin  XOA  cos  AOB  —  cos  RQP  sin  AOB 

=  sin  A  cos  B  -  cos  A  sin  B. 

(ii)     To  prove  that  cos  (A  —  B)  =  cos  A  cos  B  +  sin  A  sin  B. 
Using  the  same  figure,  we  see  that 

ON_OM  +  PR_OM       PR 

_OIM     OP       PR     PQ 
OP  '  OQ      PQ*  OQ 

=  cos  XOA  cos  AOB  +  sin  RQP  sin  AOB 
=  cosA  cos  B  -I-  sinA  sin  B. 
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53.     To  prove  that  tan  (A  -  B)  =  ta^A~tanJL 

1  +  tan  A  tan  B 

.  .      sin  (A  —  B)      sin  A  cos  B  —  cos  A  sin  B 

Thus     tan  (A  -  B)  = ) (  =  : — 

cos  (A  —  B)      cos  A  cos  B  +  sin  A  sin  B 


sin  A      sin  B 
cos  A      cos  B 


tan  A  —  tan  B 


1  +  sinA    sin  B      1  +  tan  A  tan  B  ' 
cos  A  '  cos  B 

The  Sine,  Cosine  and  Tangent  of  15°. 

54.  To  illustrate  the  use  of  the  expressions  obtained  for  the 
sine,  cosine  and  tangent  of  (A  —  B),  we  will  suppose  A  to  be  an 
angle  of  60°,  and  B  an  angle  of  45°.  Then  (A  —  B)  is  an  angle  of 
15°.  It  will  be  found,  as  in  Art.  51,  that 


J3-1 


sml5  - 


cos  15°  = 

tan  15°  =  2 -^3. 

These  values  must  be  remembered. 

The  Trigonometrical  Ratios  of  15°  and  75°. 

55.     These  values  should  be  compared,   and  it  should   be 
noticed  that: 


sine 

cosine 

tangent 

cotangent 

15° 
75° 

J3-1 

2^/2 

JS+I 

J3  +  1 

2-^/3 

2/0 

2^2 
J3-1 

2^/2 

2^/2 

(i)  The  sine,  cosine  and  tangent  of  the  one  angle  are  re- 
spectively equal  to  the  cosine,  sine,  and  cotangent  of  the  other. 
This  would  of  course  be  expected,  for  15°  and  75°  are  com- 
plementary angles  (Art.  29); 
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(ii)      The    resemblance    between    —  —  T=-   and    -  —  7=-9   and 

' 


between  2  —  ^/3  and  2  +  J%,  will  perhaps  be  of  some  help  to 
the  student  in  remembering  to  which  ratio  of  which  angle  they 
respectively  belong.  * 

Thus,  -  —  —  -  being  greater  than  —  —  =-  ,  the  former  must  ne- 
cessarily be  the  sine  of  the  greater  angle  and  the  cosine  of  the 

smaller  angle  ;  i.e.,  ~t  —  -=r~  is  the  sine  of  75°  and  the  cosine  of  15°. 

V2 

On  the  other  hand,  —  —  r—  being  less  than  —  —  -=.7  ,  the  former 

272  2^2 

must  necessarily  be  the  sine  of  the  smaller  angle  and  the  cosine 

/3~—  j 

of  the  greater;  i.e.  -  —  j=r  is  the  sine  of  15°  and  the  cosine  of  75°. 
2^/2 

Again  2  +  ^3,  being  the  greater,  is  the  tangent  of  75°;  and 
2  —  /y/3,  being  the  smaller,  is  the  tangent  of  15°. 

EXAMPLES   16. 

Use  the  formulae  proved  in  Arts.  49,  50,  52  and  53  to  find  the 
values  of  sin  (A  +  B),  sin  (A  -  B),  cos  (A  +  B),  cos  (A  -  B),  tan  (A  +  B), 
and  tan  (A  —  B),  for  the  following  values  of  A  and  B  : 

(1)  A  -60°,     B  =  30°.  (5)        A  -30°,        B=15°. 

(2)  A  -45°,     B  =  30°.          (6)       A  =75°,        B  =  15°. 

(3)  A  -45°,     B  =  15°.  (7)      sin  A  =  |,      sinB  =  f. 

(4)  A  =  60°,     B-15°.  (8)     tan  A  =  5,     tanB  =  J. 
Write  down  the  values  of   the  following  ratios  in  terms  of 

tan  A  :  — 

(9)    tan(45°+A).          (11)    tan  (60°  -A).          (13)    tan  (A  -15°). 
(10)   tan  (45°  -A).          (12)   tan  (A  -30°).         (14)    cot  (A  +  75°). 

The  Sum  and  the  Difference  of  two  Sines  or 
two  Cosines. 

56.  The  formulae  for  sin  (A  +  B),  sin  (A  -  B),  cos  (A  +  B)  and 
cos  (A  -  B)  lead  to  two  very  important  sets  of  formulae  which  we 
will  now  consider. 

3—2 
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(i)       sin  (A  +  B)  +  sin  (A  -  B) 

=  (sin  A  cos  B  +  cos  A  sin  B)  +  (sin  A  cos  B  —  cos  A  sin  B) 
=  2  sin  A  cos  B. 
(ii)      sin  (A  +  B)  —  sin  (A  —  B) 

=  (sin  A  cos  B  +  cos  A  sin  B)  —  (sin  A  cos  B  -  cos  A  sin  B) 
=  2  cos  A  sin  B. 
(iii)     cos  (A  +  B)  +  cos  (A  —  B) 

=  (cos  A  cos  B  —  sin  A  sin  B)  +  (cos  A  cos  B  +  sin  A  sin  B) 
=  2  cos  A  cos  B. 
(iv)     cos  (A  -  B)  -  cos  (A  +  B) 

=  (cos  A  cos  B  +  sin  A  sin  B)  —  (cos  A  cos  B  —  sin  A  sin  B) 
=  2  sin  A  sin  B. 

If  we  put  A  +  B  =  P,  and  A  —  B  =  Q, 

then  A  =  J(P  +  Q),  and  B=j(P-Q), 

and  the  above  results  become 

(i)    sin  P  +  sin  Q  =  2  sin  J  (P  +  Q)  cos  J  (P  -  Q). 

(ii)    sin  P  -  sin  Q  =  2  cos  J  (p  +  Q)  sin  J  (P  —  Q). 

(iii)     cos  P  +  cos  Q  =  2  cos  J  (P  +  Q)  cos  J  (P  —  Q). 

(iv)    cos  Q-  cos  P  =  2  sin  J  (P  +  Q)  sin  £  (P  -  Q). 

These  four  formulae  must  be  committed  to  memory;  and 
particular  attention  must  be  paid  to  the  last  of  them. 
it  will  be  seen  that  P  being  a  greater  angle  than  Q,  it  follows 
that  cos  P  is  a  smaller  quantity  than  cos  Q.  The  difference 
between  them  is  therefore  cos  Q  —  cos  P,  not  cos  P  —  cos  Q. 

54°  +  13°        54°  —  13° 
Example  i.       sin  54°  +  sin  13°  =  2  sin  -  -  -  cos  -  -  —  - 

=  2sin33|°cos20£0. 

•,'*•',.«  .    5A+2A   .    5A-2A 

Example  n.       cos  2  A  -  cos  5A  =  2  sin  —  -  —  sin  —  •=  — 

.    7A   .    3A 

=  2  sin  —  sin  —  . 

Example  iii.    sin  58°  -  cos  76°  =  sin  58°  -  sin  (90°  -  76°) 

=sin  58°  —  sin  14° 

58°  +  14°    .    58°  -14° 
sm  -  -  - 


2  cos  36°  sin  22°. 


The  artifice  employed  here  should  be  carefully  noticed. 


EXPRESSIONS  INVOLVING  TWO  ANGLES. 
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EXAMPLES   17. 


Express  in  the  form  of 

(1)  sin  50°  +  sin  30°. 

(3)  sin  30°  + sin  40°. 

(5)  sin  30°  +  sin  60°. 

(7)  sin  46° -sin  28°. 

(9)  sin  35° -sin 23°. 

(11)  cos  28°  + cos  46°. 

(13)  cos  76°  + cos  10°. 

(15)  cos  70° -cos  80°. 

(17)  cos  3  6° -cos  38°. 

(19)  cos  23° -cos  35°. 

(21)  cos  28° -sin  42°. 

(23)  cos  46° -sin  51°. 


(25)     sin^-sin" 


(27) 


a  product 

(2) 

sin  20° 

+  sin  60°. 

(4) 

sin  70° 

+  sin  20°. 

(6) 

sin  40° 

-sin  30°. 

(8) 

sin  59° 

-sin  11°. 

(10) 

cos  57° 

+  cos  3°. 

(12) 

cos  20° 

+  cos  30°. 

(14) 

cos  34° 

+  cos  42°. 

(16) 

cos  23° 

-  cos  39°. 

(18) 

cos  31° 

—  cos  59°. 

(20) 

cos   3° 

—  sin  57°. 

(22) 

cos  55° 

-sin  70°. 

(24) 

.      7T 

smo  + 

.      7T 

sin-. 
5 

(26) 

7T                  7T 
COS-X-  +  COS-j-. 

O                     4: 

(28)     sin3A  +  sinA. 


(29)  cos3A  +  cosA.  (30)  cos  A- cos  3A. 

(31)  cos2A-cos3A.  (32)  sin5A  +  sin4A. 

(33)  sin5A-sin4A.  (34)  cos6A-cos9A. 

(35)  sin  (A  +  B)  -  sin  (A  -  B).  (36)  cos  (A  +  B)  +  cos  (A  -  B). 

(37)  sin  (A  +  B)  +  sin  (A  -  B).  (38)  cos  (A  -  B)  -  cos  (A  +  B). 


(39) 


Prove  that 
(1)    tan  A  +  tan  B  = 


(40)     sin  (n  +  1 )  A  —  sin  nA. 


EXAMPLES   18. 

sin  (A  +  B)  sin  (A  -  B) 

-L.        (2)    tan  A- tan  B=  — 
cos  A  cos  B  cos  A  cos  B 


(3) 


. 
cos  A  sin  B 


(4) 


sin  A  sin  B 
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Hence  reduce  to  an  expression  of  one  term  only,  without 
simplifying  the  result  further : — 


(5) 
(7) 
(9) 

(11) 
(13) 

(15) 

tan  60° 
tan  75° 
cot  15° 
cot  42° 
tan  2A 
cot  2A 

+  tan  30°. 
-tan  15°. 
-  cot  75°. 
+  tan  26°. 
+  tan  6A. 
-  cot  3  A. 

(6) 
(8) 
(10) 
(12) 
(14) 
(16) 

tan  60° 
tan  25° 
cot  60° 
cot  28° 
tan5A 
tan    A 

-tan  15°. 
+  tan  40°. 
-  cot  75°. 
-  tan  39°. 
-  tan  3A. 
+  cot  3A. 

The  Product  of  a  Sine  and  Cosine,  or  two  Cosines, 
or  two  Sines. 

57.  We  will  now  consider  the  formulae  which  are  the 
converse  of  those  in  Art.  56 ;  namely  : — 

(i)     2  sin  A  cos  B  =  sin  (A  +  B)  +  sin(A—  B); 
(ii)    2  cos  A  sin  B  =  sin  (A  +  B)  —  sin  (A  —  B) ; 

(iii)      2  COS  A  COS  B  =  COS  (A  +  B)  +  COS  (A  -  B)  j 

(iv)    2  sin  A  sin  B  =  cos  (A  -  B)  -  cos  (A  +  B). 

These  four  formulae  should  be  committed  to  memory  in  words. 
The  first  and  second  are  very  similar.  To  distinguish  them  it 
may  be  remarked  that  we  have  throughout  assumed  A  to 
be  greater  than  B ;  hence,  if  in  the  product  on  the  left-hand  side 
the  sine  is  associated  with  the  greater  angle,  the  expression  is 
equal  to  the  sum,  of  two  sines,  and  if  the  sine  is  associated  with 
the  smaller  angle,  the  expression  is  equal  to  the  difference  of  two 
sines. 

NOTE.  It  does  not  really  matter  which  angle  we  take  to  be 
the  greater.  For  example,  if  we  assume  A  to  be  greater  than  B, 
we  get 

2  sin  A  cos  B  —  sin  (A  +  B)  +  sin  (A  —  B)  ; 

and  if  we  assume  B  to  be  greater  than  A,  we  get 

2  sin  A  cos  B  =  sin  (B  +  A)  —  sin  (B  —  A). 

But  it  will  be  proved  in  Art.  81  that  sin  (A  —  B)  =  —  sin  (B  —  A) 
for  all  values  of  A  and  B.  Hence  the  two  expressions  for 
2  sin  A  cos  B  are  identical. 

Example  i.      2  sin  50°  cos  38°  =  sin  (50° + 38°)  +  sin  (50°  -  38°) 

=  sin  88°  +  sin  12°. 


THE  RATIOS   OF   A  +  B  +  C. 

Example  ii.     2  sin  38°  cos  50° = sin  (50° + 38°)  -  sin  (50°  -  38°) 

=  sin  88° -sin  12°. 

Example  iii.      2  sin  3 A  sin  5 A = cos  (5 A  -  3A)  -  cos  (5 A + 3 A) 

=  cos2A  —  cos8A. 
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EXAMPLES   19. 

Express  as  the  sum  or  difference  of  two  sines  or  two  cosines : 


(1) 

2  sin  50"  cos  17°. 

(2) 

2  sin  61°  cos  8°. 

(3) 

2  sin  33°  cos  28°. 

W 

2  sin  79°  cos  10°. 

(5) 

2  sin  27°  cos  6°. 

(6) 

2  cos  55°  sin  30°. 

(7) 

2  cos  71°  sin  14°. 

(8) 

2  cos  20°  sin  19°. 

(9) 

2  cos  86°  sin  3°. 

(10) 

2  cos  34°  sin  19°. 

(11) 

2  cos  49°  cos  36°. 

(12) 

2  cos  59°  cos  12°. 

(13) 

2  cos  46°  cos  18°. 

(14) 

2  cos  25°  cos  24°. 

(15) 

2  cos   8°  cos  6°. 

(16) 

2  sin  43°  sin  40°. 

(17) 

2  sin   6°  sin  2°. 

(18) 

2  sin  24°  sin  29°. 

(19) 

2  sin  78°  sin  3°. 

(20) 

2  sin  32°  sin  5°. 

(21) 

2  sin  8A  cos  3A. 

(22) 

2  sin  4A  cos  A. 

(23) 

2  sin  10A  cos  6  A. 

(24) 

2  sin  8A  cos  7A. 

(25) 

2  sin  5A  cos  2A. 

(26) 

2  cos  6A  sin  A. 

(27) 

2  cos  8A  sin  3A. 

(28) 

2  cos  5A  sin  4A. 

(29) 

2  cos  2A  sin  A. 

(30) 

2  cos  7A  sin  5A. 

(31) 

2  cos  8A  cos  2A. 

(32) 

2  cos  7A  cos  4A. 

(33) 

2  cos  6A  cos  5A. 

(34) 

2  sin  3A  sin  2A. 

(35) 

2  sin  9A  sin  8A. 

(36) 

2  cos  A  cos  B. 

(37) 

2  sin  A  sin  B. 

(38) 

2  cos  A  sin  B. 

(39) 

2  cos  mA  cos  nA. 

(40) 

2  sin  mA  sin  nB. 

V.    THE  TRIGONOMETRICAL  RATIOS  OF  A+B  +  C. 

58.  The  formulae  for  the  sine,  cosine,  and  tangent  of  A  +  B, 
may  be  applied  to  determine  those  of  A+B  +  C,  A+B+C  +  D,  &c. 
in  terms  of  the  trigonometrical  ratios  of  A,  B,  C,  D,  <fcc. 
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As  illustrations  the  following  examples  will  be  sufficient ;  the 
results  need  not  be  remembered. 

(i)     sin  (A  +  B  +  C)  =  sin  {(A  +  B)  +  C} 

=  sin  (A  +  B)  cos  C  +  cos  (A  +  B)  sin  C 
=  (sin  A  cos  B  +  cos  A  sin  B)  cos  C 

4-  (cos  A  cos  B  —  sin  A  sin  B)  sin  C 
=  sin  A  cos  B  cos  C  +  sin  B  cos  A  cos  C 

+  sin  C  cos  A  cos  B  -  sin  A  sin  B  sin  C. 
(ii)    tan  (A  +  B  +  C)  =  tan  {A  +  (B  +  C)} 

tan  A  +  tan  (B  +  C) 
1  —  tan  A  tan  (B  +  C) 

tan  B  4-  tan  C 


tan  A  + 


1  -  tan  B  tan  C 


tan  B  +  tan  C 
1  -  tan  A 


1  -  tan  B  tan  C 
tan  A  +  tan  B  +  tan  C  —  tan  A  tan  B  tan  C 
1  —tan  A  tan  B  —tan  B  tan  C— tan  C  tan  A* 

EXAMPLES   20. 

Find  the  value  of  the  following  in  terms  of  the  sine  and  cosine 
of  A,  B  and  C  ; — 

(1)     sin  (A  +  B  -  C).  (2)     cos  (A  4-  C  4-  B). 

(3)     cos  (A  -  B  +  C).  (4)     sin  (A  +  B  4-  C  +  D). 

If  tan  A  =  J,  tan  B  =  J,  tan  C  =  J,  tan  D  =  J,  find  the  value  of 
(5)     tan  (A  +  B  4- C).  (6)     cot  (A  -  B  4- C). 

(7)     tan  (A  4-  B  4  C  4-  D).  (8)     tan  (A  +  B  -  C  4-  D). 

VL    MULTIPLE  AND  SUB-MULTIPLE  ANGLES. 
The  Trigonometrical  Ratios  of  2A. 

59.     To  prove  that 

(i)     sin  2 A  =  2  sin  A  cos  A; 
(ii)    cos  2A  =  cos2  A  -  sin2  A 

=  2  COS2  A  -  1 

=  1-2  sin2  A; 
2  tan  A 
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If  in  sin  (A  +  B),  cos  (A  +  B)  and  tan  (A  +  B)  we  put  A  in  place 
of  B,  we  get  sin  2A,  cos  2A  and  tan  2A. 

Thus  (i)    sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B ; 

.'.  sin  2A  =  sin  A  cos  A  +  cos  A  sin  A  =  2  sin  A  cos  A. 
Also  (ii)   cos  (A  +  B)  =  cos  A  cos  B  —  sin  A  sin  B ; 

.'.  cos  2A  =  cos  A  cos  A  —  sin  A  sin  A  =  cos2  A  —  sin2  A. 

Since  sin2  A  =  1  —  cos2  A,  and  cos2  A  =  1  —  sin2  A,  it  follows  that 
this  result  can  also  be  expressed  in  either  of  the  following  forms: — 

cos  2A  =  2  cos2  A  -  1,  or  cos  2A  =  1  -  2  sin2  A. 

x       tan  A  +  tan  B 

Also  (111)     tan  (A  +  B)  =  = — ; 

1  -  tan  A  tan  B 

tan  A  +  tan  A          2  tan  A 
/.  tan2A  = 


1  —  tan  A  tan  A      1  —  tan2  A  ' 

NOTE.  The  prefixes  sin,  cos,  &c.  must  not  be  treated  as  if  they 
were  multipliers :  for  example,  sin  2A  must  not  be  considered 
as  equivalent  to  2  sin  A. 

60.  The  formulae  proved  in  the  preceding  article  must  be 
committed  to  memory.     They  connect  the  sine,  cosine  and  tan- 
gent of   any  angle  with  the  ratios  of   half  that  angle.     The 
student  should  write  out  the  formulae  for  other  cases  such  as 
6A  and  3A,  5A  and  |V\,  &c.     The  following  forms  are  also  very 
useful  in  establishing  identities: — 

A  "\  A  " 

2  sin2  £  =  1  —  cos  A,          or       1  -  cos  A  =  2  sin2  ^ , 

A  I  A 

2  COS2  =  =  1  +  COS  A  ;  1  +  COS  A  =  2  COS2  = . 

2  i 

_  A      1  -  COS  A 

Also  tan2  =r  =  = . 

2     1  +  cos  A 

61 .  To  prove     sin  2  A  =  = — ,al\     . 

1  +  tan2  A 

2x  — 
2  sin  A  cos  A  cos  A 

sin  2A  =  2  sin  A  cos  A  —  — ; ;— r—  =          •   0 

cos2  A  +  sin-  A      _      sin'2  A 

2  tan  A 
=  1  +tan'2A' 
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The   distinction   between   the   following    formulae    must    be 
specially  noticed; 

2  tan  A      ,  2  tan  A 

sm  2A  =  :;  —  -  —  5—  ,  but  tan  2A  =  -  -  -  —  —  . 
l  +  tan2A  1-  tan2  A 

The  Trigonometrical  Ratios  of  SA. 
62.     To  prove     (i)     sin  3A  =  3  sin  A  -  4  sin3  A  ; 
(ii)    cos  3A  =  4  cos3  A  -  3  cos  A  ; 
3  tan  A  -tan3  A 


..... 
(in) 

(i)     sin  3A  =  sin  (2A  +  A) 

=  sin  2A  cos  A  +  cos  2A  sin  A 

=  2  sin  A  cos  A  cos  A  +  (1  -  2  sin2  A)  sin  A 

=  2  sin  A  cos2  A  +  sin  A  -  2  sin3  A 

=  2  sin  A  (1  —  sin2  A)  +  sin  A  —  2  sin3  A 

=  2  sin  A  —  2  sin3  A  +  sin  A  —  2  sin3  A 

=  3  sin  A  —  4  sin3  A. 

(ii)     cos  3A  =  cos  (2A  +  A) 

=  cos  2A  cos  A  —  sin  2A  sin  A 

=  (2  cos2  A  -  1)  cos  A  —  2  sin  A  cos  A  sin  A 

=  2  cos3  A  -  cos  A  -  2  sin2  A  cos  A 

=  2  cos3  A  -  cos  A  -  2  (1  -  cos2  A)  cos  A 

=  2  cos3  A  —  cos  A  —  2  cos  A  +  2  cos3  A 

=  4  cos3  A  —  3  cos  A. 

/•••\  /rt.      .\       tan2A  +  tanA 

(111)     tan  3A  =  tan  (2A  +  A)  =  -  - 
'     l-tan2AtanA 

2  tan  A 

+  tanA 


1  -  tan2  A 


-         2  tan  A 
1  -  , — T — 2^ 
1  -  tan2  A 

_  2  tan  A  +  tan  A  (1  -  tan2  A) 

1  -  tan2  A  -  2  tan2  A 
3  tan  A  -  tan3  A 


1-3  tan2  A 
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These  formulae  express  the  relations  which  hold  between  the 
trigonometrical  ratios  of  any  angle  and  those  of  ^  of  that  angle. 
The  student  should  state  them  again  for  such  cases  as  6A  and  2A, 

A 
A  and  ^,  &c.;   and,  in  order  to  remember  the  expressions  for 

o 

sin  3  A  and  cos  3  A  he  should  notice  that 

(i)     In  both  cases  the  numerical  coefficients  of  the  terms  are 

3  and  4,  and  the  indices  are  1  and  3 ;   and  in  both  cases  the 
greater  coefficient  4  is  attached  to  the  term  which  has  the  higher 
index  3 ;    (ii)    When  the  value  0°  is  put  for  A,  the  expression  for 
cos  3A  must  reduce  to  unity.     Consequently  in  cos  3A  the  term 

4  cos3  A  must  come  first  and  3  cos  A  second.     In  sin  3A  this  order 
is  reversed. 

63.     To  find  the  value  of  sin  18°. 

This  may  be  obtained  by  means  of  the  formulae  for 

sin  2A  .and  cos  3A. 
Let  A  =  18°,  then  2 A  +  3 A  =  90° ; 

.'.  2A  =  90°-3A; 
/.  sin  2A  =  cos  3A  ; 
.'.  2  sin  A  cos  A  =  4  cos3  A  —  3  cos  A ; 

.'.  cos  A  =  0,  "I 

or  2  sin  A  =  4  cos2  A- 3. J 

But  cos  18°  is  certainly  not  0 ; 

/.  2  sin  A  =  4  cos2  A  -  3  ; 
.".  2  sin  A  =  4  -  4  sin2  A  -  3 ; 
.*.  sin2  A  +  J  sin  A  =  J ; 

-l±>/5 

..  smA= =^-. 

But  sin  18°  is  certainly  not  negative  ;   .'.  sin  18°  =  — ~ — . 


This  value  should  be  remembered. 


VII.    IDENTITIES. 

64.  We  have  considered  some  simple  identities  in  Art.  47. 
The  student  should  not  begin  by  writing  down  the  identity  to  be 
proved,  and  then  proceed  to  simplify  both  members  simultaneously, 
reducing  the  identity  eventually  to  such  a  form  as  1  =  1.  One  of 
the  expressions,  usually  the  left-hand,  should  be  written  down  by 
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itself,  and  modifications  should  be  made  in  it,  step  by  step,  as  in 
the  examples  below,  until  the  resulting  expression  is  identical  in 
every  respect  with  that  on  the  right-hand. 

Under  certain  circumstances  however  each  expression  may  be 
taken  in  turn  in  the  manner  described  in  Art.  40,  Example  ii. 

Example  i.     Prove  that  sin  A  sin  2  A + 2  cos  A  cos  2  A  =  2  cos3  A. 
The  expression  =  sin  A  x  2  sin  A  cos  A  +  2  cos  A  (2  cos2  A  - 1) 
=  2  sin2  A  cos  A +4  cos3  A  —  2  cos  A 
=  2  cos  A  (1  -cos2  A)  +  4  cos3  A  -  2  cos  A 
=  2  cos  A  —  2  cos3  A  +  4  cos3  A  —  2  cos  A 
=  2  cos3  A. 

Example  ii.     Express  sin4  A -fcos4  A  in  terms  of  sin  2  A. 
sin4  A + cos4  A = (sin2  A + cos2  A)2  -  2  sin2  A  cos2  A 
=  l-|(2sinAcosA)2 
=  l-£sin22A. 
Example  iii.     Prove  that 

cos(B  +  C)cos(B-C)-cos(A+C)cos(A-C)=sm(A  +  B)sm(A-B). 
The  expression =£  (2  cos  (B  +  C)cos  (B  -  C)  -  2  cos  (A+C)cos  (A  -  C)} 
= %  {cos  2  B  +  cos  2C  -  (cos  2 A + cos  2C)} 
=  £(cos2B-cos2A) 
= J  (2  sin  (A+  B)  sin  (A  -  B)} 
= sin  ( A  +  B)  sin  (A  -  B). 

Example  iv.     Prove  that  8  sin4  A  =  3  —  4  cos  2A + cos  4A. 
8  sin4  A= 2  (2  sin2  A)2 

=  2(l-cos2A)2 
=  2(l-2cos2A+cos22A) 
=  2  — 4cos2A  +  2cos22A 
=  2-4cos2A  +  l  +  cos4A 
= 3  -  4  cos  2  A  +  cos  4A. 

Example  v.     Prove  that  1  +  tan  x  tan  -  =  sec  x. 

/v»  /y»  M 

sin-     cos  x  cos- + sin  x  sin  - 
x     ,  ,  sin*         2  2  2 

-  =  lH =  — — ^— — • 

2          cos#         x  x 

cos  -  cos  x cos  - 

Zi  2i 

X 

COS2      1 
x        x  cos  x 

COS  X  COS  -    COS  X  COS  — 
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Example  vi.     Prove  that  sin  x + sin  2% + sin  3# = 4  cos  -  cos  a;  sin  -^- . 

The  expression = (sin  x + sin  3#) + sin  2# 

= 2  sin  2#  cos  # + 2  sin  #  cos  # 
=  2  cos  #  (sin  2#-fsin  x} 

=  2  cos  x  x  2  sin  —  cos  ^ 

= 4  cos  -cos  #  sin  -^  . 

Example  vii.     Prove  that 

4  sin  3A  sin  5 A  sin  7 A  =  sin  A +sin  5A  +  sin  9A  —  sin  15 A. 

4  sin  3A  sin  5A  sin  7A  =  2  sin  3A  (2  sin  5A  sin  7A) 
= 2  sin  3  A  (cos  2 A  -  cos  12 A) 
=  2  sin  3A  cos  2A  -  2  sin  3A  cos  12A 
= sin  5 A + sin  A  -  (sin  ISA  -  sin  9 A) 
=sin  A+sin  5A+sin  9A— sin  ISA. 

65.  When  the  expression  to  be  transformed  involves  the 
second  or  higher  powers  of  the  sine  or  cosine,  these  powers  can  be 
eliminated  by  substituting  the  equivalent  expressions  involving 
first  powers  of  the  multiple  angles.  For  example,  we  may  put 
\  (1  -  cos  2A)  for  sin2  Aj  J  (1  +  cos  2A)  for  cos2  A;  J(3  sin  A-sin3A) 
for  sin3  A ;  and  \  (3  cos  A  +  cos  3A)  for  cos3  A ;  &c. 

Also,  in  such  examples  as  Nos.  7  to  13  below,  the  numerator 
and  denominator  should  be  factorised,  and  the  common  factors 
cancelled. 

EXAMPLES   21. 

Prove  that 

(1)  cos  5A  cos  3A  +  sin  5A  sin  3A  =  cos  2A. 

(2)  cos  (A  +  B)  cos  A  +  sin  A  sin  (A  +  B)  =  cos  B. 

5A         A  5A    .     A       .    0 

(6)     sin  —  cos  -  +  cos  —  sin  -  =  sin  oA. 

Zi  Zi  a  A 

(4)  sin  A  cos  (B  -  A)  +  cos  A  sin  (B  -  A)  =  sin  B. 

(5)  sin  (A  +  B)  sin  (A  —  B)  =  sin2  A  -  sin2  B. 

(6)  cos  (A  +  B)  cos  (A  -  B)  =  cos2  B  -  sin2  A. 
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(7) 
(9) 

(H) 
(13) 
(H) 

sin7A-sinA       cos4A        , 

sin  3A  4-  sin  5A 

sin  8A  -  sin  2A      cos  5A  '     '  * 
sinSA-sinA 

cos  3A  -  cos  5A 
cos  7A  —  cos  9A 

tin  HA 

cos  A—  cos  3  A 

sin7A  +  sin5A                     X1_N 
—  cot  A        (  1    ) 

sin  9A  —  sin  7A 

sin  A  +  sin  B            A  +  B 
tan 

cos  5  A—  cos  7  A 
sin  A  +  sin  5A       _ 

—    '  PO1-!  A  -••-  SPP  P 

cos  A  +  cos  B                2 

sin  4  A  -f  sin  2  A 
1  +  tan  A  tan  2A  =  sec  2A. 

(15) 

A                           A 
1  +  cot  A  cot  —  =  cosec  A  cot  —  . 

Z                           Z 

(16) 

(17) 
(18) 
(19) 
(20) 

tan  (A  +  B)  +  tan  (A  —  B)      sin 

2A 

tan  (A  +  B)  —  tan  (A  -  B)      sin 
(cos  A  +  sin  A)2  =  1  +  sin  2A. 
(cos  A  -  sin  A)2  =  1  -  sin  2A. 
cosec  2A  =  J  cosec  A  sec  A. 
1  -  |  sin  2A  tan  A  =  cos2  A. 

2B' 

Prove 

EXAMPLES   22. 

that 

(i) 

(2) 
(3) 

sin  A  cos3  A  +  cos  A  sin3  A  =  J  sin  2A. 
cos4  A  —  sin4  A  =  cos  2A. 
sin  A  cos5  A  —  cos  A  sin5  A  =  J  sin  4A. 
cos  4A  =  8  cos4  A  -  8  cos2  A  +  1. 

(6) 

(6) 
(7) 

(9) 
(10) 

A              A 

cot  -=  +  tan  n  —  2  cosec  A. 

Z              Z 

sin2  A  cos2  A  =  J  (1  -  cos  4  A). 
cos4  A  +  sin4  A  =  J  (3  +  cos  4A). 
4  tan  A  -  4  tan3  A 

tin  <1A 

2  tan  2A. 

1  —  D  tan  A  +  tan  A 
tan  (45°  +  A)  -  tan  (45°  -  A)  = 
tan  3A  -  tan  A  =  2  sin  A  sec  3A 

(H) 

sin2A 

tin  A            1  1  ^  i 

/  2  sec  A             A 

1  +  cos  2A                            '     'A 

/1+secA           2' 
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(13)  cosec  2A  +  cot  2A  =  cot  A. 

,     x     2  sin  A  —  sin  2A  A          ,  sin  3A 

(14)  r-^tan2^.        (15)     ^—  —  =  1  +  2  cos  2A. 
2  sin  A  +  sin  2A  2  sin  A 

(  1  6)     sin3  A  cos3  A  =  gV  (3  sin  2  A  -  sin  6  A). 

(17)  4  (cos3  A  sin  3  A  +  sin3  A  cos  3  A)  =  3  sin  4  A. 

1  +  sin  A  —  cos  A  A 

(18)  -  -  r—  —  =  tan^. 
1  +  sin  A  +  cos  A  2 

(19)  (sin  A  -  sin  B)2  +  (cos  A  -  cos  B)2  =  2  versin  (A  —  B). 

(20)  l^an2AtanA  n2A 

tan  A  +  cot  A 

EXAMPLES   23. 
Prove  that 

(1)  sin  (A  +  B  +  C)  +  sin  (A  +  B  -  C)  +  sin  (A  -  B  +  C) 

+  gin  (A  —  B  —  C)  =  4  sin  A  cos  B  cos  C. 

(2)  cos  (A  +  B  +  C)  +  cos  (A  +  B  -  C)  +  cos  (A  -  B  +  C) 

+  cos  (B  +  C  -  A)  =  4  cos  A  cos  B  cos  C. 

(3)  sin  2A  +  sin  4A  +  sin  6A  =  4  cos  A  cos  2A  sin  3A. 

(4)  sin  A  cos  (B  —  C)  —  sin  B  cos  (A  —  C)  =  cos  C  sin  (A  —  B). 

(5)  4  cos  A  cos  B  cos  C  =  cos  (A  -  B  -  C)  +  cos  (A  +  B  +  C) 

+  cos  (A  -  B  +  C)  +  cos  (A  +  B  —  C). 

(6)  4  cos  A  cos  2  A  cos  3  A  =  cos  6  A  +  cos  4A  +  cos  2A  +  1. 
.^       sin  A  +  sin  2A  +  sin  3A 

*         cos  A  +  cos  2A  +  cos  3A  ~ 

,  .      sin  A  +  2  sin  3A  +  sin  5A      sin  3A 


2sin5A  +  sin7A  ~sin5A' 

EXAMPLES  24.     MISCELLANEOUS. 

(1)  Find  the  circular  measure  of   an  angle  of   a  regular 
polygon  of  16  sides. 

(2)  If    147  square  feet  be  represented  by  the  number  3, 
what  is  the  unit  of  linear  measurement? 

(3)  If  5000  cubic  inches  be  represented  by  the  number  40, 
what  is  the  unit  of  linear  measurement  ? 

(4)  Express  ^  of  a  radian  in  sexagesimal  measure.    (7r=-2T2-.) 

(5)  The  angles  of  a  triangle  are  4#  degrees,  5x  degrees  and 
10#  grades.     Find  x,  and  express  each  angle  in  degrees. 
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(6)  If  sec  A  =  |,  find  the  sine,  cosine  and  tangent  of  A. 

(7)  If  cosec  A  =  £-  ,    and  sin  B  =  j ,  what  are  the  greatest 

OX  4: 

numerical  values  of  x  and  y  \ 

(8)  Write  down  the  complement  of  36°  41'  57",  and  of  -£ . 

(9)  Construct  an  angle  whose  cosecant  is  2  ,J3. 

(10)  Construct  an  angle  whose  cotangent  is 

(11)  A  chord,  9  inches  long,  is  6  inches  from  the  centre  of  a 
circle ;  find  the  length  of  the  diameter  of  the  circle. 

(12)  Prove  1  -  tan4  A  =  2  sec2  A  -  sec4  A. 

(13)  Prove  tan  A  +  cot  A  =  ^/sec2  A  +  cosec2  A. 

(14)  Prove  cos6  A  +  sin6  A  =  1  -  3  cos2  A  sin2  A. 

(15)  Prove  sec6  A  -  tan6  A  =  1  +  3  tan2  A  sec2  A. 

/i  a\     -D          gin  5°  +  sin  47° 

(16)  Prove —0 —  =  tan  69  . 

cos  5  —cos  47 

/i*\     Ta          cos  35°  -  sin  35° 

(17)  Prove —0 ^-^  =  tan  1 0  . 

cos  35  +  sin  35 

(18)  Prove  tan  A  cot  -  —  1  =  sec  A. 

/in\     -D          tan2A-tanA 

(19)  Prove =  sec  2  A. 

tan  A 

1- tan2  (45° -A) 

(20)  Prove  ^ — ^— -0 — -(  =  sin2A. 

1  +  tan2  (45  -  A) 

(21)  Prove  cos  40°  -  cos  20°  +  cos  80°  =  0. 

/oo\     -D          tan3A  +  tanA 

(22)  Prove =  2  cos  2 A. 

tan  3A  -  tan  A 

cos  3A  +  sin  3A 

: =1+4  sin  A  cos  A. 

cos  A  —  sin  A 

/OA\     -D  cosA  sin2A  A 

(24)  Prove  = —        -  x  -—     -      =  tan-. 

1  +  cos  A      1  +  cos  2A  2 

(25)  As  seen  from  an  opposite  window,  the  top  of  a  house  has 
an  elevation  of  60°,  and  the  height  of  the  house  subtends  a  right 
angle.     If  the  width  of  the  street  be  30  feet,  find  the  height  of 
the  house. 
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X' 


VIII.    ANGLES  GREATER  THAN  A  RIGHT  ANGLE 
AND  NEGATIVE  ANGLES. 

66.  We  have  hitherto  considered  the  trigonometrical  ratios 
of  only  such  angles  as  are  equal  to,  or  less  than,  a  right  angle. 
We  will  now  proceed  to  the  consideration  of  angles  greater  than 
a  right  angle. 

If  through  a  point  O  two  straight  lines  XOX'  and  YOY'  be 
drawn  at  right  angles  to  one  another,  and  of  indefinite  length, 
these  lines  will  divide  the  space  round  the  point  O  into  four  parts 
called  Quadrants. 

The  space  between  OX  and  OY,  produced  indefinitely,  is  called 
the  first  quadrant ;  that  between  OY  and 
OX'  is  called  the  second  quadrant;  that 
between  OX'  and  OY'  is  called  the  third 
quadrant ;  and  that  between  OY'  and  OX 
is  called  the  fourth  quadrant. 

Also,  OX  is  called  the  Initial  Line. 

We  may  now  consider  an  angle  to  be 
described  by  a  line,  which  we  will  call  the 
radius,  starting  from  coincidence  with  OX, 
and  turning  about  the  extremity  O  in  the 

direction  contrary  to  that  of  the  hands  of  a  clock,  i.e.,  contra- 
clockwise. 

(i)  If  the  angle  to  be  described  be  less  than  one  right  angle, 
the  radius  will  stop  in  its  course  somewhere  between  the  position 
OX  and  the  position  OY,  i.e.,  somewhere  in  the  first  quadrant. 
An  angle  less  than  a  right  angle,  such  as  XOP,  may  therefore  be 
spoken  of  as  an  angle  in  thejlrst  quadrant. 

(ii)  If  the  angle  described  be  equal  to  one  right  angle,  the 
radius  will  stop  in  the  position  OY. 

(iii)  If  the  angle  described  lie  in  magnitude  between  one 
right  angle  and  two  right  angles,  the 
radius  will  stop  somewhere  between  the 
position  OY  and  the  position  OX';  such 
an  angle  as  XOQ  may  therefore  be  said  to 
be  in  tlie  second  quadrant. 

(iv)  If  the  angle  described  be  equal 
to  two  right  angles,  the  radius  will  stop 
in  the  position  OX'. 


X' 
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(v)  If  the  angle  described  lie  in  magnitude  between  two 
right  angles  and  three  right  angles,  the 
radius  will  stop  somewhere  between  the 
position  OX'  and  the  position  OY' ;  such 
an  angle  as  XOR  may  therefore  be  said 
to  be  .in  the  third  quadrant.  x, 

(vi)  If  the  angle  described  be  equal 
to  three  right  angles,  the  radius  will  stop 
in  the  position  OY'. 

i 

<  (vii)  If  the  angle  described  lie  in  magnitude  between  three 
right  angles  and  four  right  angles,  the 
radius  will  stop  in  its  course  somewhere 
between  the  position  OY'  and  the  position 
OX ;  such  an  angle  as  XOS  may  therefore 
be  said  to  be  in  the  fourth  quadrant. 

(viii)  If  the  angle  described  be  equal 
to  four  right  angles,  the  radius  will  stop 
on  reaching  the  position  OX  from  which  it 
started. 

(ix)     If  the  angle  described  be  greater 

than  four  right  angles,  the  radius  will  proceed  on  for  a  second 
revolution,  and,  if  necessary,  for  a  third  or  more. 

67.  The  radius  might  however  turn  in  the  other  direction, 
or  clockwise,  reaching  OY'  first,  then  OX',  OY  and  OX,  in  that 
order.     In  the  former  case  it  is  said  to  revolve  in  the  positive 
direction,  and  an  angle  so  described  is  a  positive  angle ;  while 
in  the  latter  case  it  is  said  to  turn  in  the  negative  direction, 
and  an  angle  described  by  it  is  a  negative  angle. 

68.  Again,  any  position  of  the  radius,  such  as  OGl  in  the 
diagram,  would  be  arrived  at  in  the 

course  of  the  first  revolution,  either 
clockwise  or  contra-clockwise;  again 
in  the  second  revolution,  and  once 
again  in  each  successive  revolution. 

For  example,  if  OQ  be  midway 
between  OY  and  OX',  it  will  be 
reached  when  the  radius  has  turned 
contra-clockwise  through  any  one  of  the 
angles  135°,  360°  +  135°,  720°  +  135°, 


x' 
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and,  generally,  through  n  x  360°  + 135°,  where  n  stands  for  any 
positive  integer;  or  clockwise  through  any  one  of  the  angles 
-225°,  -360° -225°,  -720° -225°,  and,  generally,  through 
-  n  x  360°  —  225°,  where  n  again  stands  for  any  positive  integer. 

Positive  and  Negative  Lines. 

69.  A  straight  line  may  be  considered  as  generated  by  the 
motion  of  a  point  which  moves  from  one  extremity  of  it  to  the 
other. 

For  example,  if  a  point  start  from  the  position  A  and  move  to 

the  right  directly  towards  the  position  B,  it  will       

describe  the  straight  line  AB.     If,  on  the  other       A  B 

hand,  the  point  were  to  start  from  the  position 
B  and  move  to  the  left  directly  towards  the  position  A,  it  would 
describe  the  same  straight  line,  but  in  the  opposite  direction.     In 
the  latter  case  its  path  would  be  referred  to  as  the  line  BA,  not  as 
the  line  AB. 

Consequently,  when  we  consider  a  straight  line  as  generated 
by  the  motion  of  a  point,  the  direction  of  motion  is  inferred 
from  the  order  in  which  the  letters  are  stated ;  AB  denoting 
that  the  motion  is  from  A  to  B,  and  BA  that  the  motion  is  from  B 
to  A. 

70.  If  a  point  move  from  A  to  B,  and  then  back  from  B 
to  A,  the  final  position  of  the  point  is  the  same  as  the  first. 
Consequently,  there  being  in  the  end  no  change  of  position,  we 
may  say  that 

AB+BA  =  0,  or  AB  =  -BA. 

Thus  we  see  that  in  the  case  of  a  straight  line  considered 
as  generated  by  the  motion  of  a  point,  a  line  described  by  motion 
from  left  to  right  may  be  called  positive,  and  a  line  described 
by  motion  from  right  to  left,  negative. 

On  this  hypothesis  the  line  AB  is  positive  and  the  line  BA 
is  negative. 

The  Trigonometrical  Ratios. 

71.  In  defining  the  Trigonometrical  Ratios  of  an  angle  we 
took  a  point  P  in  one  of  the  lines  forming  the  angle,  and  from  it 
we   drew    PM    perpendicular  to  the  other.     For   simplicity  we 
took   the  point  P  in  the  revolving  line,  and  we  drew  the  per- 
pendicular PM  upon  the  initial  line  OX.    It  will  now  be  seen  that, 

4—2 
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according  to  the  size  of  the  angle,  the  point  M  may  fall  either  in  OX, 
or  in  XO  produced,  i.e.,  either  to  the  right  of  O,  or  to  the  left  of  O. 

The  point  M  will  fall  to  the  right  of  O,  when  the  revolving  line 
is  in  the  1st  or  in  the  4th  quadrant  (Figs.  i.  and  iv.) ;  and  it  will 
fall  to  the  left  of  O,  when  the  revolving  line  is  in  the  2nd  or  in 
the  3rd  quadrant  (Figs.  ii.  and  iii.). 


(i)  Y 


M       X 


X'     M 


Y' 


X          ' 


Y' 

,      ...  MP     OM  MP 

In  each  of  these  tour  cases,  —  . and are  respectively 

'OP      OP  OM 

the  sine,  cosine  and  tangent  of  the  angle  XOP,  in  accordance 
with  the  definition  (Art.  26). 

To  distinguish  between  the  cases  it  is  agreed,  in  accordance 
with  Art.  70,  that  distances  measured  along  the  initial  line  OX, 
from  O  towards  the  right,  shall  be  considered  positive,  and  those 
measured  in  the  opposite  direction,  from  O  towards  the  left, 
negative.  It  is  also  agreed  that  lines  measured  along  or  parallel 
to  the  upright  OY,  in  the  direction  from  O  to  Y,  shall  be  considered 
positive,  and  lines  measured  in  the  opposite  direction,  from  O 
towards  Y',  negative. 
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For  example,  in  (i)  OM  and  MP  are  both  positive; 

in  (ii)  OM  is  negative,  and  MP  positive; 
in  (iii)  OM  and  MP  are  both  negative; 
in  (iv)  OM  is  positive,  and  MP  negative. 

The  distance  OP,  measured  along  the  revolving  line  from  O 
outwards,  is  always  taken  as  positive. 


M  P 
72.     In  all  four  cases  —  is  the  sine  of  the  angle  XOP;  hence 

we  see  that  the  sine  is  positive  for  any  angle  in  the  1st  or  2nd, 
and  negative  for  any  angle  in  the  3rd  or  4th  quadrant. 

Again,  in  all  four  cases,  -r—  is  the  cosine  of  the  angle  XOP; 

hence  the  cosine  is  positive  for  any  angle  in  the  1st  or  4th,  and 
negative  for  any  angle  in  the  2nd  or  3rd  quadrant. 

M  P 
Again,  in  all  four  cases,  —  is  the  tangent  of  the  angle  XOP ; 

hence  the  tangent  is  positive  for  any  angle  in  the  1st  or  3rd, 
and  negative  for  any  angle  in  the  2nd  or  4th  quadrant. 

We  may  also  state  these  facts  as  follows  : — 

(i)     For  an  angle  in  the  1st  quadrant,  all  the  trigono- 
metrical ratios  are  positive; 

(ii)     For  an   angle  in  the  2nd  quadrant,  only  the  sine 
and  cosecant  are  positive; 

(iii)     For  an  angle  in  the  3rd  quadrant,  only  the  tangent 
and  cotangent  are  positive ; 

(iv)     For  an  angle  in  the  4th  quadrant,  only  the  cosine 
and  secant  are  positive. 


73.  It  must  be  noticed  that  in  all  cases  one  of  the  lines 
bounding  the  angle  is  the  initial  line  OX,  and  that  the  angle 
considered  is  always  XOP,  and  never  X'OP. 


54 


A  SHOUT   COURSE   OF   PLANE   TRIGONOMETRY. 


The  Trigonometrical  Ratios  of  180°. 

74.     Let  OB  be  a  position  of  the  revolving  line  as  it  ap- 
proaches the  position  OX'.     Take 
any  point  P  in  it,  and  draw  PM 
perpendicular  to  OX'. 

As  OB  moves  up  to  coincidence 
with  OX',  MP  decreases  to  zero, 
and  OM  increases  until  it  becomes 
equal  in  magnitude  to  OP. 

But  OM  is  negative,  and  OP 
is  positive;  consequently,  when 
OB  coincides  with  OX',  we  have 


X'     M 


OM=-OP. 


Hence 


Y' 


OM      -OP 


cos  180  =  -  = 
OP 


The  Trigonometrical  Ratios  of  270°. 


75.  Let  OB  be  a  position  of 
the  revolving  line  as  it  approaches 
the  position  OY'.  Take  any  point 
P  in  it,  and  draw  PM  perpendicular 
to  OX'. 


As  OB  moves  up  to  coincidence 
with  OY',  OM  decreases  to  zero,  and 
M  P  increases  until  it  becomes  equal 


in  magnitude  to  OP. 


But  MP  is  negative,  and  OP  is 
positive;  consequently,  when  OB 
coincides  with  OY',  we  have 


M    .'" 


f 
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Hence 

MP         OP  OP  OP 


OP         OP  MP      -OP 

~~OP~   OP     "    '  =6~M=1T 

_AO      MP       -OP  OM          0 

tan  270°  =  -—  =  -^—  =  -00,  Cot270°  =  -—  = 


OM          0  MP~-OP 

NOTE.  The  student  should  endeavour  to  recall  the  values  of 
the  ratios  of  180°  and  270°,  whenever  he  needs  them,  by  means 
of  a  mental  picture.  He  should  not  attempt  to  commit  the 
values  to  memory  as  so  many  disconnected  quantities. 

EXAMPLES   25. 

In  each  of  the  following  cases  state  (with  a  diagram)  the 
quadrant  in  which  the  revolving  line  lies ;  and  say  also  in  each 
case  which  of  the  trigonometrical  ratios  are  negative. 


(1) 

75°. 

(2) 

127°. 

(3) 

62°. 

W 

131°. 

(5) 

163°. 

(6) 

252°. 

(7) 

25°. 

(8) 

330°. 

(9) 

305°. 

(10) 

179°. 

(11) 

271°. 

(12) 

199°. 

(13) 

287°. 

(14) 

269°. 

(15) 

145°. 

(16) 

359°. 

(17) 

—  5°. 

(18) 

-  269°. 

(19) 

-  330°. 

(20) 

-89°. 

(21) 

260°. 

(22) 

15°. 

(23) 

-15°. 

(24) 

200°. 

(25) 

STT 

6  ' 

(26) 

37T 

~~  5  ' 

(27) 

2157T 

(28) 

3207T 

7     ' 

3     ' 

In  the  following  examples,  n  represents  an  integer. 
(29)     2n7r  +  ^.          (30)     2wir-£.  (31)     (2»  +  l)ir-^. 

(32)     -2mr+y.    (33)     (2»-l),r  +  ?|.  (34)     -Znv-^. 

The  Complement  and  the  Supplement  of  an  Angle. 

76.  In  Art.  29  we  said  that  one  angle  is  called  the  com- 
plement of  another,  when  the  sum  of  the  two  angles  is  a  right 
angle.  This  definition  has  now  a  somewhat  wider  meaning,  as 
will  be  seen  from  the  examples  below.  The  word  sum  will  now 
be  understood  to  mean  algebraic  sum. 
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(i)     The  complement  of  33°  15'  24"  =  90°  -  33°  15'  24" 

=  56°  44'  36". 

(ii)     The  complement  of  7=  =-  —  -=—. 

(iii)     The  complement  of  -  220°        =  90°  -  (-  220°)  =  310°. 
(iv)     The  complement  of  1 30°  =  90°  -  1 30°  =  -  40°. 

77.  DEFINITION.  One  angle  is  said  to  be  the  supplement 
of  another,  when  the  algebraic  sum  of  the  two  angles  is  two 
right  angles. 

(i)     The  supplement  of  23°  5'  14"  =  180°  -  23°  5'  14" 

=  156°  54' 46". 

(ii)     The  supplement  of  — =-         —  TT  —  I  — —  j  =  —  . 
(iii)     The  supplement  of  315°          =  180°  -  315°  =  - 135°. 


EXAMPLES   26. 

Write  down  (i)  the  complement,  (ii)  the  supplement,  of  each 
of  the  following  angles. 

(1)     23°.  (2)     19°  8' 21".  (3)     -49°. 

w  I-  (5)  3r •  ^  -I 


(7)     -37°  58'.  (8)     -83°  14'  55"  (9)     -  31*  5V  7". 

(10)     218°  (11)     195°  42'.  (12)     225°33'54". 

(13)     £.  (U)     ^.  (15)    -£. 

(16)    -420°.  (17)     TT  +  A.  (18)     ^-A. 

78.  We  will  now  use  the  conventions  in  respect  of  algebraic 
sign  to  determine  the  relations  which  the  trigonometrical  ratios 
of  the  angles  180° -A,  180°  +  A,  360°  -  A,  and  -A  bear  to  the 
trigonometrical  ratios  of  the  angle  A.  The  relations  will  be  true 
for  all  cases,  and  the  method  of  proof  will  be  the  same  whatever 
be  the  magnitude  of  A,  but  in  drawing  the  figure  we  will  assume 
that  the  angle  A  is  in  the  first  quadrant.  We  will  assume  also 
that  A  expresses  the  magnitude  of  the  angle  in  degrees. 
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The  Trigonometrical  Ratios  of  180°  -  A. 

79.  Let  OA  be  the  position  of  the  revolving  line  when, 
having  started  from  the  po- 

sition OX,  it  has  described 
the  angle  A;  and  OB  its 
position  when  it  has  de- 
scribed the  angle  180°  —  A. 

Thus  XOA  =  A, 

and  XOB  =  180°  -A. 

In  OA  and  OB  take  points  P  and  P'  respectively,  such  that 
OP'  =  OP;  and  from  P  and  P'  draw  PM  and  P'M'  perpendicular 
respectively  to  OX  and  XO  produced. 

Then  in  the  triangles  MOP,  M'OP'  we  have 

OP  =  OP',   OMP  =  OM'P',   and   MOP=M'OP'; 

hence,  by  Euclid  I.  26,  the  triangles  MOP  and  M'OP'  are  equal  in 
all  respects  ; 

/.  sin  (180°  -  A)  -  sin  XOB  =  —  ?  =  ----      =  sin  A, 
cos  (180°  -  A)  -  cos  XOB  =  —,'  =  ^pM  -  -  cos  A, 

and       tan  (180°  -  A)  -  tan  XOB  -  —-  =  -^-  =  -  tan  A. 

Similarly,  cot  (  1  80°  -  A)  =  -  cot  A,  ] 

sec  (180°  -A)  --sec  A, 
and  cosec  (180°  —  A)  =-cosec  A., 

The  Trigonometrical  Ratios  of  180°  +  A. 

80.  Let  OA  be  the  position  of  the  revolving  line  when, 
having  started  from 

the  position  OX,  it 
has  described  the 
angle  A;  and  let  OB 
be  its  position  when 
it  has  described  the 
angle  180°  +  A.  Thus 


and  XOB  =  180°  +  A. 
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In  OA  and  OB  take  points  P  and  P'  respectively,  such  that 
OP'  =  OP;  and  from  P  and  P'  draw  PM  and  P'lN/T  perpendicular 
respectively  to  OX  and  XO  produced. 

Then  in  the  triangles  MOP,  M'OP'  we  have 


OP  -OP',   OMP  =  OM'P',  and   MOP=M'>'; 

hence,  by  Euclid  I.  26,  the  triangles  MOP  and  M'OP'  are  equal  in 
all  respects  ; 

/.  sin  (180°  +  A)  =  sin  XOB  =  ^-  =  ^?  =  -  sin  A, 
cos  (180°  +  A)  =  cos  XOB  =  °^r  =  1^?  =  -  cos  A, 

and       tan  (180°  +  A)  =  tan  XOB  =  —  '  =  —  MP  =  —  =  tan  A. 

OM        -OM       OM 

Similarly,         cot  (1  80°  +  A)  =  cot  A, 

sec(180°  +  A)  =  -secA, 
and  cosec  (180°  +  A)  =  —  cosec  A. 


The  Trigonometrical  Ratios  of  360°  -  A  and  -  A. 

81.     Let  OA  be  the  position   of   the   revolving   line  when, 
having    started    from 
the  position  OX,  it  has 
described  the  angle  A  ; 

and  let  OB  be  its  posi-  P 

tion  when  it  has  de- 
scribed the  angle 

360° -A; 

OB  will  be  its  position 
also  when,  revolving 
in  the  negative  direc- 
tion, it  has  described 
the  angle  —  A. 

Thus 


and  XOB  =  360° -A  or  -A. 

In  OA  and  OB  take  points  P  and  P'  respectively,  such  that 
OP'  =  OP;   and  draw  PP'  meeting  OX  at  M. 
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Then  in  the  triangles  MOP,  MOP'  we  have 

OP  =  OP',    MOP  =  MOP',  and   MPO-MP'O; 

hence,  by  Euclid  I.  26,  the  triangles  MOP  and  MOP'  are  equal  in 
all  respects,  and  are  therefore  right-angled  at  M  ; 

/.    sin  (360°  -  A)l  MP'      -MP 

v    .  (X=sinXOB  =  -  ,=  --  = 

or  sm(—  A)J  OP         OP 

cos  (360°  -A)]  OM      OM 

,       (V  =  cosXOB  =  —  ,=  -—  =  cosA, 
or  cos  (—  A)J  OP       OP 

tan  (360°  -A))  MP'      -MP 

=  -tanA. 


. 
or  tan(—  A)J  OM        OM 

Similarly,      cot  (360°  -  A)  =  cot  (-  A)  =  -  cot  A, 

sec  (360°  -  A)  =  sec  (-  A)  =  sec  A, 
cosec  (360°  —  A)  =  cosec  (—  A)  =  —  cosec  A. 

82.  The  results  of  Arts.  79  —  81  may  be  summed  up  as 
follows:  —  The  Trigonometrical  ratios  of  180°  —  A,  180°  +  A, 
360°  —  A,  —  A,  and  of  these  angles  increased  by  any  multiple  of 
360°,  are  numerically  the  same  as  the  corresponding 
ratios  of  the  angle  A,  but,  in  certain  cases  depending  upon  the 
quadrant  in  which  the  revolving  line  lies,  some  of  the  ratios 
are  algebraically  negative. 

The  student  should  not  attempt  to  commit  these  results  to 
memory  separately.  He  need  only  picture  mentally  the  position 
of  the  revolving  line  to  ascertain  any  algebraic  sign  at  once. 

EXAMPLES   27. 

State  the  sine,  cosine  and  tangent  of 


(1) 
(4) 

180°- 
180°- 

45°. 
30°. 

(2) 
(5) 

180°  +  45°. 
180°  +  30°. 

(3) 
(6) 

360° 
360° 

-45°. 
-30°. 

(7) 

7T  — 

7T 
3* 

(8) 

7T 

'+3' 

(9) 

27T 

7T 

3* 

(10) 
(13) 

180°- 

75°. 
45°. 

(11) 
(14) 

180°  +  75°. 
-30°. 

(12) 
(15) 

360° 

-75°. 
-60°. 

(16) 

- 

15°. 

(17) 

-75°. 

(18) 

7T 

~2  ' 

State  the  sine  of 

(19) 

180°- 

18°. 

(20) 

180°  +  18°. 

(21) 

360° 

-18°. 
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83.  We  will  now  give  a  few  examples  to  show  how  the 
trigonometrical  ratios  of  any  angle  however  large  may  be  expressed 
in  terms  of  the  trigonometrical  ratios  of  an  angle  in  the  first 
quadrant,  whence  their  values  can  be  at  once  ascertained. 

Example  i.     Determine  the  trigonometrical  ratios  of  135°. 

sin  1  35°  =  sin  (1  80°  -  45°)  =     sin  45°  =  -^  , 

V2 

cosl350  =  cos(180°-450)=-cos45°  =  —  L, 

V2 

tan  135°  =  tan  (  1  80°  -  45°)  =  -  tan  45°  =  -  1  ;  &c. 

e  ii.     Determine  the  trigonometrical  ratios  of  —  . 
.    VTT 


COS  —  =  COS 

7?T  /          7T\  7T  1 

tan-  =  tan(jr+^)  =     tan-=  — ;&c. 

Example  iii.     Determine  the  trigonometrical  ratios  of  840°. 
sin  840°= sin  (720° +  120°)= sin  120°=sin  (180°-60°)=     sin  60°  =  ^, 

cos  840° = cos  (720°  + 120°)  =  cos  120° = cos  (1 80°  -  60°)  =  -  cos  60°  =  -  J , 
tan840°  =  tan(7200  +  1200)=tanl200=tan(1800-60°)=  -  tan60°  =  -  \/3 ; 

&c. 
EXAMPLES   28. 

Determine   the   sine,  cosine   and   tangent   of   the   following 
angles. 

(1)    150°.        (2)   120°.        (3)    240°.        (4)   225°.        (5)   315°. 

(6)   330°.        (7)   105°.       (8)   165°.       (9)   195°.      (10)   255°. 

(11)   480°.     (12)   495°.      (13)   510°.      (14)   585°.      (15)   555°. 


(16)        .       (17)  .        (18)        .        (19)        .  (20)         . 

Determine  the  following  trigonometrical  ratios. 

(21)  sin  405°.  (22)     cos  390°.  (23)  tan  420°. 

(24)  sin  378°.  (25)     tan  375°.  (26)  cos  750°. 

(27)  sin  780°.  (28)     cot  765°.  (29)  cos  840°. 

(30)  sin  930°.  (31)     sec  690°.  (32)  cosec  660°. 

(33)  cot  585°.  (34)     cos  870°.  (35)  sin  945°. 
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84.  What  has  been  said  with  regard  to  positive  angles 
applies  also  to  negative  angles,  i.e.,  to  angles  which  have  been 
described  by  the  revolving  line  moving  in  the  negative,  or  clock- 
wise, direction  ;  for  both  the  numerical  value  and  the  algebraic 
sign  of  a  ratio  depend  solely  upon  the  position  of  the  revolving 
line,  and  it  is  quite  immaterial  whether  this  position  has  been 
attained  by  motion  in  the  positive  direction,  or  by  motion  in  the 
negative  direction. 

To  determine  a  trigonometrical  ratio  in  the  case  of  a  negative 
angle,  it  is  often  convenient  to  add  4  right  angles  to  the  angle, 
or  such  a  multiple  of  4  right  angles  as  will  make  a  positive  result. 
None  of  the  ratios  will  be  affected  by  any  such  addition. 

Example  i.     tan  (  -  330°)  =  tan  (360°  -  330°)  =  tan  30°  =  -J=  . 

y3 

Example  ii.    sin  (  -  840°)  =  sin  (3  x  360°  -  840°)  =  sin  240° 
=  sin  (180°  +  60°)  =  -  sin  60° 


Example\\\.     tan  (  -  3^7r)= 


EXAMPLES   29. 

Find  the  values  of  the  sine,  cosine  and  tangent  of 


(1) 

-210°. 

(2) 

-405°. 

(3) 

-420°. 

t*) 

-  195°. 

(5) 

-285°. 

(6) 

-135°. 

(7) 

-120°. 

(8) 

-150°. 

(9) 

-165°. 

(10) 

-  105°. 

(11) 

-  240°. 

(12) 

-  225°. 

(13) 

-  330°. 

(14) 

-315°. 

(15) 

-300°. 

(16) 

-  345°. 

(17) 

7T 

~4- 

(18) 

-j. 

(19) 

"IT 

(20) 

"T- 

Determine  the  values  of  the  following  trigonometrical  ratios. 
(21)    cos  (-765°).          (22)   sin  (-390°).          (23)    tan  (-780°). 
(24)    sin  (-378°).          (25)    tan  (-375°).          (26)    sec  (-660°). 
(27)    cosec  (-  690°).      (28)    cos  (-930°).          (29)    cot  (-840°). 
(30)    cot  (-1020°).        (31)    tan  (-1305°).        (32)    cos  (-1200°). 
(33)    sec(-7§7r).  (34)    cosec  (-  5j*r).        (35)   oot(-15|»). 
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The  Trigonometrical  Ratios  of  90°  -  A. 


85.  In  drawing  the  figure  we  will,  as  in  Art.  78,  assume 
that  the  angle  A  is  in  the  first  quadrant,  but  the  method  of 
proof  will  be  the  same,  and  the  results  will  be  equally  true, 
whatever  the  magnitude  of  A  may  be.  We  assume  also  that 
the  symbol  A  expresses  the  measure  of  the  angle  in  degrees. 

Let  OA  be  the  position 
of  the  revolving  line  when, 
having  started  from  the  posi- 
tion OX,  it  has  described  the 
angle  A;  and  let  OB  be  its 
position  when  it  has  described 
the  angle  90°  —  A. 


Thus     XOA  =  A, 


and 


XOB  =  90° -A. 


In  OA  and  OB  take  points 
P  and  P'  respectively,  such  that  OP'  =  OP;  and  from  P  and  P' 
draw  PM  and  P'M'  perpendicular  to  OX.  Then  in  the  triangles 
MOP  and  M'P'O  we  have 


=  OM'P',  and   MPO  =  90°  -  A=  M'OP'; 

hence,  by  Euclid  I.  26,  the  triangles  MOP  and  M'P'O  are  equal 
in  all  respects  ; 

/.  OM  =  M'P',  and      MP  =  OM'; 

/.  sin  (90°  -  A)  =  sin  XOB  =  —  7  =  —  =  cos  A, 
cos  (90°  -  A)  =  cos  XOB  =  -  7  =  —  -  sin  A, 


tan  (90°  -A)  -tan  XOB  = 


—  ,  =  ~ 
OM         M  P 


and  similarly, 


cot  (90°  -  A)  =  tan  A, 
sec  (90°  —  A)  =  cosec  A, 
cosec  (90°  —  A)  =  sec  A. 
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The  Trigonometrical  Ratios  of  90°  +  A. 

86.  Let  OA  be  the  position  of  the  revolving  line  when,  having 
started  from  the  position 
OX,  it  has  described  the 
angle  A;  and  let  OB  be  its 
position  when  it  has  de- 
scribed the  angle  90°  +  A. 

Thus  XOA  =  A, 

and  XOB  =  90°  + A.        

In  OA  and  OB  take     X/ 
points   P  and   P'  respec- 
tively, such  that  OP'=OP; 
and  from  P  and   P'  draw   PM  and  P'M'  perpendicular  to  X'OX. 
Then  in  the  triangles  MOP  and  M'P'O  we  have 


=  OM'P',  and   MPO  =  90°  -  A=  M'OP'  ; 

hence,  by  Euclid  I.  26,  the  triangles  MOP  and  M'P'O  are  equal  in 
all  respects ; 

.'.  MP  =  OM',  and  OM  =  M'P',  numerically; 

.'.  sin  (90°  +  A)  =  sin  XOB  =  -^^r  =  -^    =  cos  A, 


OP' 


cos  (90°  +  A)  =  cos  XOB  =  —j 

M'P' 
tan  (90°  +  A)  =  tan  XOB  = ,  = 


OP 

-MP 

OM 
-OM'      -MP 


=  -  sin  A' 


=  —  cot  A ; 


and  similarly, 


cot  (90°  +  A)  =  -  tan  A, 
sec  (90°  +  A)  =  -  cosec  A, 
cosec  (90°  +  A)  =  sec  A. 

87.  The  results  obtained  in  Arts.  85  and  86  may  be  stated 
briefly  as  follows : — In  the  case  of  each  of  the  angles  90°  —  A, 
90°  +  A,  the  sine,  cosine,  tangent,  cotangent,  seca?it,  cosecant,  are 
respectively  equal  numerically  to  the  cosine,  sine,  cotangent, 
tangent,  cosecant,  secant,  of  A;  i.e.,  any  trigonometrical  ratio 
of  either  of  the  angles  90°  -  A,  90°  +  A,  is  equal  numerically 
to  the  corresponding  co-ratio  of  A. 

The  algebraic  sign  of  a  ratio  depends  solely  upon  the  position 
of  the  revolving  line,  and  must  be  determined  from  it  as  in 
former  cases.  The  student  can,  if  necessary,  refer  to  Art.  72. 
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EXAMPLES   30. 

State  the  sine,  cosine  and  tangent  of 

(1)       90° -45°.  (2)       90° +  45°.  (3)  90° -30°. 

(4)       90° +  30°.  (5)       90° -60°.  (6)  90° +  60°. 

(7)       90° +  15°.  (8)       90° -75°.  (9)  90° +  75°. 

/i  /i\  IT        IT  /i  i  \  "7T        7T  /i  n\  7T        7T 

(10)          s-j.  (11)         j  +  3.  (12)          2  +  3. 

Write  down  the  value  of 

(13)     cos  72°.  (14)     cos  108°.  (15)  sin  198°. 

Apply  the  formulae  for  sin  (A  +  B),  cos  (A  +  B)  and  tan  (A  +  B) 
to  find  the  value  of 

(16)   sin  (180°  + A).       (17)   sin  (180° -A).  (18)  cos  (180° -A). 

(19)   cos (180°  + A).       (20)   sin (90° -A).  (21)  cos  (90° -A). 

(22)   sin  (90°  + A).         (23)   cos  (90°  +  A).  (24)  cosec(90°-A). 

(25)   cosec(180°-A).    (26)   sec  (90°  +  A).  (27)  tan(180°  +  A). 

(28)   tan (180°- A).      (29)   cot  (180°-  A).  (30)  cot  (180°+ A). 

The  changes  in  the  value  of  a  ratio  as  the  angle 
increases  from  0°  to  360°. 

88.  We  will  now  consider  how  the  several  trigonometrical 
ratios  vary  in   magnitude   and   in  sign  as  the  revolving  line, 
starting  from  its  initial  position  OX,  describes  a  complete  revolu- 
tion about  O. 

The  matter  is  simplified  by  the  understanding  that  OP 
remains  always  of  the  same  length,  and  always  positive  in 
sign,  to  whatever  position  the  revolving  line  may  move.  Con- 
sequently, to  examine  the  manner  in  which  the  ratios  vary  in 
magnitude  or  sign,  we  have  merely  to  consider  in  what  manner 
the  lengths  MP  and  OM  vary,  absolutely  for  comparison  with  the 
constant  length  OP,  and  relatively  for  comparison  with  one  another. 

89.  The  variation  of  sin  A  as  A  increases  from  0°  to  360°. 
Let  XOP  be  the  angle  A.     In  OP  take  any  point  P,  and  draw 

PM  meeting  OX,  or  XO  produced,  at  right  angles  at  M. 
(i)     As  A  increases  from  0°  to  90°, 
MP  increases  from  0  to  OP,  and  is  positive, 

IVI P 

.".  - —  increases  numerically  from  0  to  1,  and  is  positive, 
.'.  sin  A  increases  numerically  from  0  to  1,  and  is  positive. 
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X' 


M       X 


Y' 


flfi)      '      Y 


M 


Y' 

(ii)     As  A  increases  from  90°  to  180°, 
MP  decreases  from  OP  to  0,  and  is  positive, 

M  P 

.'.  —  decreases  numerically  from  1  to  0,  and  is  positive, 

.'.  sin  A  decreases  numerically  from  1  to  0,  and  is  positive, 
(iii)     As  A  increases  from  180°  to  270°, 

MP  increases  from  0  to  OP,  and  is  negative, 

.'.  —  increases  numerically  from  0  to  1,  and  is  negative, 

.".  sin  A  increases  numerically  from  0  to  1,  and  is  negative, 
(iv)     As  A  increases  from  270°  to  360°, 

M  P  decreases  from  O  P  to  0,  and  is  negative, 

.'.  —  decreases  numerically  from  1  to  0,  and  is  negative, 

.'.  sin  A  decreases  numerically  from  1  to  0,  and  is  negative. 
90.     The  variation  of  cos  A  as  A  increases  from  0°  to  360°. 
(i)     As  A  increases  from  0°  to  90°, 
OM  decreases  from  OP  to  0,  and  is  positive, 

.'.  — -—  decreases  numerically  from  1  to  0,  and  is  positive, 

.'.  cos  A  decreases  numerically  from  1  to  0,  and  is  positive. 

P.  5 
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(ii)     As  A  increases  from  90°  to  180°, 
OM  increases  from  0  to  OP,  and  is  negative, 

.'. increases  numerically  from  0  to  1,  and  is  negative, 

.'.  cos  A  increases  numerically  from  0  to  1,  and  is  negative. 

(iii)     As  A  increases  from  180°  to  270°, 

OM  decreases  from  OP  to  0,  and  is  negative, 

.'. decreases  numerically  from  1  to  0,  and  is  negative, 

.'.  cos  A  decreases  numerically  from  1  to  0,  and  is  negative. 

(iv)     As  A  increases  from  270°  to  360°, 
OM  increases  from  0  to  OP,  and  is  positive, 

.'.  — —  increases  numerically  from  0  to  1,  and  is  positive, 
.*.  cos  A  increases  numerically  from  0  to  1,  and  is  positive. 

91.     The  variation  of  tan  A  as  A  increases  from  0°  to  360° 

(i)     As  A  increases  from  0°  to  90°, 
MP  increases  from  0  to  OP,  and  is  positive,! 
and    OM  decreases  from  OP  to  0,  and  is  positive,/ 

.'.  — —  increases  numerically  from  0  to  GO  ,  and  is  positive, 
.'.  tan  A  increases  numerically  from  0  to  oo  ,  and  is  positive. 

(ii)     As  A  increases  from  90°  to  180°, 

MP  decreases  from  OP  to  0,  and  is  positive,! 
and    OM  increases  from  0  to  OP,  and  is  negative,] 

.'.  —  decreases  numerically  from  oo  to  0,  and  is  negative, 
OM 

.'.  tan  A  decreases  numerically  from  oo   to  0,  and  is  negative. 

(iii)     As  A  increases  from  180°  to  270°, 

MP  increases  from  0  to  OP,  and  is  negative,] 
OM  decreases  from  OP  to  0,  and  is  negative,/ 

.'.  — —  increases  numerically  from  0  to  GO  ,  and  is  positive, 
.*.  tan  A  increases  numerically  from  0  to  oo  ,  and  is  positive. 

(iv)     As  A  increases  from  270°  to  360°, 

MP  decreases  from  OP  to  0,  and  is  negative,] 
OM  increases  from  0  to  OP,  and  is  positive,  J 

.*.  -— -  decreases  numerically  from  oo   to  0,  and  is  negative, 
.*.  tan  A  decreases  numerically  from  oo  to  0,  and  is  negative. 
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PART   II. 

LOGARITHMS   AND   MATHEMATICAL  TABLES. 

IX.    -LOGARITHMS. 

92.  It  is  known  from  algebra  that  for  all  values  of  the 
indices  m  and  n,  positive  or  negative,  integral  or  fractional,  the 
following  three  laws  hold  : —  » 

xmxxn^xm+n (i), 

xm  +  xn  =  xm-n    (ii), 

and  (xm)n  =  xmn (iii), 

Thus  the  product  of  two  powers  of  the  same  number  is 
obtained  by  adding  the  indices  of  the  factors,  and  the  quotient 
when  one  power  is  divided  by  another  is  obtained  by  subtracting 
the  index  of  the  latter  from  the  index  of  the  former. 

By  actual  multiplication  we  find  that 

23=8,  24=16,  25  =  32,  26  =  64,  27=128,  <fec.,  ike., 

and  we  see  that  the  numbers  3,  4,  5,  6,  7,  &c.,  are  the  indices  of 
the  powers  to  which  2  must  be  raised  to  produce  the  numbers 
8,  16,  32,  64,  128,  &c.,  respectively.  These  indices  are  log- 
arithms ;  thus : — 

the  index  3  is  the  logarithm,  of  8  to  the  base  2 ; 
the  index  4  is  the  logarithm  of  16  to  the  base  2 ; 
the  index  5  is  the  logarithm  of  32  to  the  base  2,  &c. 

A  logarithm  is  therefore  merely  an  index ;  it  has  the  same 
properties,  and  obeys  the  same  laws. 

5—2 
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93.  DEFINITION.     The  logarithm  of  a  number,  to  a  given 
base,  is  the  index  of  the  power  to  which  the  base  must  be 
raised  to  produce  the  number ;  i.e.,  if  ax  =  b,  then  x  is  called  the 
logarithm  of  b  to  the  base  a. 

Any  number  whatever  may  be  chosen  as  base.     It  may  be 
positive  or  negative,  integral  or  fractional,  rational  or  irrational. 

94.  The  fact  that  3  is  the  logarithm  of  8  to  the  base  2  is 
commonly  expressed  in  the  form,  Iog2  8  =  3,  which  denotes  the 
same  as  23  =  8.     Similarly  we  may  write  Iog2 16  =  4,  log^  32  =  5, 
Iog3  243  =  5,  &c.     Generally,  logax  =  y  denotes  the  same  thing  as 
ay  =  x. 

The  following  examples  will  serve  as  illustrations  : 
Example  i.     Find  the  logarithm  of  243  to  the  base  3. 
Let  #=log3243; 

then,  by  definition,  3* = 243  =  35, 

.-.  a>=5, 
.-.  Iog3243=;5. 

JZxample  ii.     Find  the  logarithm  of  1000  to  the  base  '01. 
(a}     Let  #=log.01 1000:  (&)     Otherwise;  1000=  103 

then       (•01)a:=1000,  =(100)5 


.-.*=-!,  .•.iog.01iooo=-§. 

.-.  log.011000=-f. 

EXAMPLES   31. 

Find  the  logarithm  of 

(1)         8  to  the  base  2.               (2)  9  to  the  base  3. 

(3)      J2 8.               (4)  16 8. 

(5)       32 4.               (6)  27 81. 

(7)       81 27.             (8)  25 625. 

(9)      49 343.         (10)  256 |. 

(11)       10 -01.          (12)  -01 1000. 

(13)  1000 -001.        (14)  81 .$3. 

Find  the  base  when 

(15)     log  36  =  2.         (16)     log  81  =  4.  (17)     log  3  =  1. 
(18)     log  8  =  1.           (19)     log  81  =  1J.       (20)     log  25=^-|. 
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95.     The  following  theorems  hold  in  all  cases,  whatever  the 
base  may  be.     They  are  very  important. 

(i)    The  logarithm  of  1  is  always  0. 
Let  the  base  be  a,  and  let  loga  1  =  x. 
Then,  by  definition,  ax  =  1 ; 

but  a°  =  1,  for  all  values  of  a, 

.'.  loga  1  =  0,  whatever  a  may  be. 
(ii)    The  logarithm  of  the  base  itself  is  always  1. 
Let  the  base  be  a,  and  let  loga  a  =  x. 
Then,  by  definition,  ax  =  a, 

.'.  loga  a  =  1,  whatever  a  may  be. 

(iii)  The  logarithm  of  a  product  is  equal  to  the  sum 
of  the  logarithms  of  the  factors. 

Let         loga  m  =  xy"\  Then,  by  definition,  m  —  ax,  \ 

and  logrt  n  =  y. J  and  n  =  ay ;  j 

.'.  mn  =  ax+y, 
.'.  loga  (mn)  =  x  +  y, 
.'.  loga  (mn)  =  logam  +  loga  n. 

Similarly,  loga(mnp )  =  logam  +  loga n  +  logap  + 

Example,     log  105 = log  (3  x  5  x  7) = log  3 + log  5  -f-  log  7. 

(iv)  The  logarithm  of  a  quotient  is  equal  to  the 
logarithm  of  the  dividend,  minus  the  logarithm  of  the 
divisor. 

Let         loga  m  =  x,~\  Then,  by  definition,  to  —  ax,  "j 

and  loga  n  =  y-  J  and  n  =  ay-) 


.'.  loga  f    j  =x-y  =  loga  m  -  loga  n. 
Example,     log  2  \ = log  Y~ = log  1 5  -  log  7  =  log  3  +  log  5  -  log  7. 
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(v)  The  logarithm  of  any  power  of  a  number  is 
equal  to  the  logarithm  of  the  number,  multiplied  by  the 
index  of  the  power. 

Let  loga  m  —  x.     Then,  by  definition,  m  —  ax, 


.'.  loga  (mr)  =  rx  =  r  loga  m. 

Example,     log  32  =  log  25  =  5  log  2,  whatever  the  base  may  be  ; 
and  log  \/625  =  log  625*  =  log  (54)  *  =  log  5*  =  |  log  5. 

96.     The  following  is  an  important  proposition. 
To  prove  that  logb  a  x  loga  6  =  1. 

Let         logb  a  =  x,  |  then,  by  definition,  bx  =  a,  ] 

and  loga  6  =  y  J  and  ay  =  b'}) 

ay  =  b,    /.  6^=6,    .'.xy  =  l,    .Mog6a  x  Ioga6  = 


EXAMPLES   32. 

Prove  that,  whatever  the  base  may  be, 

(1)     log  15  =  log  3  +  log  5.         (2)     log  55  =  log  5  +  log  11. 

(3)     log  2J  =  log  7  -log  3.         (4)     log  49  =  2  log  7. 

(5)     log  64  -6  log  2.  (6)     log  5  =  log  10  -log  2. 

Prove  that 

(7)     Iog36  =  l+log32.  (8)     Iog545  =  l  +  21og53. 

(9)     Iog2  36-2  +  2  Iog2  3.         (10)     Iog2  72-3  +  2  Iog2  3. 

(11)  log23f  =  log23  +  log25-2. 

Express  in  terms  of  the  logarithms  of  their  simplest  factors:  — 

(12)  log^2.  (13)     log  sin  2A.  (14) 
(15)     logN/2T6.        (16)     logiV44l.         (17) 

Common  Logarithms. 

97.  Logarithms  to  the  base  10  are  called  common  loga- 
rithms. The  practical  advantages  of  using  10  as  the  base  result 
from  the  fact  that  10  is  also  the  radix  of  the  scale  of  notation  in 
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which   numbers   are    commonly  expressed.     We   will   give,   for 
reference,  the  common  logarithms  of  the  first  10  integers; 


log  1  -  -0000000 
log  2  =  -3010300 
log  3  =  4771213 
log  4  =  -6020600 
log  5  =  -6989700 


log  6=  -7781513 
log  7-  -8450980 
log  8=  -9030900 
log  9-  -9542425 
log  10  =  1-0000000 


DEFINITION.  The  integral  part  of  a  logarithm  is  called  its 
characteristic,  and  the  decimal  part  its  mantissa. 

When  a  logarithm  is  a  common  logarithm,  we  will  omit  the 
subscript  number  10,  and  write  simply  \ogx  instead  of  Iog10#. 

98.  The  characteristics  of  the  common  logarithms  of  numbers 
greater  than  unity  have  an  important  property. 

(i)  The  value  of  x  which  satisfies  the  equation  10*  =  m,  will 
gradually  increase  as  m  increases.  Consequently,  since  1  =  10°  and 
10=10*,  the  logarithms  of  numbers  between  1  and  10  will  lie 
between  0  and  1 ;  i.e.,  the  common  logarithm  of  a  number 
consisting  of  one  digit  will  be  a  pure  decimal. 

(ii)  Since  10=  101,  and  100  =  102,  the  common  logarithms  of 
all  numbers  between  10  and  100  will  lie  between  1  and  2 ;  hence 
the  common  logarithm  of  any  number  of  two  digits  will  be 
1  +  a  decimal. 

(iii)'  Similarly,  the  common  logarithm  of  any  number  of 
three  digits  will  be  2  +  a  decimal ;  that  of  a  number  of  four 
digits  will  be  3  +  a  decimal ;  and  so  on. 

It  will  be  seen  from  these  cases  that  the  characteristic  of 
the  common  logarithm  of  a  number  greater  than  unity  is  one 
less  than  the  number  of  digits  in  the  integral  part  of  the 
number.  For  example,  the  characteristic  of  log  5*3257  is  0,  that 
of  log  53257  is  4,  that  of  log  532-57  is  2,  &c. 

99.  The  common  logarithms  of   numbers  less  than  unity 
have  a  similar  property. 

(i)  For  any  number  between  1  and  *1,  i.e.,  between  10°  and 
10"1,  the  logarithm  lies  between  0  and  —1.  This  logarithm  is 
therefore  of  the  form  —  (a  pure  decimal).  It  is  found  convenient 
however  to  have  the  mantissa  always  positive,  and  it  is  therefore 
customary  to  express  this  logarithm  as  —  1  +  a  decimal,  or  in 
the  form  1  +  a  decimal.  For  example, 

Iog(-5)=logi=logl-log2  =  0-  -30103=-!  + '69897=1-69897. 

The  characteristic  of  log  -5  is  therefore  - 1,  and  the  mantissa  is 
•6989700. 
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(ii)     Similarly,  for  a  number  which  lies  between  •!  and  '01,  ie., 
between  10"1  and  10~2,  the  logarithm  lies  between  —1  and  —  2, 
and  is  therefore  of  the  form  —  (1  +  a  decimal),  or  2  +  a  decimal. 
For  example,  log  (O5) =log  (fa)  =  -  log  20=  -  (1-3010300) 
=  -2  + -6989700 
=  2-6989700. 
(iii)     Similarly,  it  will  be  found  that  log  (-005)  =  3-6989700. 

From  the  above  examples  we  see  that  for  a  pure  decimal, 
the  first  digit  of  which  is  not  zero,  the  characteristic  is  —  1 ;  and 
that,  if  the  decimal  point  be  followed  by  one,  two,  three,  &c. 
zeros,  the  characteristics  are  —  2,  —  3,  —  4,  <fec.,  respectively. 
Consequently,  for  a  pure  decimal  the  characteristic  is 
negative  in  sign,  and  is  numerically  equal  to  one  more  than 
the  number  of  zeros  which  follow  immediately  after  the 
decimal  point.  For  example,  the  characteristic  of  log  -00004562 
is  5,  and  that  of  log  -00000004562  is  8. 

1 00.  We  may  now  consider*  the  advantages  referred  to  in 
Art.  97  as  resulting  from  the  use  of  10  as  base. 

The  logarithm  of  a  product  being  obtained  by  adding  together 
the  logarithms  of  the  factors,  it  follows  that  if  a  number  be 

multiplied  by  10,  100,  1000,  ,  the  logarithms  of  the  products 

will  be  obtained  by  adding  1,  2,  3,   ,  respectively,  to  the 

original  logarithm.     Similarly,  if  a  number  be  divided  by  10, 

100,  1000,  ,  the  logarithms  of  the  quotients  will  be  obtained 

by  subtracting  1,  2,  3,   ...,  respectively,  from  the  original  loga- 
rithm.    For  example,  log 3271  =  3-5146805,  hence 

log  32710  -  4-5146805,         log  3271000  =  6-5146805, 
log  327-1  =  2-5146805,  log  32-71  =  1-5146805, 

log  3-271  =  0-5146805,  log  -3271  -  T-51 46805. 

Thus  it  will  be  seen  that  so  long  as  we  have  the  same  signifi- 
cant figures  3271,  the  mantissa  of  the  logarithm  is  unchanged 
throughout,  and  is  independent  of  the  position  of  the  decimal 
point.  When  the  position  of  the  decimal  point  changes  the  charac- 
teristic alone  changes.  The  advantages  of  using  10  as  the  base 
are  therefore  that  (a)  the  characteristic  of  a  logarithm  can  be 
determined  at  sight,  and  (b)  the  mantissa  remains  unaltered 
when  we  insert  a  decimal  point  in  the  number,  or  remove 
it  from  the  number,  or  transfer  it  from  any  one  position  to 
any  other. 
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101.  In  the  following  example  the  student  will  obtain  a 
little  practice  in  working  with  logarithms  which  have  negative 
characteristics. 

Ex.  i. 


Multiply  5-6289012  by  3. 

5-6289012 

3 


14-8867036 


Ex.  ii.     Divide  5*6289012  by  9. 
i  of  5-6289012=1  (-9  + 4-6289012) 
=  - 1  +  -5143223 
=1-5143223. 


(7) 
(8) 
(9) 


Multiply 

3-2084  by  3,  5,  10. 

T-4106  by  6,  7,  64. 

6-9847  by  4,  9,  48. 


(11)     19-0852  by  10,  16,  25. 


EXAMPLES   33. 

Add  together 

(1)  3-8980462,    5-6784920,    7-9105204. 

(2)  4-8001528,    3-7906305,    1-6780123. 

(3)  T-2085627,    4-0012689,    6-1423007. 
Subtract 

(4)  7-69014  from  9-20365; 

(5)  5-82015  from  6-60157. 

(6)  3-62918  from  T'66540. 
Divide,  to  four  places, 

(10)     6-6214  by  7,  9,  11. 

102.  The  following  examples  illustrate  the  various  properties 
of  logarithms  which  have  been  established. 

Example  i.     Given  log  2,  find  log  5. 

log  5  =  log  ±0-  =  log  1 0  -  log  2  =  1  -  -3010300  =  -6989700. 

NOTE.  To  subtract  a  pure  decimal  from  an  integer,  we 
diminish  the  integer  by  1,  and  subtract  each  digit  of  the  decimal 
from  9  except  the  last;  this  last  we  subtract  from  10.  The 
digits  of  the  result  can  thus  be  written  down  beginning  at  the 
left-hand. 

Ex.  ii.     Given  log  2,  log  3,  and  log  7,  find  log  ^. 

log  £  =  log  6  -  log  7  Ex.  iii.     Given  log  2,  find  log  '001 28. 

=  log  2  +log  3  -  log  7  log  -00128=log  128  -  log  100000 

=  log27-5 


-t 


=  -    -0669467 
=  1-9330533. 


-»•**-' 

=7  x  -3010300  -5 
=3-10721. 
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Example  iv.     Given  log  13  and  log  19,  find  log  (247)^. 

log  (247)§  =  I  log  247  =  §  (log  13  +  log  19) 
_a/     M139434X 
8  \  + 1-27875367 
=  §  x  2 -3926970 
=1x4-7853940 
=  1-5951313. 

103.  When  logarithms  are  given  in  a  question,  it  is  to  be 
understood  that  no  others  may  be  used  in  that  question,  except 
the  logarithms  of  1  and  the  various  powers  of  10. 

EXAMPLES   34. 

Given  log  2  and  log  3,  find  the  common  logarithms  of 


(1) 

(5) 

(9) 
(13) 

(17) 
(21) 

5. 
216. 
1080. 
•00096. 

/     1     \3 
\  Y  5  07  ' 

K 

(2) 
(6) 
(10) 
(14) 
(18) 
(22) 

9. 

72. 

TOT- 

^ 

•1875. 
(»»*• 

(3) 

(7) 

(11) 
(15) 

(19) 
(23) 

300. 
144. 
-0002. 

2f 
cos  45°. 

W 

(8) 
(12) 
(16) 
(20) 
(24) 

25. 
108. 
•0048. 
•0000018. 
sec  30°. 
(•0025)i 

4/-0012. 

1 04.  The  following  example  will  further  illustrate  the  con- 
nection between  the  number  of  digits  in  the  integral  part  of  a 
number  and  the  characteristic  of  its  logarithm. 

Example,  Given  log  2,  find  how  many  digits  there  are  in  the  integral 
part  of  (1-28)5000. 

log  (1 -28)6000 = 5000  log  iff  =  5000  (log  27  -  log  102) 

=  5000  (7  log  2  -  2  log  10)  =  5000  (7  x  '30103  -  2) 
=  5000  x '10721 
=  536-05; 
.-.  no.  of  digits  in  the  integral  part  of  (1-28)5000  is  537  (Art.  98). 

EXAMPLES   35. 

What  are  the  characteristics  of  the  common  logarithms  of 
(1)327.  (2)3274.  (3)32748.  (4)327482. 

(5)  32748295.       (6)  -327.  (7)  -03274.  (8)  -00327. 

(9)  -000327.         (10)  -00000000589.        (11)  -00000000000005. 
(12)  -fr  (13)  ^.  (14)  TW  (I5)  in/ 
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Find  the  number  of  digits  in  the  integral  part  of 
(16)     (4-9)300 ;  using  log  7.  (17)     (25-6)250 ;  using  log  2. 

(18)  (M)3000;  using  log  11  =  1-0413927. 

(19)  (1-04)4000;  using  log  104 -2-0170333. 

(20)  (5-15)5000 ;  using  log  2,  and  log  103  =  2-0128372. 

Find  how  many  zeros  there  are  before  the  first  significant 
figure  in  the  following  numbers  when  expressed  as  decimals ; 
using  the  logarithms  given  on  page  71. 

(21)  (i)«       (22)    (jy»       (23)    (I)-.      (24)    (§)-.      (25)    (i)f» 


EXAMPLES   36.     MISCELLANEOUS. 

(1)  What  is  the  number  whose  logarithm  is  the  same  to 
every  base? 

(2)  What  is  the  logarithm  to  the  base  3  of  (i)  J3,  (ii)  -=, 
(iii)  81?  V3 

(3)  What   is   the    characteristic    of    Iog4  27,    Iog3  -004    and 
Iog61735? 

(4)  Within  what  limits  does  a  number  lie  if   its  common 
logarithm  has  for  characteristic  (i)  3,  (ii)  0,  (iii)  — 4? 

(5)  Find  the  numbers  whose  logarithms  to  the  base  64  are 
J,  11,  2,  11  and  If 

(6)  Given  log  105  -  2-0211893,  find  log  -0000105. 

(7)  Given  log  2,  log  3  and  log  7,  find  the  common  logarithms 
of  (i)  42,  (ii)  -84,  (iii)  -005,  (iv)  ^15,  (v)  (18)-*,  (vi)  (24-5)-*. 

(8)  Given  log  2  and  log  3,  find  how  many  digits  there  are  in 
250,  1220  and  15100,  and  how  many  zeros  before  the  first  significant 
figure  in  (f)25. 

(9)  Given  log  2  and  log  3,  find  the  number  of  digits  in  the 
integral  part  of  (8J)9. 

(10)  Given  log  1-03  =  -0128372,  determine  whether  (1-03)80  is 
greater  than,  or  less  than,  10. 

(1 1 )  Find  log  -064  in  terms  of  log  5 . 
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(12)  Given  log  5,  find  the  logarithms  of  (i)  2,  (ii) 

(13)  Given  log  25  =  1-3979400,  find  the  logarithms  of    5,  2 
and  (-064)*H 

(14)  Given  log  2,  log  3,  and  log  3301-93  =  3-5187675,  find  the 
value  of         " 


(15)  Given    log  24=  1-380211,    and    log  36  =  1-556303,    find 
log  54,  and  log(f). 

(16)  Find  the  value  of  7  Iog2  (if)  +  5  Iog2  (ff)  +  3  log,  (fi). 


X.    THE  USE  OF  MATHEMATICAL  TABLES. 

105.  DEFINITION.     The  numerical  values  of  the  sine,  cosine, 
tangent,  <fec.,  of  an  angle  are  called  respectively  the  natural  sine, 
natural  cosine,  natural  tangent,  &c.    The  logarithms  of  these 
numerical  values  are  called  respectively  the  logarithmic  sine, 
logarithmic  cosine,  logarithmic  tangent,  &c. 

We  know  that  for  all  angles  the  sines  and  the  cosines,  and  in 
many  cases  other  ratios  also,  are  numerically  less  than  unity,  and 
consequently  that  the  logarithms  of  such  ratios  are  negative.  To 
avoid  the  inconvenience  of  printing  tables  of  negative  logarithms 
it  is  customary  to  increase  each  logarithmic  ratio  by  10.  The 
results  are  called  Tabular  logarithms,  and  it  is  these  that  are 
recorded  in  books  of  Mathematical  Tables. 

106.  DEFINITION.      A   Tabular    logarithmic    ratio   is   the 
common  logarithmic  ratio  increased  by  10. 


Logarithms  of  Numbers. 

107.  It  is  only  in  a  comparatively  few  cases  such  as  1,  10, 
lO2,...,  10"1,  10~2,...,  &c.,  that  a  common  logarithm  is  an  integer; 
and  only  in  a  few,  such  as  10^,  10*,  10%  &c.,  is  it  a  terminating 
decimal.  In  the  great  majority  of  cases  a  logarithm  is  a  decimal 
which  neither  terminates  nor  recurs.  The  mantissse  are  usually 
given  in  the  Tables  as  far  as  the  7th  decimal  place;  but  no 
characteristics  are  recorded  there,  for  these  can  be  ascertained  by 
inspection. 
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108.  To  find  the  mantissa  belonging  to  a  number  inter- 
mediate between  two  consecutive  numbers  whose  mantissae  are 
given  in  the  tables,  we  adopt  a  method  which  is  based  upon  a 
principle  which  holds  good  when  we  are  concerned  with  only 
7  places  of  decimals,  namely,  that  when  the  change  in  a 
number  is  small,  the  change  in  the  number  and  the 
change  in  the  logarithm  are  proportional  to  one  another. 
This  is  called  the  Principle  of  Proportional  Parts. 

Whatever  a  number  may  be  whose  logarithm  is  given, 
the  student  should  always  begin  by  placing  a  decimal  point 
immediately  after  the  first  significant  figure,  as  in  Example  ii, 
so  that  the  logarithm  may  consist  of  a  mantissa  only. 

Example  i.  Given  log  5-7826 = '7621232,  and  log  57827  =  '7621307  ; 
determine  log  5'782643. 

We  have  log  5-7826  =  -7621232, 

and  log  5-7827  =  '7621307, 

.'.  difference  for  '0001  =  -0000075  ; 

.-.  difference  for  -000043  =  ^0  °f  '0000075  = -000003225  ; 
but  log  5-782600  =  -7621232  ; 

/.  by  addition,        log  5782643  =  -7621264. 

Ex.  ii.  Given  log  -0032853  =  3-5165750,  and  log  328-54=2-5165883, 
find  log  -000032853249. 

We  have  log  3*2853  =  -5165750, 

and  log  3-2854  =  -5165883 ; 

/.  diflf.  for  -0001  =  -0000133. 

In  making  the  calculation  it  will  be  found  convenient  to  state  the 
work  thus : — 

log  3-2853       =-5165750 

2  266 

4  532 

9  1197 

.  log  3-2853249  =  -5165783117 

=  •5165783  to  seven  places 
.-.  log -000032853249  =  5-5165783. 

NOTE.  If  the  digit  in  the  8th  place  of  this  logarithm  had 
been  5,  6,  7,  8  or  9  we  would,  in  retaining  7  places  only,  have 
changed  the  digit  in  the  7th  place  from  3  to  4  (Arithmetic,  Art. 
203  b). 
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EXAMPLES   37. 

(1)     Given  log  6-8091  =  -8330897)    . 
and  log  6-8092  =  .8330961}  fandl°S6'80915- 


(4)    Given  log  863-01  =  2-9360158)  . 
and  log  -00086302  =  4-9360209J  find  log  863°1753' 

109.  The  converse  problem,  to  determine  the  number  to 
which  a  given  logarithm  belongs,  depends  upon  the  same  property, 
that  to  a  small  change  in  the  logarithm  corresponds  a  proportional 
change  in  the  number. 

Example.  Given  Iogj5'7801  =  '5775033,  and  log  3'7802  =  '5775148  ; 
find  the  number  of  which  3*5775120  is  the  logarithm. 

Let  the  required  number  be  3'7801+#. 
We  have  log  3*7801  =  -5775033, 

diff.  for  -0001  =  '0000115, 
and  diff.  for  x=  '0000087, 

...  ^=^5  x  '0001  =  -00007565, 
.-.  by  addition,  log  378017565  =  '5775120, 

.'.  log  -00378017565=3-5775120, 
.-.  number  required  =  '0037801  7565. 

EXAMPLES   38. 

Determine  the  number  whose  logarithm  is 

(1)  -6870891  ;     given  log  4-8650  -  -6870828 

and  log  4-8651  =  -6870918. 

(2)  -9283642  ;     given  log  8-4793  =  -9283600 

and  log  8-4794  =  -9283651. 

(3)  1-8469892;  given  log  7  -0305-  -8469862 

and  log  7  -0306  --8469924. 

(4)  2-3822111;  given  log  2  -41  10  =  -3821972 

and  log  2-41  11  --3822152. 
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Natural  Ratios. 

110.  The  tables  give  the  natural  ratios  of  all  angles  in  the 
first  quadrant  at  angular  intervals  of  one  minute. 

To  determine  a  ratio  for  an  angle  intermediate  between  two  of 
those  whose  ratios  are  recorded,  we  proceed  in  just  the  same  way 
as  when  we  find  the  logarithm  of  a  number  intermediate  between 
two  consecutive  tabulated  numbers.  The  same  property  holds 
good  here  also;  namely,  that,  as  far  as  7  decimal  places,  for  a 
small  change  in  an  angle  there  is,  except  in  certain  special  cases, 
a  proportional  change  in  any  ratio  belonging  to  it. 

Example.  Given  sin  35°  26' =  '5797553,  and  sin  35°  27'=  '5799923  ; 
find  sin  35°  26'  42". 

We  have  sin  35°  26'  =  -5797553, 

and  difference  for  60"  = '0002370 ; 

.-.  difference  for  42"  =  £§  x  '0002370=  "0001659  ; 
,*.by  adding  to  sin  35°  26'  we  get 

sin35°26'42"  =  -5799212. 


EXAMPLES   39. 

(1)     Given  sin  23°  15'  =  -3947439)  _ 

sin  23M6--  395011l}  findsm231520- 


(5)     Given  sec  42°  18'  = 


111.  The  converse  problem,  to  determine  the  angle  to  which 
a  given  sine,  tangent,  or  secant  belongs,  is  similar  to  the  corre- 
sponding problem  with  respect  to  numbers,  and  is  solved  in  a 
manner  similar  to  that  of  Art.  109. 
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Example.    Given  tan  73°  39'  =  3 '4086882,  and  tan  73°  40'  =  3 -4 123626 ; 
find  the  angle  whose  tangent  is  3*4102848. 

Let  the  required  angle  be  73°  39'  x". 
We  have  tan  73°  39'  =  3-4086882. 

Difference  for  60"  = '0036744, 
and  difference  for  #"  =  '0015966  ; 

.•.*  =  60xiTO£  =  26'07; 
.'.  the  required  angle  =  73°  39'  26" '07. 


EXAMPLES   40. 

(1)  Given  sin  54°  36'  =  -8151278]  determine  the  angle  whose 

sin  54°  37'=  -8152963]  sine  is  -8152346. 

(2)  Given  tan  16°  17'  =  '29210471  determine  the  angle  whose 

tan  16°  18'  =  -2924205J  tangent  is  -2922156. 

(3)  Given  tan  62°  23'  =  1-91  14691  \  determine  the  angle  whose 

tan  62°  24'  =  1-9128236J  tangent  is  1-9125129. 

(4)  Given  sec  58°    2'  =  1  -8888388>  determine  the  angle  whose 

sec58°    3'  =  1-8897197J  secant  is  1-8892105. 

(5)  Given  sec  26°  45'  =  1  -1  198472)  determine  the  angle  whose 

sec  26°  46'  =  M200115J  secant  is  1  -1199363. 

112.  For  angles  in  the  first  quadrant,  the  cosine,  cotangent 
and  cosecant  decrease  as  the  angle  increases.  Consequently  the 
calculated  ratio-difference  for  a  small  angle-difference  must  in 
these  cases  be  subtracted,  as  in  the  example  which  follows. 

Example.  Given  cos  23°  41'  ='9157795,  and  cos  23°  42'  =  '9  156626  ; 
determine  the  cosine  of  23°  41'  37  '. 

We  have  cos  23°  41'  =  -9157795. 

Difference  for  60"  =  '0001  169  ; 
.'.  difference  for  37"  =  f§  of  -000  11  69  =  '0000721  ; 


Conversely,  to  determine  the  angle  which  has  a  given  cosine, 
cotangent  or  cosecant,  we  proceed  as  in  Art.  Ill,  remembering 
only  that  the  angle  decreases  as  these  three  ratios  increase. 
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Example.     Given  cot  27°  5'=  1  '9555739,  and  cot  27°  6'  =  1-9541713; 
determine  the  angle  whose  cotangent  is  1  '9552618. 

Let  the  required  angle  be  27°  5V  ; 

then  diff.  for  60"  =1*9555739-  1-9541  713  =  '0014026, 
and  diff.  for  #"=  1-9555739-  1-9552618  =  -0003121  ; 


/.  angle  required  =  27°  5'  13"-35. 

EXAMPLES   41. 

(1)  Given  cos  9°  28'  =  -9863815) 
and    '  cos9°29'  =  -9863336J 

find  (i)  cos  9°  28'  15",  (ii)  the  angle  whose  cosine  is  -9863518. 

(2)  Given  cos  31°  19'  =  -8543077) 
and                       „        cos  31°  20'  =  -8541564] 

find  (i)  cos  31°  19'  33",  (ii)  the  angle  whose  cosine  is  -8542563. 

(3)  Given  cot  81°  46'  =  -14469611 
and                               cot81°47'  =  -H43991J 

find  (i)  cot  81°  46'  51",  (ii)  the  angle  whose  cot.  is  -1445283. 

(4)  Given  cot  63°  24'-  -5007627) 
and                               cot63°25'  =  <5003989j 

find  (i)  cot  63°  24'  43",  (ii)  the  angle  whose  cot.  is  -5005263. 

(5)  Given          cosec  57°  33'  =  1-1850307) 
and  cosec57°34'  =  l-1848116J 

find  (i)  cosec  57°  33'  39"-5,  (ii)  the  angle  whose  cosec.  is  1-1849208. 

Logarithmic  Ratios. 

113.  We  have  said  that  the  logarithmic  ratios  recorded  in  the 
Tables  are  the  common  logarithms  increased  by  10.  For  example, 
the  tabular  logarithm  of  cos  60° 

=  log  cos  60°  +  10  =  log  1+10  =  --30103  +  10  =  9-69897. 

A  tabular  logarithm  is  distinguished  from  a  common  logarithm 
by  the  symbol  L  •  thus  log  cos  60°  =  -  -30103, 

and  L  cos  60°  =  9-69897. 
P.  6 
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Just  as  in  the  case  of  numbers,  the  principle  of  proportional 
parts  may  be  applied  to  the  calculation  of  the  logarithmic  ratios  of 
intermediate  angles,  and  also  to  the  converse  problem,  the  deter- 
mination of  the  angle  to  which  a  given  logarithmic  ratio  belongs. 
The  principle  is  not  universally  applicable.  It  fails  in  certain 
cases  when  the  angle  is  very  small,  and  when  it  is  very  nearly  a 
right  angle,  but  such  cases  will  not  occur  in  the  examples  which 
will  here  be  put  before  the  student. 


EXAMPLES   42. 

(1)  Given         L  sin  24°  15'-  9-6135446) 

Zsin24°16/-9-6138250J 

find  (i)  L  sin  24°  15'  46",  (ii)  the  angle  whose  L  sine  is  9-6137031. 

(2)  Given         Z  tan  67°  29'  =  10'3824185 


J 
find  (i)  L  tan  67°  29'  52",  (ii)  the  angle  whose  L  tan.  is  10-3825849. 

(3)  Given         i  sec  54°  48'  =10-23925171 

Zsec54°49'  =  10-2394308J 

find  (i)  L  sec  54°  48'  31",  (ii)  the  angle  whose  L  sec.  is  10-2393106. 

(4)  Given         Zcos  74°  41'  =  9-42185661 

L  cos  74°  42'  =  9-4213950] 

find  (i)  L  cos  74°  41'  13",  (ii)  the  angle  whose  L  cos.  is  9-4217415. 

(5)  Given         L  cot  63°  27'  =  9-6986847] 

Zcot63°28'  =  9-6983687j 

find  (i)  L  cot  63°  27'  24",  (ii)  the  angle  whose  L  cot.  is  9-6984763. 

(6)  Given      Z  cosec  37°  21'  =  10-21703861 

L  cosec  37°  22'  =  10-2168732J 

find  (i)Z  cosec  37°  21'  53", 

(ii)  the  angle  whose  L  cosec  is  10-2169452. 

114.     We  will  close  this  section  with  an  example  of  the  use 
of  logarithms  in  determining  any  root  of  a  number. 
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Example.     Determine  the  value  of  \/3(>25'4. 

log  ^3625-4=  }  log  3625-4  =  }  (3-5593559)  =  -5084794. 

But  log  3-2247  =  '50848931  . 
and  log  3-2246  =  '5084758J  ' 

.-.  difference  for  -0001  = -0000135, 
and  log.  of  reqd  no.  -  log  3'2246  =  '0000036  ; 
.-.  required  difference  in  number =&§  of  -0001  =  '000026...; 
.  • .  required  number = 3'224626. . . ; 
.-.  ^3625-4=3-224626... 

115.     If    Lta.nO    be    given,    LcotO    may   be    obtained    as 
follows : — 

L  cot  0  =  10  +  log  cot  0  =  10  +  log z  =  10-log  tan  0  =  20  -  Ztan<9. 

tan  v 

Similarly,  L  cosec  0  =  20  -  L  sin  0,  and  L  sec  6  =  20  -  L  cos  6. 


EXAMPLES   43. 

(1)  Given  log  2  and  log  3,  find  log  3^T. 

(2)  Given  log  2,  find  log  -250,  L  sin  30°  and  L  cosec  45°. 

(3)  Given  log  5  =  '69897,  find  log  200,  log^o^B,  L  cos  60°, 
and  L  cos  45°. 

(4)  Find  log3Vfl  (297  VlT)l 

(5)  Given  log  4-96  =  '69548171 
and  log  4-9601  =  -6954904j 

find  the  logarithms  of  496010,  -000496  and  49600-25. 

(6)  Given  log  3'674  =  -5651392) 

and  log  3-675  =  -5651510j 


calculate  the  logarithms  of  -003674,  36741  and  V3674  x  3675. 

(7)  Given  log  3-1415  -  -4971371,  and  difference  =  '0000139, 
find  how  many  zeros  follow  the  decimal  point  in  the  value  of 
(-000314159)10. 
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(8)  Given  log  97941  =  4-9909645,  and  log  63864  -  4-8052561, 
find  the  logarithm  of  97  -941  x  -0063864. 

(9)  Find  the  value  of  (1O1)27,  given  log  1-01  =  -00432  and 
log  13081  =  4-11664. 

(10)  Find  the  value  of  x/^/o"  >  given 

log  3,  log  13  -1-11394  and  log  63865=4-80526. 

(11)  Find  the  value  of  ^-000026751;  given 

log  26751  =4-42734  and  log  22221  =  4-34676. 

(12)  Given  log  3*6412  =  -5612445, 

and  difference  for  -0001  -  -0000120  ;  also  log  60020  -  4-7782958  ; 
find  the  llth  root  of  -003641279  to  5  decimal  places. 

(13)  Given   log  1-384  =  -1411361,    log  1  '015  =  -0064660,    and 
log  1-02985  =  -0127726,  calculate  the  7th  root  of  l-384-5-(l'015)8. 


(14)  If  9*-T-3a;+3'  =  27,  and  2x=  5y,  find  x  and  y. 

(15)  If   L  sin  15°  =  9-4129962,   find   the   value   of   L  cos  15°. 
(Art.  59.) 

(16)  Given  log  2,  log  3,  and  log  7,  and  log  3-7689=  -576214, 
shew  that 

39-879 
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PART  III. 


TRIANGLES. 


XL    THE  ANGLES   OF  A  TRIANGLE. 

116.  To  denote  the  sides  and  angles  of  a  triangle  ABC,  the 
following  symbols  are  used : — 

A,  B,  and  C  for  the  angles  BAG, 
ABC,  and  ACB  respectively;  a,  6,  c 
for  the  number  of  units  of  length 
in  the  sides  opposite  A,  B  and  C 
respectively;  2s  for  the  perimeter, 
i.e.,  for  a  +  b  +  c. 

The  unit  of  length  may  be  an 
inch,  or  a  mile,  or  any  length  we  B  c 

please,   but   of   course   it   must   be 
the  same  for  all  lengths  throughout  any  investigation. 

The  six  quantities  A,  B,  C,  a,  b,  c  are  called  the  elements  of 
the  triangle. 

117.  If  A,  B  and  C  be  the  angles  of  a  triangle,  we  know  that 
A  +  B  +  C  =  180°.     The  relations  which  exist  between  the  trigono- 
metrical ratios  of  three  angles  which  satisfy  this  condition  are  of 
great  importance. 

Example.     If  A  4-  B  +  C  =  180°,  prove  that  cos  ( A  +  B)  =  -  cos  C. 
cos  (A+  B)=cos  (180°  -  C) 
=  —  cos  C. 
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EXAMPLES  44. 

If  A  +  B  +  C  =  180°,  prove  that 

(1)     sin  (A  +  B)  =  sin  C.  (2)     tan  (A  +  B)  =  -  tan  C. 

(3)     cot(A+B)  =  -cotC.  (4)     sec  (A  +  B)  =  -  sec  C. 

(5)     sinJ(A+ B)  =  cos^.  (6)     cos  J(A+  B)  =  sin  ^. 

f*  O 

(7)     tan}(A  +  B):=cot^.  (8)     cotJ(A+ B)  =  tan-. 

o  c 

(9)     cosec  J (A  +  B)  =  sec  - .         (10)     sec  J  (A  +  B)  =  cosec  ^ . 

118.  The  following  relations,  which  hold  when  A + B  +  C = 1 80°, 
are  important  both  in  themselves,  and  also  as  exemplifying  the 
use  of  the  various  formulae  which  have  been  established  in  the 
preceding  pages; — 

(i) 
(ii) 

(iii)    sin  2A  +  sin  2B  +  sin  2c  =  4  sin  A  sin  B  sin  c ; 
(iv)    sin  A  +  sin  B  +  sin  c  =  4  cos  ^  cos  ^  cos  ^ ; 

A  R  C* 

(v)    COSA  +  COSB  +  cos  c  =  4  sin  ^  sin  ^  sin  g  + 1- 

PROOFS. 
(i)  A+B+C  =  180°, 

A+B=180°-C, 
.'.  tan(A+B)=-tanC, 
tanA  +  tan  B  _ 
•''  l^tanAtanB" 

.'.  tanA+tan  B=  -  tan  C  +  tan  A  tan  B  tan  C, 
.  *.  tan  A + tan  B  +  tan  C  =  tan  A  tan  B  tan  C. 
OR,  multiplying  throughout  by  cot  A  cot  B  cot  C,  we  get 
cot  B  cot  C  +  cot  C  cot  A +cot  A  cot  B  =  1. 
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(ii)  A  +  B  +  C  =  180°, 

A      B 

Proceeding  as  in  (i)  we  find  that 

BA       C  C^      A  A^      B 

tan  -  tan  -^+ta,n  -  tan-  +  tan  -  tan-=l. 

(iii)    sin  2A+sin  2B  +  sin  2C  =  2  sin  (A+  B)  cos  (A-  B)  +  sin  2C 
=  2  sin  C  cos  ( A  —  B)  +  2  sin  C  cos  C 
=  2  sin  C  {cos  (A  -  B) +cos  C} 
= 2  sin  C  {cos  (A  -  B)  -  cos  (A  +  B)} 
=  2  sin  C  (2  sin  A  sin  B) 
=  4  sin  A  sin  B  sin  C. 

(iv)  sin  A+sin  B  +  sin  C  =  2  sin  — —  cos  — - — Hsin  C 

C        A-B          .    C        C 

=  2cos  -  cos— —  +  2  sm  -  cos- 


C  f       A-B  ,    .     Cl 
=  2cos-  |cos—  +sm-j 

C  (       A-B  A+B] 

=  2  cos  —  -  cos  —  -  +  cos  —  —  - 


C  ( 
—  -j 


=  2  cos       a  cosos 


ABC 

=  4cos-cos-cos-. 

(v)  cosA+cosB+cosC=2cos  —  ^—  cos  —  -  —  hcosC 

'2  2i 

^  2  sin  -  cos  -—  +  1-2  sin2- 


.    C  f       A-B       .    C) 

=  2  sin—  -Jcos— sin-g  J-  +  1 

=-cf-AzlTOOSA+Bi  , 


=2  sin  -(2  sin-  sin  -J 

.    A    .     B    .    C  , 

=4  sin  —  sm  —  sin     +1 
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EXAMPLES   45. 

Prove  that 

(1 )  tan  A  +  tan  B  +  tan  C  =  tan  A  tan  B  tan  C, 
when        (i)     A+B  +  C  =  0,          (ii)     A  +  B  +  C  =  360°. 

(2)  tan  3A  -  tan  2A  -  tan  A  =  tan  3A  tan  2A  tan  A. 

(3)  tan  5A  -  tan  2A  -  tan  3A  =  tan  2A  tan  3A  tan  5A. 

(4)  tan  24°  +  tan  75°  +  tan  81°  =  tan  24°  tan  75°  tan  81°. 
If  A,  B  and  C  be  the  angles  of  a  triangle,  prove  that 

(5)  sin  2A  -  sin  2 B  -f  sin  2C  —  4  cos  A  sin  B  cos  C. 

(6)  sin  2 A  +  sin  2  B  -  sin  2C  =  4  cos  A  cos  B  sin  C. 

(7)  cos  2A  +  cos  2B  +  cos  2c  =  —  1  —  4  cos  A  cos  B  cos  C. 

(8)  cos  2A  —  cos  2B  +  cos  2C  =  1  —  4  sin  A  cos  B  sin  C. 

(9)  cos  2A  +  cos 2B  -  cos 2C  =  1  -  4  sin  A  sin  B  cos  C. 

A  R  O 

(10)  sin  A  +  sin  B  —  sin  C  =  4  sin  ^  sin  ^  cos  -^  . 

A        2>         2i 

ABC 

(11)  sin  A  —  sin  B  +  sin  C  =  4  sin  ^  cos  ^  sin  — . 

J         2t         A 

ABC 

(12)  cos  A  +  cos  B  —cos  C  —  4  cos  ^  cos  ^  sin  ~  —  1. 

a        •  a          a 

A          R          O 

(13)  COS  A  —  COS  B +0080  =  4008^8^1^  COS-^r  —  1. 

2t        2i         2t 

ABC 

(14)  sin  B  +  sin  C  -  sin  A  =  4  cos  ^  sin  ^  sin  -=  . 

ABC 

(15)  cos  B  +  cosC  -  cos  A  =  4  sin  ^  cos  -  cos  ^  . 

6  A  A 

/ic\        •    2A       •    2B        -2°      i      0    .     A    .     B    .     C 

(16)  sin2  -  +  sin2  ^  +  sin2  —  =  1  —  2  sin  -  sin  ^  sin  —  . 

A  R  f**  A  R  O 

(17)  cos2^  +  cos2  -  +  cos2  -^  =  2  +  2  sin  -  sin  T)  sin  -  . 
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119.  The  following  example  illustrates  the  converse  operation, 
the  expression  of  a  product  of  sines  and  cosines  as  an  algebraic 
sum. 

Example.     If  A  +  B  -f  C  =  180°,  prove  that 

4  sin  A  cos  B  sin  C  =  1  —  cos  2A  +  cos  2B  -  cos  2C. 
4 sin  Acos  BsmC  =  2sin  A(2cos  BsinC) 

=  2  sin  A  (sin  ( B  +  C)  -  sin  (B  -  C)} 
=  2  sin  A  (sin  A  -  sin  (B  —  C)} 
=  2  sin2  A  -  2  sin  A  sin  (B  -  C) 
=2  sin2  A  -  2  sin  (B  +  C)  sin  (B  -  C) 
=  1  -  cos  2A  -  (cos  2C  -  cos  2B) 
=  1  -  cos  2A+COS  2B  -  cos  2C. 

EXAMPLES  46. 

Convert  each  of  the  following  expressions  into  an  algebraic 
sum,  assuming  that  A  +  B  +  C  =  180°. 


(1)     4  sin  A  sin  B  sin  C. 
(3)     4  sin  A  cos  B  cos  C. 

(5)     4  cos  A  sin  B  cos  C. 

ABO 

(7)     4  sin  ^  sin  ^  cos  2  . 

A          R          O 

(9)     4  cos    cos     cos     . 


(2)     4  sin  A  sin  B  cos  C. 
(4)     4  cos  A  cos  B  cos  C. 

(6) 


(8) 
(10) 


.ABC 

4:  sin -cos -cos  2' 

B    .     C 
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(i)    A  right-angled  triangle. 

120.  In  a  triangle  having  a  right  angle  at  C  we  can  at  once 
from  the  figure  write  down  any  trigonometrical  ratio  of  A  or  B  in 
terms  of  the  sides.  Thus 

a 
sin  A  =  - 


cotA  =  - 


sin  B  =  - 


cot  B  =  -,- 


cos  A  =  -  , 
c 

a 
tanA  =  ?) 

G 

sec  A  =  7  , 

c 
cosec  A  =  -  , 
a 

a 

cos  B  =  -  , 

c 

b 
tail  B  =  -  , 
a 

sec  B  =  -  ,     cosec  6  =  7. 
a  b 
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These  relations  may  also  be  written  thus: — 

a  —  c  sin  A  =  b  tan  A     —  c  cos  B  =  b  cot  B  ; 

b  —  c  cos  A  =  a  cot  A      =  c  sin  B  =  a  tan  B  ; 
c  =  b  sec  A  =  a  cosec  A  =  a  sec  B  —  b  cosec  B. 

From  these  relations  we  may  at  once  deduce  that  c2  =  a2  +  62, 
a  formula  which  agrees  with  Euclid  I.  47. 

121.  A  few  examples  involving  the  relations  given  in  the 
preceding  article  will  enable  the  student  to  make  himself  familiar 
with  their  use.  We  will  work  out  one  example  for  his  guidance. 

r,  sin  (A—  B)  . 

Example.     Express .  in  terins  of  the  sides. 

sin  (A  —  B)     sin  A  cos  B  —  cos  A  sin  B 
sin  C  sin  C 

=sin  A  cos  B  —  cos  A  sin  B 

a     a     b     b 

=  —  x x  — 

c      c     c     c 


EXAMPLES  47. 

Prove,  in  the  case  of  a  triangle  right-angled  at  C,  that 


ab 

(1)  5  cos  A  cot  B  +  ccotC  =  — 

c 

(2)  b  (cos  A  +  sin  A  cot  B)  =  c. 
cos2  B  -  cos2  A  _  a4  -  64 

^  '       cos2  B  cos2  A    ' 


(8) 
(10) 


a262 


(6)     sin2A-^- 

B         /c  +  a 


(12)     2a2cosec2BcotA  =  c2. 
(14)     tan(A-B)  =  a22^-2. 


(16)     «l. 


(3)  c  (1  -  cos2  B  -  cos2  A)  =  0. 

(5)  a3  cos  A  +  b3  cos  B  =  abc. 

(7)  cos2A^^'. 
(9) 


.    A         / 

Jin2^V 

(11)  sec2AtanB  = 
(13)  c2sin(A-B)- 
(15)  cos(A-B)-- 


-b 


a(b2-a?y 


A      a  —  b  +  c 

(17)     tan-= -. 

v     '  2      a+b+c 
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(ii)    Any  triangle. 

122.  The  relations  connecting  angles  and  sides,  which  we 
shall  establish  as  true  in  the  case  of  any  triangle  whatever, 
are  the  following  : — 

(i)  a  =  b  cosC  +  c  cos  B,^j 
b  =  c  cos  A  +  a  cos  C,  j- 
c  =  a  cos  B  +  b  cos  A.  J 

/ii\         a  b  C      =OR  (Jii)      a* =  b*  +  °2  ~  26c  COS  A'1 

*   '     sin  A      sin  B      sin  C  i2  =  c2  +  a2  —  2ca  cos  B,  V 

)J 


(iv)     cos  A 


2bc 


cosB  = 


cosC 


2ca 


. 

(v)     sm- 

sinB          / 
2V 


.    C 


A          /s(s  —  a) 

(vi)    oo.5=^/  ijj-2, 

B  /»(«-&) 

COS2=V'  ' 


ca 


C 

cos  —  = 


ab 


(viii)     sin  A  =   -  »J» (s -a)  (s-  b) (s  —  c), 


l5nB==5i^*(«-*)(*-i)(*--c)l 


sin  C  =  -7  Vs  (s  -  a)  (s  -  b)  (s  -  c). 

A-B    .  a-b        C 

(ix)     tan — - —  = yCoi,  —  , 

v    ;  a  +  b 


tan 


B-C 


cot^, 


C- A      c-a      , B 

tan  — _ —  = cot  — . 

2         c  +  a        2 


92 


A  SHORT  COURSE  OF  PLANE  TRIGONOMETRY. 


123.     PROPOSITION  I.     To  prove  that  a  =  b  cos  C  +  c  cos  B. 
Let  ABC  be  any  triangle,  and  let  AD  be  drawn  from  A  per- 
pendicular to  the  base  BC. 

(i)      When  D  falls  between  B  and  C. 

A 
Then«=BC 

=  BD+DC 

=  BA  cos  B  +  CA  cos  C 

=  c  cos  B  +  b  cos  C. 


(ii)      When  D  does  not  fall  between  B  and  C. 
Let  D  fall  to  the  left  of  B  ;  then 
a=BC 
=  DC-DB 

=  AC  cos  C  -  AB  cos  DBA 
=  b  cos  C  -  c  cos  (180°  -  B) 
=  b  cos  C  +  c  cos  B. 

(iii)      When  one  angle  is  a  right  angle. 
Let  B  be  a  right  angle ;  then 
a=BC 
=  CA  cos  C 
=-  b  cos  C 

=  b  cos  C  +  c  cos  90° 
=  b  cos  C  +  c  cos  B. 
Hence  the  formula,  a  =  b  cos  C  +  c  cos  B,  is  true  in  all  cases. 

EXAMPLES   48. 

Determine  the  side  a  when 

(1)  6  =  2,  c  =  V2, 

(2)  6-10,  c=IOj3, 

(3)  6  =  3,72,       c-373-3, 

(4)  6  =  4,  c  =  2j3  +  2, 

(5)  6  =  4  V6,       c  =  4  V3  -  4, 

(6)  6  =  6- 


B 

=  45°, 

C  =  30°. 

B 

=  30°, 

C  =  60°. 

B 

=  30°, 

C  =  15°. 

B 

=  45°, 

C  =  75°. 

B 

=  60°, 

C  =  15°. 

B 

=  15°, 

r*      7^° 

O    9    IS      • 
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124.     PROPOSITION  II.     To  prove  that 

I 
sin  B 


a 


sin  A 


sine 


=  2R. 


Let  ABC  be  any  triangle,  and  let  AD  be  drawn  from  A  perpen- 
dicular to  the  base  BC. 

(i)      Wlien  D  falls  between  B  and  C. 

Then  AD  =  AC  sin  C, 
and  AD  =  AB  sin  B  ; 

.*.  ACsinC  =  ABsin  B, 
.*.  b  sin  C  —  c  sin  B, 

b  c 


sin  B      sin  C 


J 


(ii)      When  D  .does  not  fall  between  B  and  C. 
Let  D  fall  to  the  left  of  B.     Then 

AD  =  AC  sin  C, 
and  AD  =  AB  sin  (180°  -  B)  -  AB  sin  B 

.'.  AC  sin  C  =  AB  sin  B, 
.'.  b  sin  C  =  c  sin  B, 

.        b  c 

sin  B      sin  C  ' 

(iii)      When  one  angle  is  a  right  angle. 
Let  B  be  a  right  angle.     Then 

AB  =  AC  sin  C, 
.*.  A  B  sin  90°  =  AC  sin  C, 
.'.  AB  sin  B  —  AC  sin  C, 
.'.  c  sin  B  =  b  sin  C, 
b  c 


sin  B      sin  C 


Hence,  in  all  cases, 


Hence,  in  all  cases, 


sin  B 


a 
sin  A 


0.    .,     .        c             a 
Similarly  — = 

*      oin    ^>  OTTI     A 


sin  C 


a 
sin  A 


sin  C 

b  c 

— — -  —  — =  2R  (suppose). 

sin  B      sm  C 
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NOTE.  It  will  subsequently  be  proved  (Art.  152)  that  the 
symbol  2R  represents  the  diameter  of  the  circle  which  circum- 
scribes the  triangle. 

EXAMPLES   49. 

Determine  the  side  a 

(1)  When  b  =  5,         A  =  45°,       B  =  60°. 

(2)  When  c  =  22, 

(3)  When  b  =  19, 
Determine  the  side  b 

(4)  When  a  -25, 

(5)  When  c  =  39, 

(6)  Wheno=4J, 

125.     PROPOSITION  III.     To  prove  that 
a?  =  b*  +  cz-  2bc  COS  A. 

Let  ABC  be  any  triangle,  and  let  CF  be  drawn  from  C  perpen- 
dicular to  the  base  AB. 

(i)      WJien  F  falls  between  A  and  B. 

From  Euclid  II.  13,  we  know 
that 

BC2= AC2+ AB2-2  x  AB  x  AF 

=AC2+ AB2-2  x  AB  x  ACcosA, 


A  =  45°, 

C 

=  30°. 

A  =  30°, 

B 

=  75°. 

B  =  30°, 

A 

=  135°. 

B=15°, 

C 

-  120°. 

B  =  30°, 

A 

=  105°. 

(ii)     When  F  does  not  fall  between  A  and  B. 

Let  F  fall  to  the  left  of  A.     Then       c 
from  Euclid  II.   12,  we  know  that 

BC2=AC2+AB2+2xABxAF 

=  AC2+ AB2+2  x  AB  x  ACcos(180-A) 
=AC2+AB2-2xABx  ACcosA, 
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(iii)      When  one  angle  is  a  right  angle. 

Let    B   be   a    right    angle.      Then    from 
Euclid  I.  47,  we  know  that 

BC2  =  AC2-AB2 

-2  x  AB2 

-2  x  ABx  AB 

-2  x  ABxACcosA, 


Hence,  in  all  cases,  a2  =  62  +  c2  —  26c  cos  A. 

126.  The  formulae  of  Proposition  III.  enable  us  to  determine 
any  side  of  a  triangle  when  the  other  sides  and  the  angle  between 
them  are  given. 

Example.     Given  a  =  5,  6=6,  C  =  15° ;  find  c. 
We  have  c2 = a2 + 62  -  2a6  cos  C 

=  52+62-2x5x6cosl5° 

=25  +  36-60  x^  +  1 


=  61-15\/2(\/3+l) 
=3044...; 
.-.  c=l-74... 


EXAMPLES  50. 

Determine,    to   two   decimal   places,    the   third   side  in   the 
following  cases: — 

(1)     a  =  j3,       6  =  2,  0  =  30°. 

C  =  45°. 
A  =  60°. 
C  =  135°. 
B  =  120°. 
B  =  150°. 


(2)  a  =  ^2,       6=1, 

(3)  c  =  4,          6  =  2, 

(4)  a  =  j2,       6  =  3, 

(5)  a  =  5, 

(6)  c=4, 


=  6, 


(7)     0  =  2^2,    6=1,  A  =  15° 


96  A  SHORT  COURSE   OF  PLANE  TRIGONOMETRY. 

127.  PROPOSITION  IV.     To  prove  that 

b*  +  c*-a* 
COS  A  =  -  —  --  . 

26c 

This   and   the   formulae   for   cos  B    and    cos  C    are   those    of 
Proposition  III.  in  another  form. 

EXAMPLES   51. 

Determine  cos  A  in  the  following  cases  :  — 
(1)     a  =  73,  6-2,     c-1.  (2)     «  =  1,     6-1,     0  =  ^/2. 

(3)     a  =  2,      6=1,     c  =  j3.          (4)     «  =  1,     6-2,     c  =  j3. 
(5)     a  =  4,      6-2,     c-5.  (6)     a-3,     6-6,     c  =  4. 

(7)     «  =  3J,    6-21,  c-3.  (8)     a==2J,  6  =  If,  c-2. 

(9)     «  =  1J,    6  =  |,     c-1.  (10)     a=l|,  6  =  6,     c  =  5. 

128.  PROPOSITION  V.     To  prove  that 

-"" 


From  Proposition  IV.  we  have 


26c 


•    sinA_+ 

. .  sm -  + 


be 


But,  since  A  is  an  angle  of  a  triangle,  we  know  that  A  <  180° 

A  A 

and  therefore  that  ^  <  90°  ;  hence  sin  -  is  positive  ; 

^  -i 


6c 
129.     PROPOSITION  VI.     To  prove  that 

f ) 
be 
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From  Proposition  IY.  we  have 

62  +  c2  —  a2 


2bc 


cos  A  = 


. 

COS  A  =  1  + r. =    - 


2bc  2bc  2bc 

A      (b  +  c  +  a)  (b  +  c  —  a)      2s  (2s  —  2a) 
2=  2bc  ~~2fo ' 


(s  —  a) 


But,  since  A  is  an  angle  of  a  triangle,  we  know  that  A  <  180°, 
and  therefore  that  ^  <  90°;  hence  cos  -  is  positive ; 


130.     PROPOSITION  VII.     To  prove  that 
A          /(,_6)(,_C) 
taJ12=V       ,(,-a)      ' 
We  may  proceed  thus  : — 

1- 


2  A  _  1  -  cos  A 

1       ~ 


2  ~  l+cosA~ 


a2-(6-c)2 


-2b)  =  (8-c)(8-b) 


2s(-2s-2a)  s(s-a)     ' 


.    .       A  / 

..tan  -  =  +     / 
2      -  V 


^--. 
«(«-«) 

But.  since  A  is  an  angle  of  a  triangle,  we  know  that  A  <  1  80°, 

A  A 

and  therefore  that  -  <  90°  ;  hence  tan  -  is  positive  ; 


•    tanA- 
'n- 


P. 
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This  expression  might  otherwise  be  deduced  from  those  for 

A        ,         A 
sin      and  cos  -  . 


131.     PROPOSITION  VIII.     To  prove  that 

sin  A  =  j-  Js  (s  —  a)  (s  —  b)  (s  —  c). 

This  formula  for  sin  A  may  be  deduced  from  the  formula  for 
cos  A  (Art.  127);  otherwise,  from  Propositions  V.  and  VI.  we 
have 


.'.  sin  A  —  7-  »Js  (s  —  a)  (s  —  6)  (s  —  c). 


be' 


NOTE.     If  we  denote  the  expression  ^/s  (s  —  a)  (s  —  b)  (s  —  c) 
by  A,  we  get 

2A  2A  2A 

sin  A  =  -=—  .  sin  B  =  — ,   sin  C  =  — T  . 
be  ac  ab 

The  formulae  of  Proposition  II.  may  be  deduced  at  once  from 
these. 


EXAMPLES   52. 


A 

Determine  sin  —  ,  c 

A    ,       A       i 
os  -  ,  tan  -  and 

sin  A,  when 

(1) 

a  =  2, 

5-3, 

c  =  3. 

(2) 

a  =  8, 

b  =  2, 

c  =  S. 

(3) 

a  =  3j2, 

b  =  3. 

c  =  3. 

(4) 

a  -4, 

1L   f)       /O 

c  =  2. 

(5) 

a-5,/3, 

5  =  5, 

c  =  5. 

(6) 

a  =  A/6, 

6-  V3  +  : 

I,                c  -  2. 
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132.     PROPOSITION  IX.     To  prove  that 

A-B      a-b       ,  C 

tan  — (^   = r  COt  - . 

2        a  +  b        2 

From  Art.  124  we  have 

a  =  2R  sin  A,  and  b  =  2R  sin  B  ; 

a  —  b      2R  sin  A  —  2R  sin  B  _  sin  A  —  sin  B 
'a  +  b      2R  sin  A  +  2R  sin  B      sin  A  +  sin  B 


A+B    .     A-B 

2  cos  — - —  sin 


2  .A+B^       A-B 

=  cot  — -  —  tan  — = — 


_    .     A  +  B         A-B 

2  sin  — - —  cos  — - — 


C         A-B 
=  tan  2  tan  ~2-> 

A-B      a-b         C 
.'.  tan  —5—  =  --  r  cot  TT. 

2         a  +  b         2 

133.  By  means  of  the  formulae 

A-B      a-b        C 
tan  =  -----  5-  cot  ^  , 

2         a  +  6         2 

and  A  +  B  =  180°  -  C, 

\ve  can  determine  the  angles  A  and  B  when  a,  b  and  C  are  given. 
Examples  of  this  kind  will  be  found  in  Art.  141. 

134.  The    following  miscellaneous  examples  will  serve  to 
illustrate  the  formulae  of  this  section. 

Example  i.     Prove  that 


The  formulae  of  Proposition  I.  are  the  most  suitable  to  use  here. 
Thus  (6+c)cosA  +  (a+c)cos  B  +  (a-f  6)cosC 

=  6cos  A+ccos  A-f  acos  B+ccos  B  +  acosC  +  ftcosC 

=  (6  cos  C  +  c  cos  B)  +  (ccosA4-acosC)+(rtcos  B  +  &COS  A) 
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C  B 

Example  ii.     Prove  that  b  cos2  —  +  c  cos2  —  =  s. 


(a)    We  may  use  the  formulae 
of  Art.  60,  thus :— 

C  B 

6  COS2—  +  CCOS2- 


s  (s  —  c} 

v   .    ; 

ab 


_s(s-c)     s(s-b) 
a  a 

=  £(2s_c  — 6)  =  -x 
a^  a 


Example  iii.     Prove  that cos  —  =sin — — . 

a  —  b        C      2RsinA-2RsinB  C 

—  cos  —  =  —         - — .-    .  x  cos 


(/3)    We  may  use  the  formula) 
of  Art.  129,  thus  :— 

ft  cos2  —  +ccos2  — 


. 
2  2RsmC 

sin  A  -  sin  B 


;  — 
smC 


C 

x  cos  — 
2 


A+B    .     A-B 

2  cos ---sin   — 

2  sin  -  cos  - 
.    A-B 


ac 


EXAMPLES   53. 


Prove  that 
sin  A 


(1) 


(2) 


sin  A      sin  B  +  sin  C 


sin  (A+B)      c  " 

(3)  b  (a  cos  C  —  c  cos  A)  =  «2  -  c2. 

(4)  a  cos  B  -  b  cos  A  = . 


a 


b  +  c 


(5)  26c  cos  A  +  2ac  cos  B  +  lab  cos  C  =  a2  +  b2  +  c2. 

(6)  a  (sin  B  —  sin  C)  +  b  (sin  C  -  sin  A)  +  c  (sin  A  -  sin  B)  =  0. 
sin  (A  -  C)  _  a2  -  c2  tM      c-b  cos  A      cos  B 


(7) 


sin  B 


(8) 


b  -  c  cos  A      cos  C 
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(9)     -  (cot  A  +  cot  B)  =  cosec  A. 

(10)  a  cos2  -jr  +  c  cos2  -  =  s. 

Jj  2t 

(11)  4  (  be  cos2  ^  +  ca  cos2  -  +  db  cos2  — )  =  (a  +  b  +  cf. 

\  2i  2i  &/ 

B         C      a+b-c 

(12)  tan  -  cot  ^  = , • 

2         2     a—b +c 

(13)  b  cos  A  cot  B  +  c  cot  C  =  a  sin  B. 

(14)  a  (62  +  c2)  cos  A  +  b  (c2  +  a2)  cos  B  +  c  (a2  +  62)  cos  C  =  3abc. 

(15)  a  sin  (B  -  C)  +  b  sin  (C  -  A)  +  c  sin  (A  -  B)  =  0. 

(16)  a  cos  A  cos  2B  +  b  cos  B  cos  2A  +  c  cos  C  =  0. 

,_      a+b    ,    C  A-B 

(17)  _sin1==ec*_-. 

/io\      /        r\         A-B         C       ,  .     A-B    .     C 

(18)  (a  —  b)  cos  — = —  cos  —  =  (a  +  b)  sin  — •= —  sin  -^  . 

(1 9)  (a  +  b)  x  2  sin2  °  =  c  (cos  A  +  cos  B). 

(20)  (a  -  b)  (1  +  cos  C)  =  c  (cos  B  -  cos  A). 

(21)  (a2  —  62)  cos  C  =  c  (b  cos  B  —  a  cos  A). 

(22)  (62  -  c2)  sin  A  =  a2  sin  (B  -  C). 

2         70 

(23)  cosec  C  =  cot  B  —  cot  A. 
ab 

(24)  (62  -  c2)  cot  A  +  (c2  -  a2)  cot  B  +  (a2  -  62)  cot  C  =  0. 

6  —  c       0A      c  — a       0B      a  —  b       0C 

(25)  -  cos2  -  +  -r-  cos2  ^  + cos2  ^  =  0. 


EXAMPLES    54. 

(1 )  If  sin2  C  =  sin2  A  +  sin'2  B,  prove  that  the  triangle  is  right- 
angled. 

(2)  If   a  cos  A  =  b  cos  B,   prove    that    the    triangle   is   either 
right-angled  or  isosceles. 

(3)  If  a  cos  B  =  b  cos  A,  what  relation  between  the  angles  can 
be  inferred  ? 
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(4)  If  (a2  +  b2)  cos  2  A  =  b2  —  a2,  prove  that  the  triangle  must 
be  right-angled. 

/K\         T£    COS  A          COS   B          COS  C  ^      L   ^ 

(5)  If  -     -=s  — 5—  =  —    —  ,  prove  that  the  triangle  is  equi- 

CL  0  C 

lateral. 

(6)  Prove  that  8  cos  A  cos  C  =  3  cos  B,   when  a  =  A/5,  6  —  2, 
c  =  j3. 

(7)  If  a  triangle  be  formed  having  for  its  sides 

AN  x% 

c,  (a  +  b)  sin  — ,  and  (a  -  b)  cos  -^ , 

Jj  A 

shew  that  it  is  right-angled. 

(8)  ifA  =  45°  and  B  =  60°,  prove  that  2c  =  a(l+  J3). 

(9)  If  A  =  40°  and  C  =  80°,  prove  that  a  +  c  =  26  cos  20°. 

(10)  If  sin  A  :  sin  B  :  sin  C  =  13  : 14  : 15,  find  cos  A. 

(11)  Prove  that  the  perpendicular  from  A  on  BC 

b2  sin  C  +  c2  sin  B 
b  +  c 

(12)  If  D  be  the  middle  point  of  BC,  and  X  the  foot  of  the 
perpendicular  from  A  on  BC,  prove  that 

b2~c2 

DX  =  -^-—. 
2a 

(13)  If  AD  be  the  median  through  the  point  A,  i.e.,  the  line 
which  joins  A  to  the  middle  point  of  BC,  prove  that 


(14)  If  AD,  BE,  CF  be  the  three  medians,  prove  that 

AD2  +  BE2  +  CF2  -  |  (a2  +  b2  +  c2). 

(15)  If  cot  A,  cot  B,   cot  C   be  in  Arithmetical   Progression, 
prove  that  a2,  62,  c2  are  also  in  Arithmetical  Progression. 

(16)  If  A,   B,  C  be  the  angles  of  a  triangle,  prove  that  the 
value  of  sin  B  sin  C  cos  A  +  sin2  A  will  remain  unchanged  when  any 
two  of  the  angles  A,  B,  C  are  interchanged. 

..     ,  sin  2A  +  sin  2B  +  sin  2C  ,     A    .     B    .     C 

(17)  IShew  that  — r : : =  b  sin  —  sin  ^  sin  —  . 

sm  A  +  sin  B  +  sin  C  2 

/IQ\      en         ±u    ,  sin  B  +  sinC-sinA  B         C 

(18)  Shew  that  - —  — r— r  =  tan  ^  tan  -^  . 

sin  B  +  sm  C  +  sin  A  22 
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XIII.    THE  SOLUTION  OF  TRIANGLES. 

135.  When  a  sufficient  number  of  the  six  elements  of  a 
triangle  are  given,  and  we  use  the  various  properties  which  have 
been  established  to  determine  the  remaining  elements,  we  are 
said  to  solve  the  triangle.     The  calculations  involved  will  be 
simplified  in  some  cases  by  the  use  of  logarithms,  by  which  we 
are  enabled  to  substitute  addition  and  subtraction  for  multiplica- 
tion and  division.     Any  three  of  the  six  elements  of  a  triangle 
will  be  enough  for  the  purpose,  provided  that  at  least  one  of 
the  three  is  a  side.     Three  angles  will  not  suffice,  for  when  two 
angles  are  given,  the  third  is  necessarily  known ;  of  three  such 
data  only  two  therefore  can  be  considered  independent. 

All  plane  triangles  whatever  may  be  classed  under  one  or 
other  of  two  heads; — (i)  Right-angled  triangles;  (ii)  Triangles 
which  are  not  right-angled.  We  will  consider  these  classes  in 
turn. 

The  Solution  of  right-angled  triangles. 

136.  Right-angled  triangles  of  which  one  angle  is  30°,  45°, 
or  any  one  of  those  whose  ratios  have  been  specially  determined, 
were  briefly  considered  in  Art.  41.    We  have  still  however  to  con- 
sider cases  involving  other  angles. 

(a)    When  an  acute  angle  and  a  side  are  given. 

137.  (i)  Let  A  and  a  be  the  given  elements. 
Then 

B  =  90°  -  A, 

b  =  a  cot  A, 
and  c  =  a  cosec  A. 

If  in  these  equations  we  substitute  the  known 
values  of  A,  a,  cot  A,  and  cosec  A,  we  obtain  the 
required  values  of  B,  b  and  c. 


(ii)     If    A    and    b    be    the 
given  elements,  then 

B  =  90°  -  M 
a  =  b  tan  A,  - 
c  -  b  sec  A.  . 


(iii)     If    A    and    c 
given  elements,  then 

B  =  90°  -  A, 
a  =  c  sin  A, 
b  =  c  cos  A.  J 


J-        c 
be    the 


1 
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We  may  from  these  equations  obtain  the  required  elements, 
either  by  direct  substitution  for  A  and  the  given  side,  or  by  using 
logarithms.  By  direct  substitution  the  process  is  sufficiently 
simple. 

EXAMPLES   55. 

Solve  a  right-angled  triangle  in  the  following  cases,  the  right 
angle  being  at  C  : — 

(1)     c  =  40,  A -75°.  (2)     c  =  22,  A -15°  47'. 

Given  sin  75°  =  -9659258,  Given  sin  15°  47'  =  -2720003, 
cos  75°  =  -2588190.  cos  15°  47'-  -9622972. 

(3)     6  =  14,  A -47°  5'.  (4)     6  =  3-25,  A  =  60°. 

Given  tan  47°  5'  -  1  -0755006,  Given  tan  60°  =  1  -7320508, 

sec  47°  5'  =  1-4685713.  sec  60°  =  2. 

(5)     a  =  25,  A  =  36°  10'.  (6)     a  -15,  A  =  78°  34'. 

Given  cot  36°  10'  -  1-3679959,  Given  cot  78°  34'  -  -2022409, 
cosec  36°  10'  =  1-6945244.  cosec  78°  34'  =  1  -0202457. 

(/3)    When  two  of  the  three  sides  are  given. 

138.  (i)  If  a  and  b  be  the  given  elements,  we  have  the 
following  equations  : — 

tan  A  =  j- ,  whence  we  obtain  A ; 

B  =  90°  —  A,  whence  we  can  then  obtain  B; 
and  c  =  a  cosec  A,  whence  we  get  c. 

Using  logarithms,  the  first  and  third  equations  become 

L  tan  A  =  10  +  log  a-  log  6,      j 
and  log  c  =  log  a  -  L  sin  A  +  10.  J 

(ii)     If  a  and  c  be  the  given  elements,  we  have 

sin  A  =  - ,  whence  we  obtain  A ; 

0 

B  =  90°  —  A,  whence  we  then  obtain  B  ; 
and  b  =  c  cos  A,  I    from  either  of  which 

or  b  =  V(c  +  a)  (c  -  a), J    we  ma7  obtain  6. 

Using  logarithms,  the  first  and  last  equations  become 

L  sin  A  =  10  +  log  a  —  log  c, 
and  log  b  =  log  c  +  L  cos  A—  10, 

or  log  b  =  J  [log  (c  +  a)  +  log  (c  -  a) 
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EXAMPLES   56. 

Determine  the  other  elements  in  the  following  cases,  C  being 
the  right  angle  : — 

(1)  a  =  3,  6  =  4. 

Given  tan  36°  52'  =  -7499119  ;  diff.  for  1'  =  -0004546. 

(2)  c  =  23,  6  =  10. 

Given          log  23-    1-3617278, 

sec  64°  13'  =    2-2990134,  diff.  for  1'  =  -0013854. 

(3)  a  =  5,  6  =  7-5. 

Given  tan  33°  41'-    -6664969,  diff.  for  1'  = -0004202, 
cosec  33°  41'  =  1-8030935,  diff.  for  1'  =  -0007865. 

(4)  a  -37,  6  =  9-25. 

Given    tan  75°  57' =  3 -9959223,  diff.  for  1'=    -0049413, 
sec  75°  57' =  4-1191498,  diff.  for-  1'  =    -0047937. 

The  solution  of  triangles  which  are  not  right-angled. 
(a)    When  three  sides  are  given. 

139.     We  have  in  this  case  the  following  formulae  at  our 
disposal  for  the  determination  of  the  angle  A : — 


(v)     sin  A  =    -  \fs  (s  —  a)  (s  —  b)(s  —  c). 


(s-b)(s-c) 
-  - 


Which  of  these  formulae  is  to  be  used  in  any  question  will 
generally  depend  to  some  extent  upon  the  data  given  in  the 
question  :  but  if  the  choice  is  not  restricted,  that  formula  should 
be  selected  which  promises  to  lead  to  the  required  result  with 
least  calculation. 

If  the  values  of  a,  b,  and  c  are  simple,  and  such  as  can  be 
multiplied,  &c.,  mentally,  it  may  seem  best  to  determine  cos  A  by 
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means  of  (i),  and  thence  to  determine  A  directly  ;  but  when  these 
values  are  large  or  complex,  the  multiplications  and  divisions 
involved  in  (i)  become  troublesome,  and  moreover  cannot  be 
avoided  by  using  logarithms. 

If  the  values  of  a,  6,  and  c  are  not  suitable  for  (i)  the  best 
formula  to  use  is  (ii).  Logarithms  can  be  used  with  it,  and 
moreover  the  same  logarithms  will  be  required  for  one  angle  as 
for  another,  namely,  those  of  s,  s  —  a,  s  —  6,  and  s  —  c. 


A    /(s-b)(8-c) 

Thus        tan-  =  v/^  -  '  v    '  , 
2   V   s(s-a) 


(s-a}(s-c) 


.'.  X  tan  ^  -10  +  J{log(s-&)  +  log(s-c)-logs-log(s-a)}, 

and      L  tan  —  =  10  +  J  {log  (s  —  «)  +  log  (s  —  c)  —  log  s  —  log  (s  —  b)}. 

When  A  and  B  have  been  determined  in  this  way,  we  can 
obtain  C  from  the  relation,  C  =  180°  —  A  -  B. 

NOTE.     If  only  one  angle  A  is  required,  it  will  generally  be 

A 
best  to  reduce  the  expression  for  tan  -  to  its  lowest  terms,  before 

2i 

using  logarithms  ;  but  if  two  angles,  A  and  B,  have  to  be  deter- 
mined, this  should  not  usually  be  done. 

Example.     Given  a=  2364,  b  =  3280,  c=4120  -,  find  the  angles. 
We  have  2s  =  2364  +3280  +  41  20  -9764, 

.-.  s=4882,  5-6=1602,  s-a  =  2518,  a-c=762, 


A          /1602x~762 

.-.  tan-  = 


4882x2518' 

.-.  Ztan^=10  +  !(logl602  +  log762-log4882-log2518) 
3-2046625-3-6885978)  r 


6-08661751 
-7-0896535J 

=  10 -|(1-0030360)  =  10-  -5015180 
=  9-4984820. 
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But      L  tan  1  T  29'  =  9-4982816,  and  diff.  for  60"  =  "0004407  ; 
.  -.  no.  of  seconds  to  be  added  to  17°  29'=££gf  x  60=27*3  ; 


.-.  A  =  34°58'54"-6. 
Similarly  we  may  find  B,  and  thence  C. 

NOTE.  To  determine  the  angles  of  a  triangle  it  is  not 
necessary  that  the  actual  lengths  of  the  three  sides  should  be 
given.  It  is  sufficient  to  know  the  ratios  which  the  lengths  bear 

one  to  another.     For  example,  if  a  :  b  :  c  =  2  :  5  :  6,  we  may  put 

^ 

2k,  5k,  6k  for  a,  b,  c,  respectively,  in  the  formula  for  tan  -  ,  and 

2i 

it  will  be  seen  that  the  k's  will  disappear  by  cancelling. 

EXAMPLES   57. 

(1)  If  a=114,  6-101,  c  =  25,  findtan^. 

A 

(2)  The  sides  of  a  triangle  are  proportional  to  5,  7  and  9  ; 
find  the  cosine  of  the  greatest  angle. 

(3)  If  the  sides  of  a  triangle  be  3,  3J  and  5,  shew  from  the 
formula  for  the  cosine  of  an  angle  that  the  triangle  is  obtuse- 
angled. 

(4)  If  the  sides  of  a  triangle  be  5,  7  and  8,  shew  that  one  of 
the  angles  is  60°. 

(5)  If  the  sides  of  a  triangle  be  4,  5  and  6,  find  the  greatest 
angle  ;  given  cos  82°  49'  =  '125. 

(6)  If  the  sides  a,  b,  c,  respectively,  be  2,  \/6,  and  1  +  \/3, 
find  A. 

(7)  Find  the  smallest  angle  of  the  triangle  whose  sides  are 
25,  30  and  35;   given  sin  45°  35'  5"  =  -714286. 

(8)  If  a  =18,  6  =  24,  c  -  30,  find  sin  A. 

(9)  The  sides  of   a  triangle  are   10,   15   and   20;   find  the 
largest  angle.     Given  log  2  ;    also 

L  sin  52°  14'  =  9-8979082,  diff.  for  1'  =  -0000978. 

(10)     If  a  =  297,  b  =  351,  c  =  432,  find  A.     Given  log  2,  log  3 
and  log  7  ;    also    L  cot  21°  31'  =  10  -4042321,] 
L  cot  21°  32'  =  10-4038620.  J 
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(11)  If  the  sides  be  14,  16  and  18,  find  the  least  angle. 

Given     L  tan  24°  5'  40"  =  9-65050691 

7,tan24°5'50"  =  9-6505634j  >a 

(12)  If  a  :b  :c  =  4  :  5  :  6,  find  B. 
Given         L  cos  27°  53'  =  9-9464040 

'a 


(13)     If  a=16,  6-36,  c  =  44,  find  A. 
Given        log  32  =  1-5051500  ;  log  33  -  1-5185139  ; 

L  cos  10°  1'  =  9-9933292,     diff.  for  1'  -    -0000224. 
03)    When  two  angles  and  a  side  are  given. 

140-  If  the  given  elements  be  A,  B  and  c,  we  may  determine 
C,  a  and  b  thus : — 

(i)     C  =  180°-A-B. 

a      sin  A  . 

(11)     -  =  -.-     .    ..    log  a  =  log  c  +  //smA  —  .// sin  ( A  +  B). 
c      sin  C 

,....      6      sin  B  . 

(in)     -=-,—     ,    .'.    log  6  =  log  c  +  x/ sm  B  —  //sin(A  +  B). 
c      sin  C 

Example.  Given  A  =  17°  28' 5",  B  =  133°  41' 13",  cmd  6-28;  >MJ? 
C,  a  and!  c. 

(i)  C  =  180°  -  1 7°  28'  5"  -  133°  41'  13"  =  28°  50'  42". 

....  a     sin  A 

(11)  6-3FB' 

.-.  log  a  =  log  6 +£  sin  A  — Zsin  B 

=  log  28 + L  sin  17°  28'  5"  -L  sin  133°  41'  13" 
-  log  28  +  L  sin  17°  28'  5"  -  L  sin  46°  18'  47". 

We  calculate  the  required  logarithms  with  the  help  of  the  Tables, 
and  we  then  proceed  to  find  a  as  in  former  cases.  The  side  c  may  be 
obtained  in  a  similar  way. 

EXAMPLES   58. 

(1)  If   A -135°,    B=15°    and   c  =  19,   find  the  other  sides. 
Given  sin  15°  =  -2588190,  and  sin  135°  =  -7071068. 

(2)  If  B  =  45°,  C  =  10°  and  a  =  200  feet,  find  6. 
Given   log  172-64  =  2-2371414,  log  172-65  =  2-2371666, 

L  sin  55°  -  9-9133645,  and  log  2. 
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(3)  The  base  of  a  triangle  being  7  ft.,  and  the  base  angles 
129°  23'  and  38°  36',  find  the  length  of  the  longest  side.     Given 

L  sin  50°  37'  -  9-8881335  ;  L  sin  12°  11'  =  9-3243657  ; 
log  2  -5636  =  14088503,  diff.=  -0000169  ;  log  7. 

(4)  The  angles  of  a  triangle  are  40°,  60°,  and  80°  respec- 
tively, and  the  greatest  side  is  22  ft.  ;  find  the  other  sides.     Given 

L  sin  40°  =  9-8080675  ;    L  sin  80°  -  9-9933515  ; 

log  22  =  1-3424227;  log  14359  =  4-1571242,  diff.  =  -0000302  ; 
L  sin  60°  =  9-9375306  ;  log  19346  =  4-2865912,  diff.  -  -0000224.  ' 

(?)    When  two  sides  and  the  included  angle  are  given. 

141.     If  a,  b,  and  C  be  the  given  elements,  we  may  determine 
c,  A  and  B,  thus  :  — 

(i)     We  have  tan  —         =  -  •  cot  —  . 
2          a  +  b         2' 

A     _     O  /~\ 

.'.    L  tan  —  -  —  =  log  (a  —  b)  —  log  (a  +  &)  +  //  cot  —  . 


Whence  we  determine  the  angle 


A    _   p 


A+B      180°-C  C  A  +  B 

Also    —  -  —  =  -  ^  -  =  90   —  -^  ;  whence  we  get  —  -  —  . 

From  these  two  results  we  find  A  and  B. 

The  student  should  generally  reduce  --  -  to  its  lowest  terms, 
before  introducing  logarithms. 

c      sinC 

(11)     Also,  -  =  —  --  ,    .*.    logc  =  lo£a  +  //smC  —  ZsinA  ; 
a      sin  A 

whence  we  may  determine  c. 

Example.     If  b  =  585,  c  =  473  ,  and  A  =  45°  20'  30",  find  (i)  th  e  angles 
B  and  C,  and  (ii)  the  side  a. 

(i)     We  have  tan  ^5  =  |^cot  ^=~  cot  22°  40'  15", 

.  •  .  L  tan  ?^5  =  log  56  -  log  529  +  L  cot  22°  40'  1  5" 

r          £cot22°40'=io-3792i2S,-|          =    17481880+  10'3791240-  2'7234557 

difF.  for  15"=     -0000888, 
I/.  Zcot22°40'l5"=lO-379i240.J         -        9*4038563.  [Tables] 
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Also  Z  tan  14°  13'=   9'4037182  ;  diff.  for  l'  =  5304  ; 

r>  _  f\ 

°      ' 


15"-62  ; 


(=  28°  26' 31"-24\  m 
;  =  134°  39' 30"     }' 


/.  B-C 
and  B  +  C  = 

B=  81°  33'    0"'62j 
C=   53°    6' 29" -38]' 


(ii)     To  find  the  side  a  we  now  have 

log  a  =  log  b  +  L  sin  A  -  L  sin  B 

=  log  585  +  L  sin  45°  20'  30"  -  L  sin  81°  33',  0"' 


=  12-6192153  -  9-9952599 
=  2-6239554; 
.  •  .     a  =  420-68,         from  the  Tables. 

EXAMPLES   59. 

(1)  If  b  =  11,  c  =  8,  and  A  =  60°,  find  a  to  4  decimal  places. 

(2)  If  b  =  2,  c  =  3,  and  A  =  cos"1  J,  find  a,  cos  B  and  cos  C. 

(3)  If  a  =  3,  b  =  5,  and  C  =  120°,  find  c,  cos  A  and  cos  B. 

(4)  If  a  =  5,  b  =  ±,  arid  tan  /-?  =  3  x/3,  find  A-  B. 


(5)  Iftaa  =  gj>7,  6-50  and  c  =  4 

(6)  If  a  :  b  =  2  +  x/3  :  1,  and  C  =  60°,  find  A  and  B. 

(7)  If  a  =  4,  6  =  1,  and  C  =  60°,  find  c,  sin  B  and  tan  B. 

(8)  If  c  =  7,  a  =  3J,  and  B  =  60°,  find  b,  A  and  C. 

(9)  If  a  =  20,  6=10,  and  C  =  60°,  find  c,  A  and  B. 

(10)  If  a  =  65,  b  -  63,  and  C  -  52°  22',  find  A  and  B. 
Given       L  cot  26°  11'         =10-30830)        . 

and  Ztan    1°49'12"=    8-50212p  ak 

(11)  If  a  =  70,  b  =  35,  and  C  =  36°  52'  12",  find  A  and  B. 
Given       log  3,  and  L  cot  18°  26'  6"  =  10-4771213. 
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(12)  If  a  :  b  =  21  :  11,  and  C  -  34°  42'  30",  find  A  and  B. 
Given        log  2,  and  L  cot  17°  21'  15"  -  10-50515. 

(13)  If  a  =  42  J,  6  =  37J,  and  C  -  70°,  find  A  and  B. 
Given     L  cot  35°  -  10-154773,  L  tan  5°  6'  -  8-950596, 

log  2,  and  L  tan  5°  7'  -  8-952021. 

(14)  If  a  =  189,  b  =  61,  and  C  =  60°,  find  A  and  B. 
Given     L  tan  41°  34'  =  9-9478265)        .      .      _       ,  . 

Z  tan  41°  35'  =  9-9480810}  >als( 

(15)  If  a  =  384,  b  =  330,  and  C  =  90°,  find  A  and  B. 
Given     L  tan  4°  19'  -8-8778437 


diff.  for  1'=    0016799  '  and 

(16)     If  a  =  95,  6  =  72,  and  C  =  37°  33'  20",  find  A  and  B. 
Given  log  23  =  1-3617278,  L  tan  22°  3'  -    9-6074997, 
log  167  -  2-2227165,  L  tan  22°  4'  -    9-6078627, 
L  cot  18°  46'  40"  =  10-4685275. 


(8)    The  ambiguous  case;—  Given  two  sides  and  the 
angle  opposite  to  one  of  them. 

142.  This  case  calls  for  most  careful  consideration.  There 
may  be  no  triangle  at  all,  or  one  triangle,  or  two  triangles, 
according  to  the  conditions  which  the  given  values  satisfy. 

Let  a,  b  and  A  be  the  given  elements,  and  let  CAX  =  A,  AC  =  6, 
and  LM-a;  and  let  CD  be  drawn 
from  C  perpendicular  to  AX.  c 

We  have  then  two  angular  points 
A  and  C  of  the  required  triangle 
already,  and  it  remains  only  to  de- 
termine the  position  of  the  third 
angular  point  B.  Of  this  position 
of  B  we  know  two  facts:  —  (i)  that 
it  lies  on  AX,  and  (ii)  that  it  is  at 
the  distance  LM  from  C.  Conse- 
quently the  point  B  must  be  where 
AX  meets  the  circle  described  with 
centre  C  and  radius  LM.  We  have 
however  three  possible  cases  to  consider:  — 
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(i)     If  LM  <CD,  the  circle  does  not  meet  AX  at  all,  and  there- 
fore no  triangle  with  the  given  elements  can  be  constructed. 


(ii)  If  LM=CD,  the  circle  touches  AX,  and  therefore  one 
triangle,  namely  ACD,  can  be  constructed. 

(iii)  If  LM  >  CD,  the  circle  will  cut  the  line  AX  in  two  points 
Bx  and  B2.  These  points  will  be  on  the  same  side  of  A,  if  LM  <  AC, 
and  on  opposite  sides  of  A,  if  LM>  AC. 


Consequently,  when  LM  >  CD,  but  <  AC,  as  in  the  left-hand 
figure,  the  construction  gives  us  two  triangles,  ABjC  and  AB2C, 
both  of  which  have  the  three  given  elements  a,  6,  and  A. 

On  the  other  hand,  when  LM  >  CD,  and  >  AC,  as  in  the  right- 
hand  figure,  the  triangle  ACB2  has  the  given  elements  a  and 
6,  but  the  angle  opposite  to  the  side  CB2,  or  a,  is  180°  — A  instead 
of  A.  In  this  case  therefore  only  one  of  the  triangles,  namely, 
ACBi,  has  all  three  of  the  given  elements. 

The  perpendicular  CD  is  equal  to  b  sin  A,  hence  we  may  state 
the  result  of  the  above  investigation  briefly  thus: — When  the 
given  elements  are  two  sides  a,  6,  and  an  angle  A  opposite 
to  one  of  them,  it  will  be  possible  to  describe  TWO 
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dissimilar  triangles  with  these  elements,  when  a,  b  and 
A  are  such  that  a  >  b  sin  A,  and  <  6,  i.e.,  when  a  lies  in 
magnitude  between  b  and  6  sin  A. 

In  consequence  of  the  data  leading  to  two  solutions,  this  is 
called  the  ambiguous  case. 

143.     To  solve  a  triangle  in  the  ambiguous  case. 
Let  a,  b  and  A  be  the  given  elements,  such  that 
a  >  b  sin  A,  and  <  b. 

(i)     We  have    sin  B  =  -  sin  A, 

a  L 

or  L  sin  B  =  log  b  —  log  a  +  L  sin.  A.  J 

From  these  relations  we  obtain  the  value  of  sin  B,  or  of  L  sin  B  ; 
and  thence  we  obtain  two  possible  values  of  B,  namely, 

B!  (less  than  90°),  and  180°  -  Bx. 

(ii)  C  =  180°  —  A—  B;  hence  we  obtain  two  values  of  C, 
namely, 

180°-A-B1,  \    .          fl80°-A-B1, 

and  180°  -A-  (180°  -Bi),/  1'e<>   {and  I^-A. 

(iii)     The  third  side  c  may  be  obtained  from  the  formula 

c      sin  C 

-  =  —.  -  ,    whence    log  c  =  log  a  +  L  sin  G  —  L  sin  A. 

a      sin  A 

Since  sin  C  has  two  different  values,  this  formula  leads  to 
two  different  values  of  c. 

NOTE.  When  the  given  elements  are  such  that  only  one 
of  these  solutions  is  possible,  i.e.,  when  a>  6,  we  determine  sin  B 
as  above,  and  we  select  only  that  value  of  B  which  is  less  than 
90°.  In  this  case  A  may  be  either  acute  or  obtuse. 

144.  The  two  values  of  the  third  side  c  in  terms  -of  «,  b, 
and  A,  may  also  be  obtained  algebraically  direct  from,  the  equation 


Thus 


_  26  cos  A  +  J±b'2  cos2  A  -  462  +  4a2 


=  b  cos  A  +  sa2  —  6a  sin2  A. 
P. 
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Hence,  if  cx  and  c3  be  the  two  values  of  the  third  side,  we  have 

ci  +  C2  -  26  cos  A, 
and  CjC2  =  62  —  a?. 

NOTE.  From  the  expression  under  the  radical  in  the  value 
of  c,  we  may  also  determine  the  conditions  for  the  existence  of 
two  triangles,  one  only,  or  none. 


EXAMPLES   60. 

State  the  number  of  solutions  in  the  following  cases : — 
(1)     A  =  30°,  6  =  8,  o  =  4.  (2)     A  =  30°,  6  =  8,  0=6. 

(3)     A  =  30°,  6  =  8,  o  =  3.  (4)     A  =  30°,  6  =  8,  o  =  9. 

In  the  following  four  cases,  solve  the  triangle  without  using 
logarithms : — 

(5)  A  =  30°,  c  =  17J,  o  =  8J. 

(6)  A  =  120°,  o=\/3,  6=1. 

(7)  A  =  105°,  o=\/3  +  l,  c  =  V6. 

(8)  A  =  30°,  o=l,  c  =  \/3. 

(9)  If  a  =  35,  c  =  20,  A  =  107°  25',  find  C.  Given  log  2 ; 

log  3-5  =  -5440680 ;     L  sin  33°  2'  =  9-7364976, 
L  sin  A  =  9-9796182 ;  L  sin  33°  3'  =  9-7366918. 

(10)  If  a  =  42,  6  =  80  and  B  =  60°,  find  A. 
Given  L  sin  27°  2'  30"  =  9-6576661,)   . 

Zsin27°  2' 40"  =  9-6577073,}  log2'  lo*3  "^  log7' 

(11)  If  0  =  8,  6  =  7,  A  =120°,  find  Band  C. 

Given  L  sin  60°  =  9-9375306,  L  sin  49°  16' =  9-8795287, 
log  7  and  log  2,  L  sin  49°  17'  =  9-8796375. 

XIV.    THE  AREA  OF  A  TRIANGLE. 

145.     We  learn  from  Euclid  that  the  area  of  a  triangle  is 
half  that  of  a  rectangle  on  the  same  base  and  of  the  same  height. 
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But  the  area  of  a  rectangle  is  obtained  by  multiplying  the 
number  of  units  of  length  in 
the  base  by  the  number  of 
units  of  length  in  the  height', 
the  result  being  the  number 
of  units  of  area  in  the  area. 

Consequently,  if  a  be  the 
number  of  units  of  length  in 
the  base  BC  of  the  rectangle 
BCEF,  and  h  be  the  number  of 
units  of  length  in  the  height 
AD,  the  area  of  the  rectangle 
will  be  measured  by  ah,  and  the  area  of  the  triangle  BAG  by 


.'.  area  of  A  ABC  =  \ali  —  \ah  sin  C. 
Similarly  the  area  may  be  represented  by 

J  be  sin  A,     and  also  by    \  ac  sin  B  ; 

and,  generally,  the'  area  of  a  triangle  is  measured  by  half  the 
product  of  any  two  sides  and  the  sine  of  the  included 
angle.  To  denote  this  area  we  will  use  the  symbol  A. 

146.      From  the  formula  A  =  J6csinA  we  may  deduce   an 
expression  for  A  in  terms  of  s  and  the  three  sides. 


Thus 


A  =  ^  be  sin  A 


(Art.  131) 


=  vs  (s  —  a)  (s  —  b)(s  —  c). 


147.  It  is  necessary  to  remember  the  expressions  which 
have  been  obtained  for  the  area  of  a  triangle,  namely, 

A  =  ^bc  sin  A  =  Jac  sin  B  =  \ab  sin  C, 
and  A  =  *Js  (s  —  a)(s  —  b)  (s  —  c). 

Other  expressions  may  be  deduced  from  these,  but  are  of  less 
importance.  For  example,  to  suit  the  case  in  which  two  angles  A, 
B,  and  a  side  c,  are  given,  the  formula  A  =  \  be  sin  A  may  be 
transformed  thus  : — 


.  c  sin  B  c2  sin  A  sin  B 

A  =  ^  be  sin  A  =  *  — ; — —  x  c  sin  A  =  -^ 


sinC 


2  sin(A 


8—2 
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It  may  be  noticed  too  that  all  these  formulae  for  the  area  of 
a  triangle  are  suitable  for  use  with  logarithms  :  thus  — 

log  A  =  log  b  +  log  c  —  log  2  +  L  sin  A  -  10, 
and       log  A  =  |  {log  s  +  log  (s  —  a)  +  log  («  —  b)  +  log  (s  —  c)}. 

EXAMPLES   61. 


Find 

the 

area 

of  the  triangle 

in  the 

following  cases.     Given 

(1) 

a- 

,8, 

&  = 

3, 

C  =  90°. 

(2) 

0  = 

6, 

b  = 

7,      C 

=  90°. 

(3) 

a- 

=  5, 

b  = 

7, 

c  =  30°. 

(*) 

a  = 

12, 

b  = 

6,      c 

=  150°. 

(5) 

a- 

=  H 

c  = 

10, 

B  =  120°. 

(6) 

b  = 

3, 

c  = 

21      A 

-  45°. 

(7) 

a- 

=  12, 

b  = 

15, 

c=9. 

(8) 

a  — 

13, 

b  = 

14,     c 

=  15. 

(9) 

A  = 

=  30° 

,  B  = 

60°, 

c  =  12. 

(10) 

A  = 

60°, 

B- 

45°,  c 

-16. 

(11) 

If 

the 
find 

area  of  an 
its  sides. 

equilateral  triangle 

be 

596 

square  yards, 

(12)     From  the  formulae  in  Art.   147  deduce  the  following  ex- 
pressions for  the  area  of  a  triangle  :  — 

»     2  (cot  /+  cot  B)-  <">     K^aB^rinSo). 

,....        2s2  sin  A  sin  B  sin  C  2abc  ABC 

(ill)  —  -        -  ;  -         -  ;  -  r-  .  (IV  )          -  _  -    COS  jr  COS   7T  COS  -^  . 

(sin  A  +  sm  B  +  sin  C)2  a  +  b  +  c        2 


XV.    PROBLEMS  INVOLVING  THE  SOLUTION  OF 
TRIANGLES. 

148.  We  will  now  consider  some  practical  questions  which 
depend  for  their  solution  upon  the  methods  which  we  have 
already  given  for  solving  triangles  under  various  conditions,  but 
we  may  remark  again  here  that  no  very  definite  rules  can  be 
laid  down  for  the  solution  of  these  problems,  beyond  two  ;  —  That 
the  student  should  draw  the  diagrams  very  carefully  and  neatly, 
marking  all  the  data,  and  that  he  should  have  readily  at  his 
command  the  various  formulae  which  have  been  proved  to  hold  in 
connection  with  the  angles  and  the  sides  of  a  triangle.  He  will 
then  be  able  to  write  down  a  sufficient  number  of  equations  by 
means  of  which  the  unknown  quantities  involved  in  the  problem 
can  be  fully  determined.  We  will  consider  only  the  simpler 
problems  in  which  the  objects  lie  all  in  one  plane. 
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Suppose,    for   example,    that    an    object    P    on    the    groun 
can  be  seen  from  two  posi- 
tions A  and  B.     To  calculate  p 
the  distances  of    P  from    A 
and  B,  namely,  PA  and  PB, 
we  need   only  the  measure- 
ment of  the  distance  AB  and 
of  the  angles  PAB  and  PBA. 
For  let 


=  a,  PBA=/3,  and  AB=a; 


then 


and 


PA=    . 


asm 


asm/? 
sin  (180°- a- J8)  =sin(a  +  /? 


PB  = 


a  sin  a 


a  sin  a 


sin  ( 180°- a- 0)      sin(a  + 


If,  again,  P  be  a  balloon  or  any  elevated  object  in  the  vertical 
plane  through  A  and  B,  its  distances  from  A  and  B  and  its  height 
from  the  ground  (PC)  may  be  calculated  as  above  from  the 
measurement  of  AB  and  of  the  angles  of  elevation  PAB  and  PBA. 


Thus 


.    .  a  sin  a  sin  8 

PC  =  PA  sin  a  =  — 

sin  (a 


149.     We  will  next  suppose  that  P  and  Q  are  two  objects 
on  a  level  plane,  on  which  are  also  two  positions  A  and  B  from 
which  both  P  and  Q  can  be 
seen.    If  we  measure  the  dis- 
tance AB  and  the  angles  PAB 
and  PBA,  we  can  determine, 
as  in  Art.  148,  the  distances 
PA  and  PB. 

Similarly,  from  the  mea- 
surement of  AB  and  of  the 
angles  QAB  and  QBA,  we  may 
determine  the  distances  QA 
and  QB. 

We  may  then  obtain,  by 
subtraction,  the  angles  PAQ  and  PBQ. 
angles  by  direct  measurement. 


We  may  also  verify  these 


We  may  now  calculate  the  distance  PQ  by  using  either  the 
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measurements  of  AP,  AQ  and  the  angle  PAQ,  or  those  of  BP,  BQ 
and  the  angle  PBQ.  Thus  the  distance  apart  of  two  remote 
objects  P  and  Q  can  be  ascertained  by  measurements  made  at  A 
and  B,  two  positions  far  away  perhaps  from  both  of  them. 

The  length  AB  which  is  subjected  to  actual  measurement 
is  called  the  base  line;  and  the  instrument  which  is  used 
to  measure  the  angle  between  two  directions  such  as  AB  and  AP 
is  called  a  Theodolite. 


150.  A  few  simple  examples  of  this  class  of  problems  were 
worked  out  in  full  in  Art.  41 ;  those  which  follow  in  the  re- 
mainder of  this  section  are  somewhat  more  complicated.  We 
will  assume  that  the  height  of  the  observer's  eye  above  the 
ground  is  taken  account  of  in  the  given  data,  unless  the  con- 
trary is  expressly  stated. 

Example  i.  A  man  observes  the  angle  of  elevation  of  a  pole  to  be  15°; 
he  walks  directly  towards  it,  in  a  horizontal  plane  passing  through  its 
base,  for  a  distance  c  yards,  and  observes  the  angle  of  elevation  to  be  now 
75°.  Find  the  height  of  the  pole,  and  the  distance  of  its  base  from  the 
second  place  of  observation. 

Let  AB  be  the  pole ;  D  and  C  respec- 
tively the  first  and  second  places  of 
observation.  Then 


ADB  =  15°;  ACB  =  75°;  DC  =  c  feet. 
Let  AB  =  h  feet,  and  CB  =  x  feet. 


CxB 


Then     ~-  =  cot  1  5°  =  2 


and 


••!•*«• 


and  x  =  (2  -  v/3)  h  =  |  (2  \/3  -  3). 

Example  ii.  ^Vwrf  Me  angrfc  subtended  by  a  flagstaff  30  /ee£  AiV^A, 
placed  on  the  corner  of  a  church  tower  90  feet  high,  at  a  point  on  the 
ground  40  feet  from  the  base  of  the  corner. 
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Let  AC  be  the  flagstaff;    CB,  the  tower;   O,  the  A 

place  of  observation ;    0,  the  angle  AOC. 

Then  tan0  =  tan(AOB-COB)  /   so 


=  •0967742. 

In  the  usual  way,  Art.  Ill,  by  means  of  the  Tables, 
we  find  that  this  value  of  the  tangent  belongs  to  an 
angle  of  5°  31'  39"'14  ; 

.-.  0=5°31'39"'14 


40 


EXAMPLES   62. 

1-732;  V2  =  14142;  >/6  =  2-449;  7X15  =  10-7328.] 

(1)  The  mast  .of  a  ship,  100  feet  high,  subtends  an  angle  of 
1° ;  how  far  off  is  the  ship  1     (cot  1°  =  57-289962.) 

(2)  The  angle  of  elevation  of  the  top  of  a  building  is  24°, 
and  a  line  drawn  from  the  top  to  the  point  of  observation  is  60 
yards  long.    Find  the  height  of  the  building,    (sin  24°  = -4067366.) 

(3)  The  vertical  angle  of  an  isosceles  triangle  is  120°,  and 
the  length  of  the  perpendicular  from  the  vertex  on  the  base  is 
15  feet.     Find  the  sides  of  the  triangle. 

(4)  In  a  right-angled  triangular  field  one  side  is  100  yards, 
and  the  perpendicular  from  the  right  angle  on  the  hypotenuse  is 
50  yards.     Find  the  other  sides  of  the  field. 

(5)  C  is  a  post  on  the  bank   of  a   river;    and  along  the 
opposite  bank  a  man  walks  in  a  straight  line  from  A  to  B,  until 
the  angle  CAB  is  equal  to  the  angle  CBA.     If  each  of  these  angles 
be  30°,  and  AB  be  35  yards  in  length,  find  the  width  of  the  river. 

(6)  A  person  observes  that  the  angle  of  elevation  of  the  top 
of  a  tree  is  60° ;  he  then  walks  to  the  foot  of  the  tree  and  finds 
that  his  distance  from  it  was  50  yards.     Determine  in  feet  and 
inches,  to  the  nearest  inch,  the  height  of  the  tree. 

(7)  At  the  highest  position  of  a  rocket  fired  upwards  on  a 
dark  night  a  luminous  point  was  shown   by  the  rocket  and  a 
weight  was  dropped  from  it.     An  observer  found  the  angle  of 
elevation  of  the  luminous  point   to   be   53°  9',   and   the   weight 
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reached  the  horizontal  plane  of  observation  at  a  distance  510  feet 
from  the  observer.  Find  approximately  the  vertical  height  to 
which  the  rocket  had  risen;  given  tan  53°  9'=1'334. 

(8)  A  bird,  flying  horizontally  in  a  straight  line  from  the  top 
of  a  tree  65  feet  high,  is  hit  by  a  sportsman  standing  at  the  foot 
of  the  tree.     It  being  known  that  the  line  of  fire  makes  with  the 
ground  an  angle  of  40°  12',  find  how  far  the  bird  had  flown. 

(cot  40°  12' =1-1833402.) 

(9)  The  string  of  a  kite  is  120  feet  long  and  makes  an  angle 
of  37°  30'  with  the  ground.     Find  the  height  of  the  kite  above 
the  ground,  and  find  how  far  from  the  holder  a  person  must  stand 
so  that  the  kite  may  be  vertically  above  his  head. 

(sin  37°  30'-  -609,  cos  37°  30'=  '793.) 

(10)  The  top  of  a  spire  400  feet  high,  the  base  of  which  is 
a  mile  off,  is  just  in  a  line  with  the  top  of  a  hill  1000  feet  high. 
How  far  away  horizontally  is  the  summit  of  the  hill  1 

(11)  A  ladder,  placed  at  an  angle  of  75°  with  the  ground, 
just  reaches  the  sill  of  a  window  27  feet  above  the  ground  on  one 
side  of  a  street.     On  turning  the  ladder  over  without  moving  its 
foot,  it  is  found  that  when  it  rests  against  a  wall  on  the  other 
side  of  the  street,  it  is  at  an  angle  of  15°  with  the  ground.     Find 
the  breadth  of  the  street. 

(12)  A  person  observes  the  angle  of  elevation  of  the  top  of  a 
mountain  to  be  30°,  and  approaching  600  yards  nearer  he  finds  it 
to  be  60°.     Find  the  height  of  the  mountain. 

(13)  A  road  runs  in  a  straight  line  to  the  top  of   a  hill. 
From  the  top  of  the  lull  two  consecutive  milestones  are  observed 
in  the  plane  below,  and  their  angles  of  depression  are  30°  and  45° 
respectively.     Find  the  height  of  the  hill. 

(14)  The  direction  of  a  lighthouse  as  seen  from  a  ship  makes 
an  angle  of  30°  with  the  course  of  the  ship.     After  the  ship  has 
advanced  a  mile  on  her  course,  the  angle  has  increased  to  60°. 
How  near  to  the  lighthouse  will  the  ship  pass? 

(15)  Two  straight   roads  which    cross  one  another   meet   a 
canal  at  angles  of  30°  and  60°  respectively.     If  it  be  three  miles, 
by  the  longer  of  the  two  roads,  from  the  crossing  to  the  canal, 
what  is  it  by  the  shorter?     And  if  there  be  a  foot-path  which 
goes  the  shortest  way  to  the  canal,  what  is  the  distance  by  it? 

(1G)     A  man  standing  upon  a  horizontal  plane  observes  the 
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.angle  of  elevation  of  the  top  of  a  tower  to  be  30°.  He  walks 
100  \/3  feet  towards  the  tower,  and  then  finds  the  angle  of  eleva- 
tion to  be  60°.  Find  the  height  of  the  tower,  assuming  that  the 
observer's  eye  is  5  feet  6  inches  from  the  ground. 

(17)  The  elevation  of  the  top  of  a  tower  to  a  person  standing 
on  the  opposite  bank  of  a  river  is  60°.     When  he  has  retired  100 
feet  in  a  straight  line  from  the  tower  the  elevation  is  45°.     Find 
the  breadth  of  the  river  and  the  height  of  the  tower,  to  the 
nearest  foot. 

(18)  A  ladder,  c  feet  long,  just  reaches  a  window  a  feet  high 
on  one  side  of  a  street.     When  it  is  turned  over  without  moving 
its  foot  it  just  reaches  a  window  on  the  opposite  side,  and  is  then 
at  an  angle  of  90°  with  its  former  position.     Find  the  height  of 
the  latter  window  and  the  width  of  the  street. 

(19)  A  tower  stands  on  a  horizontal  plane,  and  is  observed 
from  two  points  respectively  20  yards  and  45  yards  distant  from 
its  base.     The  angle  of  elevation  of  its  summit  in  the  former  case 
is  double  that  in  the  latter.     Find  the  height  of  the  tower. 

(20)  Find  the  tangent  of  the  angle  which  a  flagstaff  10  feet 
long,  erected  upon  the  summit  of  a  tower  400  feet  high,  subtends 
at  a  point  in  a  horizontal  plane  200  feet  from  the  base  of  the 
tower. 

(21)  A  chimney  20  feet  high,  standing  on  the  top  of  a  build- 
ing, subtends  an  angle  whose  tangent  is  i  at  a  distance  of  70  feet 
from  the  foot  of  the  building.     Find  the  height  of  the  building. 

(22)  A  flagstaff  25  feet  high  is  fixed  on  the  top  of  a  vertical 
bank,   15  feet  high,  which  is  close  to  the  side  of  a  road.     At  a 
point  directly  opposite,  on  the  other  side  of  the  road,  the  flagstaff 
and  the  bank  subtend  equal  angles.     Find  the  width  of  the  road. 

(23)  A  tower  200  feet  high  stands  on  a  level  plane,  and  a 
turret  30  feet  high  is  erected  on  the  top  of  the  tower.     At  a 
point  on  the  plane  the  turret  subtends  the  same  angle  as  a  man 
6  feet  high  standing  at  the  foot  of  the  tower.     Determine  the 
distance  of  the  tower  froni  the  observer.     (\/l  15  =  10-7238.) 

(24)  A  spire  erected  on  the  top  of  a  tower  120  feet  high, 
subtends  an  angle  of  30°  when  viewed  at  a  distance  of  300  feet 
from  the  base  of  the  tower.     Find  its  height. 

(25)  A  ladder  CB  is  placed  against  a  vertical  wall  AB,  so  that 
the  angle  ACB  is   45°,   and  the  angle   CAB,   90°.     It  suddenly 
breaks,  and  rests  upon  the  wall  at  a  point  D  such  that  the  angle 
DCB  is  15°.     If  AC  be  30  feet,  find  BD. 
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(26)  I  observe  the  elevation  of  the  top  of  a  tree  to  be  15°, 
and  that  of  a  taller  tree  30  yards  behind  it  to  be  30°.     I  walk 
towards  them  until  their  tops  are  in  a  line,  at  a  common  elevation 
of  45°.     Find  the  distance  I  walk. 

(27)  From  a  po.int  A  the  elevation  of  the  top  B  of  a  mound  is 
30°,  and  that  of  the  top  C  of  a  cathedral  beyond  the  mound  is 
60°.     From  B  the  elevation  of  C  is  75°.     If  the  cathedral  be  347 
feet  high,  find  the  distance  of  A  from  B. 

(28)  In   ascending   a   slope   inclined    to   the   horizon  at    an 
angle  of  15°,  towards  the  foot  of  a  tower,  the  elevations  of  the 
tower  at  stations  60  yards  apart  are  observed  to  be  30°  and  60°. 
Find  the  height  of  the  tower. 

(29)  A  tower  subtends  an  angle  a  at  a  point  on  the  same 
level  as  the  foot  of  the  tower,  and  at  a  second  point,  h  feet  above 
the  first,  the  depression  of  the  base  of  the  tower  is  /3.     Find  the 
height  of  the  tower. 

(30)  At  a  point  on  a  level  with  its  base,  the  altitude  of  a  tower 
is  a,  and  a  flagstaff  of  height  c  on  the  top  of  the  tower  subtends 
an  angle  ft.     Find  the  height  of  the  tower. 

XVI.    CIRCLES  AND  OTHER  FIGURES  ASSOCIATED 
WITH  A  TRIANGLE. 

(a)    The  circum-circle  of  a  triangle. 

151.  DEFINITION.      The    circle   which    passes    through    the 
three  angular  points  of   a  triangle  is  said   to  circumscribe   it, 
and  is  called  the  circumscribing-circle. 

For  the  sake  of  brevity,  this  circle  is  also  called  the  circum- 
circle  ;  its  centre,  the  "circiun-centre ;  and  its  radius,  the 
circum-radius. 

The  position  of  the  circum-centre  will  always  be  denoted  by 
the  letter  O,  and  the  circum-radius  by  the  symbol  R. 

152.  To  find  the  radius  of  the  circum-circle  of  a  triangle. 
Let  ABC   be  the  triangle;    O   the  circum-centre;    BOH   the 

diameter  through   B.     Join  CH. 

Then,  from  Euclid  in.  31,  we  know  that  the  angle  BCH  =  90°; 
.'.  when  A  is  acute,   BC  =  BH  sin  BHC  =  BH  sin  A, 
and  when  A  is  obtuse,  the  diameter  BOH  falling  below  BC, 

BC  =  BH  sin  BHC  =  BH  sin  (180°  -  A)  =  BH  sin  A, 
.'.  in  all  cases,  a  =  2R  sin  A, 
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Similarly,  R  = 


2  sin  A 


n  


2  sin  c 


From  any  of  these  expressions 
for  R  in  terms  of  a  side  of  the 
triangle  and  the  opposite  angle,  we 
may  deduce  an  expression  in  terms 
of  the  three  sides  and  the  area  of 
the  triangle.  Thus 

=      a  abc 


dbc 
4A' 


2  sin  A      26c  sin  A 
NOTE  I.     The  three  expressions  for  R,  in  terms  of  a  side  of  the 
triangle  and  the  opposite  angle,  may  be  written  in  the  form 

a  =  2RsinA,    6=2RsinB,   c  =  2Rsinc. 
These  forms  are  very  useful  in  dealing  with  transformations 
and  identities. 

NOTE  II.  It  will  be  seen  that  any  chord  of  a  circle  is  equal 
to  the  diameter  of  the  circle  multiplied  by  the  sine  of  the 
angle  in  the  segment  cut  off  by  the  chord. 

(b)    The  in-circle  of  a  triangle. 

153.  DEFINITION.     The  circle  which   touches  each  of   the 
three  sides  is  called  the  inscribed  circle  of  the  triangle. 

For  brevity,  it  is  also  called  the  in-circle ;  its  radius,  the  in- 
radius ;  and  its  centre,  the  in-centre. 

The  position  of  the  in-centre  will  always  be  denoted  by  the 
letter  I,  and  the  in- radius  by  the  symbol  r. 

154.  To  find  the  radius  of  the  in-circle  of  a  triangle. 
Let  ABC  be  the  triangle ;    I   its 

in-centre.  We  are  told  in  Euclid 
iv.  4  how  the  in-circle  can  be  drawn. 
Join  Al,  Bl,  Cl.  Then  we  know 
that  these  lines  bisect  the  angles  A, 
B,  and  C  respectively;  and,  if  IH,  IK, 
and  IL  be  drawn  perpendicular  to 
the  sides,  meeting  them  respectively 
at  the  points  H,  K,  and  L,  we  know 
that  H,  K,  and  L  are  the  points  at 
which  the  in-circle  touches  the  sides. 
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(i)     We  have      AABC  =  A  BIC  +  ACIA-f  AAIB, 
.'.  2A  —ra  +  rb  +  rc  = 

A 
s 
(ii)     Again,  we  have 

«=  BC 
=  BH  +  HC 
=  HI  cot  HBI  +  HI  cot  HCI 

A  B  C 

—  r  cot  „  +  r  c°t  — 

/        B 

=  r    cot  -=-  +  cot 


R 

«  sin     sin 


Similarly, 


and 


.   B  .  C 

cot     +  cot 


.  C  ,  A 

cot  ^-  +  cot  ^ 


.  ,. 

cot     +  cot 


cos 


6  sin  ?  sin  ~ 

B 
COB 


A    .      B 
csm2Sm2 

C 
COS 


Kach  of  these  expressions  for  r  may  be  reduced  to 


A       .     A    .     B     .      C 

4  R  sin  ^  sin  •=  sin  0  . 

IB,  So  JD 


(c)    The  escribed  circles  of  a  triangle. 

155.  DEFINITION.  A  circle  which  touches  any  one  side  of 
a  triangle,  and  the  other  two  sides  produced,  is  called  an  escribed 
circle  of  the  triangle. 

There  are  three  escribed  circles  belonging  to  every  triangle : — 
(i)  that  which  touches  BC  between  B  and  C,  and  also  touches  AB 
and  AC  produced ;  (ii)  that  which  touches  AC  between  A  and 
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C,  and  also  touches  BA  and  BC  produced;  (iii)  that  which  touches 
AB  between  A  and  B,  and  also  touches  CA  and  CB  produced. 

The  positions  of  the  three  centres  will  be  denoted  by  the 
letters  Ij,  I2,  and  I3  respectively;  and  the  radii  respectively  by 
the  symbols  r1}  r2  and  r3. 

156.     Tojtnd  the  radii  of  the  escribed  circles  of  a  triangle. 
Let  ABC  be  a  triangle,  having  the  side  AB  produced  to  X  and 
AC  to  Y. 

The  centre  of  a  circle  touching 
BC  and  BX  must  lie  on  the  bisector 

of  CBX ;  and  the  centre  of  a  circle 
touching  BC  and  CY  must  lie  on  the 

bisector  of  BCY.     Hence  Blj  and  C^ 

A  A 

bisect  CBX  and  BCY  respectively. 

Also  Alj  bisects  BAG,  and  there- 
fore passes  through  the  in-centre  I. 

Draw  IjLj,  \iMli  \1N1  respectively 
perpendicular    to    BC,    CY   and    BX. 
Then  L1}  M!  and  Nx  are  the  points  at 
which   this  escribed   circle    touches  these   lines 
perpendiculars  are  each  equal  to  rlt 

(i)     We  have      AABC  =  AAIJB+  AAljC—  ABIj 
•'.  2A  =  TjC  +  i\b  —  r^a  =  i\  (c  +  b  —  a)  =  rx  (2s  - 
.'.  A  =  r1(*-«), 

A 


and    the  three 


s  —  a 


Similarly,  rz  = 7  ,  and  rs  = 


A 

s  — 


—  c 


(ii)     Again,  we  have 

a=  BC  =  BLX+  LjC 
=  \! L!  cot  CBl!  +  li Lj  cot  BCIj 
-  n  cot  1  (180°  -  B)  +  7-!  cot  1  (180°  -  C) 


=  n  (tan  -  +  tan  -  j  ; 


B          C 

a  cos  x-  cos  ^ 


B  C 

tan  ^  +  tan  0 

/5  Zi 


A 
COS  g 


ABC* 

•=  4R  sin  b  cos  0  cos     . 

A  8  A 
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Similarly, 

b  iOO»§OOBg  A    .      B          C 


A  B 

tan  2  +  tang  cos  g 


and 


CCOS2COS2  A        „   .    c 


tan     +  tan  cos 


EXAMPLES   63. 

Find  the  radius  of  the  circum-circle  of  a  triangle  when  one 
side  and  the  opposite  angle  are  respectively 

(1)     5  ft.,  90°.  (2)     10  in.,  30°. 

(3)     6ft.,  45°.  (4)     18ft.,  60°. 

(5)     20  ft.,  150°.  (6)     34  ft.,  15°. 

Find  the  area,  the  circum-radius,  the  in-  radius  and  the  radii 
of  the  escribed  circles,  of  a  triangle  whose  sides  are 

(7)     3,  4,  5.  (8)     10,  12,  10. 

(9)     3,  3,  4.  (10)     10,  15,  20. 

Find  r,  rlt  rz  and  r3,  when 

(11)    6  =  16,  A  =  120°,  C  =  30°.  (12)    a  =  20,  B  =  30°,  C  =  60°. 

(13)    c  =  15,   B  =  90°,     A-45°.  (14)    R  =  15,  C-  60°,  A  =  60°. 

157.  The  lengths,/?!,  p2  and  p3,  of  the  perpendiculars  from 
the  angular  points  to  the  opposite  sides,  are  connected  respectively 
with  the  lengths  a,  b  and  c  of  those  sides  by  the  relations 

api  =  2A,  bp2  =  2A  and  cps  —  2A  ; 

2A  2A  2A 

hence  a  =  —  ,  6  =  —  and  c  =  —  . 

Pi  P2  Ps 

EXAMPLES   64. 


(3)          +_^  a\  _ 

Pi     P*     P»     **'  2Rr~  ab      ac      be' 


THE   CIRCLES   ASSOCIATED   WITH   A   TRIANGLE.  127 

(5)     r  =  (s  —  a)  tan  ^  . 

ABC 

(b)     TJ_  —  s  tan  TT  ,  r2  =  s  tan  — ,  rs  —  s  tan  -^  . 

(7)  rxr2  +  rar,  +  r3rx  =  J  (a  +  6  +  c)2. 

(8)  4rj  r2r3  =  r  (a  +  b  +  c)2. 

(9)  a  _J =.       c         =     A 

7*j  (7*2  T"  ^*3/          ^*2  v  3  "*"  ^*1/          ^*3  VI  ~J~  ^*2/          ^*1  ^*2  ^*3 

(10)     ^ra-aicos2-.  (11)     -====-=  =  sin  ^ . 

A  R  O 

(12)     r1cofc^  =  racotQ=rgcot^. 


(13)     r^tan2^^. 

(1  4)     r^^  tan2     tan2     tan2     =  r3. 


c  c 

(15)  (rs  -  r)  cot  ^  =  (ri  +  r*)  tan  2  =  c' 

(16)  8R  cos^  cos-  cos^  =  a  +  b  +  c. 

(17)  4R  sin  -  sin     sin     =  n 


(18)     ( 

(1  9)      Rrx  (sin  B  +  sin  C  —  sin  A)  —  A. 

1        1        1        1       «2  +  62  +  c2 

(20)  —+  —  +  —  +  —  =  --  —  - 
n       r22     rs2     r2  A2 

(21)  (  ' 


„  A  7     0  B       .  C   abc 

(22)  a  cosec^  -^  +o  cosec-  -^  +  c  cosec^  —  —  —  «-, 

J  J  27*^ 

(23)  If  r  :r1  =  r2:  r3,  prove  that  C  =  90°. 

(24)  In  the  ambiguous  case,   prove   that  the  two   triangles 
have  equal  circum-circles. 
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158.  To  find  the  segments  of  the  sides  of  a  triangle  made  by 
the  points  of  contact  of  the  inscribed  and  the  escribed  circles,  in 
terms  of  a,  b}  c  and  s. 

We  will  use  the  notation  of  the  preceding  articles. 

(i)  Since  tangents  drawn  to  a 
circle  from  an  external  point  are 
equal,  we  have 

AN  =  AM,    BN  =  BL,   and  CM^CL; 
.'.   2(AM  +  BL+  CL)=AB  +  BC  +  AC 


.'.  AM  +  BL+  Cl_  =  s, 
.'.  AM  +a—s, 


Similarly, 


=  s-6=BN, 


and 


(ii)     Again,  we  have 


j,   CM1=CL1,   AN1  =  AM1; 
X  =  AB  +  Bl_!  +  AC  +  Cl_! 

-AB  +  BC+AC 

=  2*, 


Also 


1  =  s-c=BL1 


and 


(iii)     From   the   results    (i)   and    (ii)    many  others   may   be 
deduced.     For  example, 


and 


M  Mj  =  AMj  -  AM  =  s  -  (s  -  a)  =  a, 
NNj-  ANX  -AN  =s-(s  -a)  =  a, 


Similarly,  LL1=BL1-BL  =  (s-  c)-(s-b)  =  b  —  c. 

NOTE.  The  student  should  draw  the  other  two  escribed 
circles,  and  should  write  down  the  lengths  of  the  lines  which  are 
situated  similarly  to  those  considered  above. 
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159.  DEFINITION.     If  from  each  angular  point  of  a  triangle 
a  straight  line  be  drawn  perpendicular  to  the  opposite  side,  and  a 
triangle  be  formed  by  joining  the  feet  of  these  perpendiculars,  the 
triangle  so  formed  is  called  the  Pedal  Triangle. 

The  three  perpendiculars  meet  at  a  point  which  is  called  the 
Orthocentre  of  the  original  triangle.  Its  position  will  always 
be  denoted  by  the  letter  P. 

160.  To  find  the  sides  and  angles  of  the  Pedal  Triangle. 

Let  ABC  be  the  original 
triangle,  and  XYZ  the  pedal 

triangle.       Then    since    BZC 

and  BYC  are  right  angles,  it 
follows  that  the  figure  BZYC 
is  cyclic  ; 

.'.  AYZ  =  180°-ZYC=B, 
and    AZY  =  1SO°-  BZY  =  C; 
.*.  A  AZY  is  similar  to  A  ACB; 
.".  corresponding  sides  are  proportional. 


But 


AY  =  AB  cos  A,  and  AZ  =  AC  cos  A  ; 

.'.  ZY  =  BC  cos  A, 
i.e.,  Z Y  =  a  cos  A  =  R  sin  2A.  \ 


Similarly, 


and 


Al* 


XZ  = 

YX  =  c  cos  C  =  R  sin  2C.J 


(i) 


and 


=  908-A,) 
=  90°-A;) 


Similarly, 


and 


YXA  -  90°  -  YXC 
ZXY=180°-2A.\ 
=  180°-2B, 

=  180°-2C., 
Thus  the  sides  of  the  pedal  triangle  are 

a  COS  A,  b  COS  B  and  c  COS  C,  or  R  sin  2 A,  R  sin  2B,  and  R  sin  2C; 
and  the  angles  respectively  opposite  to  them  are 

180° -2 A,  180°  -2B  and  180°  -  2c. 

NOTE.  BC  being  the  diameter  of  the  circle  described  about 
the  quadrilateral  BZYC,  it  follows  at  once  from  Art.  152,  Note  n, 
that  YZ  =  BC  sin  ZCY  =  a  cos  A. 


P. 
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NOTE  A.  Since  ZXA  and  YXA  are  each  equal  to  90°  —A,  we 
see  that  XA  bisects  ZXY.  Similarly  YB  and  ZC  respectively 

bisect  XYZ  and  YZX.   Hence  P,  the  orthocentre  of  the  original 
triangle,  is  the  incentre  of  the  pedal  triangle. 

NOTE  B.     The  circuin-radius  of  the  pedal  triangle 

YZ  a  cos  A  a  cos  A  a  R 

~  2  sin  YXZ  ~  2  sin  (180°  -  2A)  ~  2~sin  2A  ~  4  sin  A  =  2  ' 

Also  the  circum-circle  of  the  pedal  triangle  is  the  Nine 
Point  Circle  of  the  original  triangle  ;  hence  the  radius  of  the 
nine-point  circle  of  the  triangle  ABC  is  |R. 

NOTE  C.  It  may  be  proved  also  that  the  escribed  circles  of 
the  triangle  XYZ  have  their  centres  respectively  at  A,  B  and  C. 

EXAMPLES   65. 

(1)  Prove  that  the  distances  \\lt  II2,  II3  are  respectively 

A 

asec-, 

(2)  Prove  that  the  distances  I2I3,  \3\lt  IJg  are  respectively 

ABC 

a  cosec  —  ,   b  cosec  -=  ,    c  cosec  —  . 

(3)  Prove    that    AP  =  2RcosA,    and   write    down    the    cor- 
responding values  of  BP  and  CP. 

(4)  Prove   that    XP  =  2R  cos  BcosC    and    write    down    the 
corresponding  values  of  YP  and  ZP. 

A  B          C 

(5)  Prove  that  Al  =  r  cosec  ^  =  4R  sin  —  sin  ^  . 

&  2i          2t 

A  BO 

(6)  Prove  that  Alx  =  r±  cosec  ^  =  4R  cos  -  cos  —  . 

A  2t         2i 

(7)  If  the  bisectors  of  the  angles  A,  B,  C  of  a  triangle  meet 
the  opposite  sides  at  Q,  R,  S  respectively,  prove  that 


(8)     If,  in  a  triangle  ABC,  the  perpendicular  from  A  on  BC 
meets  BC  in  D  and  the  circum-circle  in  E,  prove  that 

AE=2Rcos(B-£),  and   DE  =  2R  cos  Bcos  C. 


PART    IV. 


XVII.     TRIGONOMETRICAL  EQUATIONS. 

161.  For  any  stated  angle,  each  of  the  trigonometrical 
ratios  has  a  definite  numerical  value  and  a  definite  algebraic 
sign ;  but,  on  the  other  hand,  a  stated  value  of  a  trigonometrical 
ratio  does  not  in  any  case  belong  to  one,  and  only  one,  definite 
angle.  In  fact,  even  if  the  complete  values  of  all  the  trigono- 
metrical ratios  be  given,  we  cannot  say  more  than  that  the  angle 
to  which  they  belong  must  be  one  of  a  certain  set. 

We  know,   for  example,  that  the  sine  of    45°   is   — ,  and 

y2 
cannot  have  any  other  value ;  but,  if  the  value  of  a  sine  is  stated 

to  be  — = ,  it  does  not  follow  that  the  angle  is  necessarily  45°.     It 

N/2 

may  be  45°  or  135°,  even  if  we  consider  such  angles  only  as  are 
less  than  four  right  angles;  while,  if  the  magnitude  be  un- 
restricted, the  angle  may  be  any  positive  angle  belonging  to 
either  of  the  sets 

45°,  360°  +  45°,  720°  +  45°, ad  infinitum, 

and       135°,   360°  +  135°,  720°  +  135°, ad  infinitum', 

or  it  may  be  any  negative  angle  belonging  to  either  of  two  similar 
sets.  Thus  when  there  is  no  limit  as  to  magnitude,  there  is 

also  no  limit  to  the  number  of  angles  which  have  —=  for  sine. 

We  may  say,  briefly,  that  if  the  complete  value  of  any  one, 
but  only  one,  ratio  be  given,  there  are  two  of  the  angles  to  which 
it  belongs  in  every  revolution;  for  example,  in  the  first  revolution, 
there  are  two  angles,  namely,  30°  and  150°,  which  have  +  J  for  their 
sine.  If,  however,  the  complete  values  of  any  two  ratios  be  given, 
one  of  which  is  not  the  reciprocal  of  the  other,  there  is  one  angle 

9—2 
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only  in  each  revolution  to  which  they  both  can   belong;    30*, 
for  example,  being  the  only  angle  less  than  four  right  angles 

which  has  both       for  its  sine  and  -—  for  its  tanent. 


It  is  desirable  that  we  should  be  able  to  represent  the  infinite 
series  of  angles  to  which  a  particular  value  of  a  trigonometrical 
ratio  may  belong  by  means  of  concise  formulae.  In  the  diagrams 
of  the  following  articles,  we  assume  that  one  of  the  angles  which 
have  the  given  ratio  is  in  each  case  less  than  a  right  angle.  This 
assumption  simplifies  the  diagram,  and  does  not  affect  the  method 
of  proof. 

Formula  for  all  angles  which  have  a  given 
tangent  or  cotangent. 

162.  We  will  suppose  the  angles  to  be  generated  by  a 
straight  line  starting  from  the  position  OX,  and  turning  about 
the  point  O.  Let  a  be  the  circular  measure  of  the  least  positive 
angle  which  has  the  given 
tangent  or  cotangent;  and 

letXOA  = 


Then  XOA'  is  clearly 
the  only  other  angle  in  the 
first  revolution  which  has 
the  same  tangent  or  co- 

tangent as  a.  Hence  we  have  to  find  an  expression  which  shall 
represent  all  angles  for  which  the  rotating  line,  starting  from  the 
position  OX,  stops  in  either  of  the  positions  OA  or  OA'. 

It  will  be  seen  from  the  figure  that  the  positive  angles  to  be 
represented  are  the  angles  of  the  series 

a,   TT  +  a,   2ir  +  a,    STT  +  a,   4?r  +  a,    STT  +  a,  ...  <fec.  ; 
and  that  the  negative  angles  are  the  angles  of  the  series 

—  TT  +  a,   —  %TT  +  a,   —  3?r  +  a,   —  4?r  +  a,   —  5?r  +  a,  ...  &C. 

All  these  angles,  and  no  others,  form  a  group  which  may  be 
represented  by  mr  +  a,  where  n  stands  for  zero  or  any  positive  or 
negative  integer,  and  a  is  the  circular  measure  of  the  least  positive 
angle  which  has  the  given  tangent  or  cotangent. 

NOTE.  We  have  said  that  the  symbol  a  represents  the  least 
positive  angle  which  has  the  given  tangent  or  cotangent.  This 
supposition  simplifies  the  figure,  but  theoretically  it  is  not  neces- 
sary. In  applying  the  formula  to  particular  cases,  it  will  however 
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be  best  for  the  beginner  at  first  to  assume  that  a  has  this  meaning. 
The  least  positive  angle  which  has  a  given  ratio  we  will  call  the 
prime  angle  of  the  series.     All  the  angles  which  belong  to  the 
group  represented  by  mr  +  a  may  be  obtained  by  giving  to  n  the 
values  0,  1,  2,  3,  4,  ......  and  -  1,  -2,  -3,  -4,  ......     The  number 

of  the  angles  so  obtained  is  infinitely  great. 

The  expression  mr  +  a  is  called  the  general  value  of  the 
angles  which  have  the  stated  tangent  or  cotangent,  as  distinguished 
from  the  particular  angles  obtained  from  it  by  giving  particular 
values  to  n. 

163.  We  will  apply  the  formula  obtained  in  Art.  162  to  a 
few  simple  cases. 

Example  i.    Find  a  single  expression  which  shall  represent  all  the 

angles  whose  tangent  is  —^  ;   i.e.,  solve  the  equation  tan$=-p. 
\/3  Y  3 

We  have  tan  6  =  —^  . 

V3 

The  prime  angle=^  ;     .  '.  0  =  7i»r+|. 

Example  ii.     Solve  the  equation  tan  6=  —  ^=. 

V3 

We  have  tan  &  =  —  —  . 

V3 

K_  K 

The  prime  angle=7r-^  =  -~-  ;   .'.  0 
o       o 

Example  iii.     Solve  the  equation  cot2  6=3. 
We  have  cot2  0=3; 

.-.  tan2  0  =  1; 


The  prime  angles  are  ^  and  TT—  J  .  i.e..  J  and  -J  ; 
o  boo 

.'.  0=n7r+~  or  ?i7r+-£  . 
o  o 

These  results  may  be  put  together  in  the  form  nir±7^. 

o 
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EXAMPLES   66. 

Write  down  the  general  values  of  0  in  the  following  cases  : — 
(1)     tan  0  =  J3.  (2)     tan^^-^/3. 

(3)     tan  0=1.  (4)     tan0  =  -l. 

(5)     tan  0-0.  (6)     cot  0  =  ^/3- 

(7)     cot0  =  -N/3.  (8)     cot0  =  -l. 

(9)     tan2  0=1.  (10)     cota0  =  J. 

Formula  for  all  angles  which  have  a  given 
cosine  or  secant. 

164.  We  will  suppose  the  angles  to  be  generated  by  a 
straight  line  starting  from  the  position  OX,  and  turning  about 
the  point  O.  Let  a  be  the  circular  measure  of  the  least  positive 
angle  which  has  the  given  cosine 

or  secant;  and  let  XOA  =  a,  and 
XOA'  =  27r  -  a. 

The  angle  2ir  —  a  is  clearly 
the  only  other  angle  in  the  first 
revolution  which  has  the  same 
cosine  or  secant  as  a.  Hence 
we  have  to  find  an  expression 
which  shall  represent  all  angles 
for  which  the  rotating  line,  starting  from  the  position  OX,  stops 
in  either  of  the  positions  OA  or  OA'. 

It  will  be  seen  from  the  figure  that  the  positive  angles  to  be 
represented  are  the  angles  of  the  series 

a,  2i7r  —  a,  2?r  +  a,  4?r  —  a,  4-7T  +  a,  GTT  —  a,  GTT  +  a, . .  .&C.  ', 
and  that  the  negative  angles  are  the  angles  of  the  series 
—  a,  —  2?r  +  a,  —  2?r  —  a,  —  4?r  +  a,  —  4?r  —  a,  —  6?r  +  a,  —  6?r  —  a, ...  &c. 

All  these  angles,  and  no  others,  form  a  group  which  may  be 
represented  by  2mr  ±  a,  where  n  stands  for  zero  or  any  positive  or 
negative  integer ',  and  a  is  the  circular  measure  of  the  least  positive 
angle  which  has  the  given  cosine  or  secant. 

NOTE.     If,  in  the  general  formula  2mr+a,  we  substitute  for  n 

the  numbers  0,  1,  2,  3, ,  -  1,  —2,  —3,  in  succession,  we 

obtain  the  particular  angles  which  it  represents. 


TRIGONOMETRICAL   EQUATIONS. 


135 


Example  i.    Solve  the  equation  cos  6=  —^  . 


We  have 


cos0=  —  = 

V2 


The  prime  angle  —  —;      .'.  0  = 

Example  ii.      Solve  the  equation  sec  6  =  -  \/2. 
We  have  sec  0  =  —  \/2  ; 

—  . 
A/2 

O7T 


-r 


O7T 


mi  •  i 

The  prime  angle  =  7r-  j  =  —  ;   .'.  0=*2mr±-jr 


EXAMPLES  67. 

Write  down  the  general  values  of  0  in  the  following  cases  :— 
(1)     cos  0  =  |.  (2) 

(3)     cos0  =  ^.  (4) 

(6)  sec0  =  -l. 

(8)  sec  0=1. 

(10)  cos20  =  i. 


(5)  cos  0  =  1. 
(7)  cos  0  =  0. 
(9)  cos20  =  f 


Formula  for  all  angles  which  have  a  given 
sine  or  cosecant. 

165.  We  will  suppose  the  angles  to  be  generated  by  a 
straight  line  starting  from  the  position  OX,  and  turning  about 
the  point  O.  Let  a  be  the  circular  measure  of  the  least  positive 
angle  which  has  the  given  sine 

or   cosecant ;   and   let    XOA  =  a, 

A 

and  XOA  =TT  —  a. 

The  angle  TT  -  a  is  clearly  the      x' 

only  other  angle  in  the  first  revolution  which  has  the  same  sine  or 
cosecant  as  a.  Hence  we  have  to  find  an  expression  which  shall 
represent  all  angles  for  which  the  rotating  line,  starting  from  the 
position  OX,  stops  in  either  of  the  positions  OA  or  OA'. 
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It  will  be  seen  from  the  figure  that  the  positive  angles  are  the 
angles  of  the  series 

a,  IT  —  a,  2ir  +  a,  STT  —  a,  kir  +  a,  STT  —  a,  .  .  .<fec.  ; 
and  that  the  negative  angles  are  the  angles  of  the  series 

—  TT  —  a,  —  27T  +  a,  —  STT  —  a,  —  4?r  +  a,   —  STT  —  a,...<fcc. 


All  these  angles,  and  no  others,  may  be  put  into  one  or  other 
of  the  groups  represented  by 

(2n  +  1)  TT  —  a   and    2mr  +  a, 

where  2n  +  1  stands  for  any  odd  integer,  and  2n  for  any  even 
integer,  positive  or  negative.  And  these  two  groups  may  be 
combined  into  the  single  group  represented  by  mr  +  (—  l)na, 
where  n  is  zero  or  any  positive  or  negative  integer,  and  a  is  the 
least  positive  angle  which  has  the  given  sine  or  cosecant. 

NOTE.  The  student  should  realise  clearly  that  mr  +  (-  1  )*  a  does 
really  represent  both  of  the  expressions  %mr  +  a  and  (2n  +  1)  TT  —  a, 
as  stated  above.  It  will  help  him  to  do  so,  if  in  the  expression 
mr  +  (—  l)n  a  he  substitutes  for  n  successively 

an  even  integer,  positive  or  negative, 
and  an  odd  integer,  positive  or  negative. 

The  results  will  be 

(an  even  multiple  of  TT)  +  a,  and  (an  odd  multiple  of  TT)  —  a  ; 
which  correspond  respectively  to 

a  and  (2n  +  1)  TT  —  a. 


Example  i.     Solve  the  equation  sin  6=—  . 


"We  have 

m 

Theprimeangle  =  5;  •'.  0=nir+(-  l)n  £. 
o  3 

Example  ii.     Solve  the  equation  sin  6=  —  ^-  . 
We  have  sin  6—  —  —  . 

The  prime  angle  =  77  +  ^  =  ^5    .-.  0  =  n7r  +  (-  1)" 
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EXAMPLES   68. 

Write  down  the  general  value  of  6,  when 

(1)     sin0  =  l.  (2)     sin0  =  -J.         (3) 

(4)     cosec^-,/2.       (5)     sin  0  =  0.  (6) 


(7) 


(5) 
(8) 


(9) 


sin  0=1. 
sin2  6  =  1. 


166.     From  the  equation  sin2  6  =  J,  we  see  that 

sin  0  =  +  — ==. .    or   sin  0  = =. . 

/o  '  /q 

V  "  v  ^ 

These  values  lead  to  four  positions 
of  the  revolving  line,  as  in  the  ac- 
companying figure.  There  is  one 
position  in  each  quadrant  and  they 
are  symmetrical ;~  and  all  the  angles 
corresponding  to  the  four  positions 
may  clearly  be  grouped  in  the  form 


x' 


-6' 

The  general  form   of   the   group   is 

mr  ±  a,  where  a  is  the  prime  angle  y 

which  has  the  given  sine. 

It  will  be  found  also  that  the  same  formula  mr  ±  a  represents 
the  solutions  of  such  equations  also  as  cos2  0  =  x  and  tan2  0  =  xt  as 
well  as  that  of  sin2  0  =  x. 

167.  If  the  complete  values  of  two  ratios  are  given  the  re- 
volving line  can  have  only  one  position  (Art.  161).  Consequently, 
if  a  be  the  prime  angle  for  which  the  two  ratios  have  the  given 
values,  it  follows  that  all  the  angles  whose  ratios  have  these 
values  will  form  a  group  which  may  be  represented  by  2nir  +  a, 
where  n  is  zero  or  any  positive  or  negative  integer. 

Example.     Find  the  complete  value  of  6  which  satisfies  the  equations 


The  prime  angle  =  77+7: =  ~G~  I   •'•  @  — 
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EXAMPLES   69. 

Write  down  the  general  value  of  9  in  the  following  cases  :  — 
(1)      tan2  0  =  1.  (2)     cot20  =  J. 

(3)      cos2  0  =  %.  (4)     cos20  =  f. 

(5)      sin2  0  =  1.  (6)     cosec20  =  2. 

Shew  the  position  of  the  revolving  line,  and  write  down  the 
general  value  of  0,  in  the  following  cases  :  — 

(7)   sin0^,   cos0  =  ^.  (8)     0080  =  1,    rin*  =  -^. 

(9)    cos0  =  -_,  tan0  =  l.  (10)     sin  0  =  -  -L     tan  0  =  -  1. 

V2  <x/2 

(11)    cos0  =  -4,  tan0-N/3.      (12)    sin0  =  -^?,  cos0  =  -i 

A  A  2i 

Miscellaneous  Equations. 

168.     In  the  case  of  an  equation  of  the  form 

a  sin  0  +  b  cos  0  =  c, 
the  artifice  used  in  the  following  example  should  be  noticed. 

Example.     Solve  the  equation  ,J3  sin  6  —  cos  0=1. 
We  have  ^/3  sin  0-  cos  0=1  ; 


cos  6  cos     -  sin  6  sin     =  - 
o  3 


27T 


,  or    2» 
o 


MISCELLANEOUS  EQUATIONS. 


139 


EXAMPLES    70. 


Solve  the  equations  : — 

(1)     sin  0  + cos  0=1.  (2) 

(3)     sin0-cos0  =  -l.  (4) 

(5).  sin  0-^3  cos  0=1.  (6) 

(7)     sin  0  + cos  0  =  72.  (8) 
(9)     sin0-cos0  =  ->/f. 


sin  0  —  cos  0  =  1. 
sin  0  +  ,/3  cos  0=1. 
>/3sin0-cos0  =  - 
sin  0  —  cos  0  =  —      ^. 


169.  We  will  now  consider  methods  of  solving  trigono- 
metrical equations  of  a  more  general  kind.  In  the  various 
processes  which  may  be  adopted,  the  student  will  find  employment 
for  the  skill  which  he  should  now  have  acquired  in  the  use  and 
manipulation  of  trigonometrical  formulae. 

Example  i.     Solve  the  equation  sin  2#= sin  x. 


IST  SOLUTION. 

sin  2*-= sin  X, 
/.  sin  2#  —  sin  #=0, 

3#   .    x 

.'.  2  cos  —  sm-=0, 

.*.  cos-^-=0,  or  sin-=0. 

The  prime  angles  are  -  and  0, 
respectively ; 

TT          x 

» ,  or  -  =n7r ; 


=  ,  or 


2ND  SOLUTION. 
sin  2#=  sin  #, 
2  sin  #  cos  #  —  sin  #= 


or 
or 


The  prime  angles  are  0  and  -  , 

3 


respectively  ; 


r,  or  2?i7r±-. 
3 


NOTE  A.  In  the  1st  solution  it  must  be  noticed  that  we 
obtain  the  general  values  of  -^  and  ^ ,  and  that  we  deduce  the 
general  values  of  x  from  these. 

NOTE  B.  The  results  obtained  by  the  second  process  may 
seem  to  disagree  with  those  obtained  by  the  former.  If  however 
the  values,  0,  +!,—!,  +  2,  —  2,  &c.,  be  substituted  for  n,  it  will 
be  found  that  both  general  solutions  lead  to  identically  the  same 
particular  solutions,  but  not  necessarily  in  the  same  order.  A 
trigonometrical  equation  may  often  be  solved  in  more  than  one 
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way,  but  the  different  general  solutions  will  always  be  found  to 
yield  the  same  series  of  particular  angles. 

Example  ii.     Solve  the  equation  sin  20  —  cos  20 = cos  0  —  sin  0. 
We  have  sin  20  -  cos  20= cos  0  -  sin  0  ; 

.-.  transposing,  sin  20  +  sin  0= cos  20+ cos  0, 

.    30        0  30        0 

.'.  2  sin  —  cos  -  =  2  cos  —  cos  - , 
2i          2i  2i          2> 

30 


^  -  ^ 

cos-=0,  or  sin—  -cos  —  =0, 

6  3d 

.'.  cos-=0,  or  tany=l, 

36 


±7T,    Or    f 

No  definite  rules  can  be  given  for  the  preliminary  treatment 
of  a  trigonometrical  equation.  The  student  should  practise  with 
a  great  many,  and  at  first  these  should  be  easy.  Experience 
alone  can  guide  him  as  to  the  best  method  to  be  adopted. 

EXAMPLES   71. 

Solve  the  equations  :  — 

(1)     sin30  =  i.  (2)     cos20  =  Jp.  (3)     cos  50  =  -  1. 


(4)  tan  60  =  -  -.     (5)  8m    =  -.           (6) 

(7)  cot2  20  =  3.  (8)     sin2^  =  |. 

(9)  sin0  +  cosec0  =  2.  (10)     sin  0-  cos  0  =  0. 

(11)  cos20  =  sin20.  (12)     sin0  =  tan0. 

(13)  2  cos  a?  =  ^3  cot  a;.  (14)     tan  0  +  cot  0  =  2. 

(15)  sec  0-|  +  cos  0. 

(16)  tan2  0  -  (73  +  1)  tan  0  +  ^/3  =  0. 

(17)  cos0  +  tan0-sec0.  (18)     sec3  0  =  4  tan  0. 


MISCELLANEOUS   EQUATIONS. 

(19)  3  cosec2  0  =  7  -  tan2  0.         (20)     tan20-4sec0  +  5  =  0. 

(21)  cos  20  +  2  sin2  20=1.          (22)     cos  2x  =  2  sin2  x. 

(23)  sin2a;  +  73sina;  =  0.          (24)     cos  40  -cos  20  =  -1. 

(25)  tan  20  tan  30=1.  (26)     tan  2x  +  3  cot  x  =  0. 

(27)  tan  60  + cot  70  =  0.  (28)     tan  30  =  3  tan  0. 

(29)  cos  30 -cos  50  =  sin  0.        (30)     sin  60  +  sin  40  =  2  cos  0. 

(31)  sin  30  +  sin  20  +  sin  0  =  0. 

(32)  cos  5x  +  cos  3x  +  cos  x  =  0. 

(33)  sin  5x  cos  3cc  =  sin  9#  cos  1x. 

(34)  cot  0- cosec  20=1. 

EXAMPLES   72.     MISCELLANEOUS. 

(1)  Determine    the   circular    measure    of   an    angle   of   an 
equilateral  triangle. 

(2)  What  is  the  length  of  the  arc  of  a  circle  of  4000  miles 
radius,  which  subtends  at  the  centre  an  angle  of  1°  1 

[TT  =  3-1416.] 

(3)  Find  how  many  degrees,  minutes,  and  seconds  are  passed 
over  by  the  hour  and  minute  hands  of  a  clock  respectively  in 
2  J  minutes. 

J4)     The  angles  of  a  triangle  are  in  A.  p.,  and  the  number  of 
es  in  the  least  is  equal  to  the  number  of  degrees  in  the 
greatest :    find  the  number  of  degrees  in  each. 

(5)  Construct  an  angle  whose  cosine  is  -  f ;    and  find  its 
sine  and  tangent. 

(6)  Prove  that  cos  36°  =  J  (JE  +  1). 

(7)  Prove  that  sin  18°  sin  54°  =  sin2  30°. 

(8)  Prove  that  sin2  36°  -  sin2 18°  =  sin2  72°  -  sin2  54°. 

(9)  Prove  that   (i)   sin  3 A  cosec  A  —  cos  3  A  sec  A  =  2. 

(ii)  cos  A  +  cos  (120°  -  A)  +  cos  (120°  +  A)  =  0. 
(10)     Prove  that 

(i)       4  sin6  A  +  4  cos6  A  -  1  =  3  cos2  2A. 

sin  A  +  sin  3A  +  sin  5A  -f-  sin  7A 
(ii)  — — -      — —  =  tan  4A. 

cos  A  +  cos  3  A  +  cos  5 A  +  cos  7  A 
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(11)  Prove  that  Iog3 158  lies  between  4  and  5;    and  that 
Iog158  3  lies  between  -2  and  '25. 

(12)  Given  log  102  =  2-00860017  and  log  102-1  =  2-00902574, 
find  log  -0102034. 

(13)  Given  log  125  =  2-0969100  and  log  49  =  1-6901961,  find 
log  (35)*. 

(14)  From  the  definition  of  a  logarithm  prove  that 

Iog6a.logc6.1ogac  =  l. 

(15)  Shew  that  in  any  triangle 

/•\      I-L        \    •  B  -C         A 

(i)      (o  +  c)  sin  A  =  2a  cos  — ^ —  cos  ^  . 

B  R 

(ii)     (a  +  c)  tan  -^  +  (a  —  c)  cot  ~  =  2c  cot  C. 

-J  Z 

(16)  From   a   certain   point   of    observation   the   angle   of 
elevation  of  the  top  of  a  tower  is  seen  to  be  45°.     The  observer, 
after   walking    80  ft.    towards   the   tower,    finds   the   angle    of 
elevation  to   be    60°.     Find   the   height   of   the   tower   to   the 
nearest  foot. 

(17)  Two  points  P,  Q  are  on  the  same  level  with  the  foot  of 
a  tower  which  stands  between  them  on  the  straight  line  PQ. 
From   P  and  Q  the  top  of  the  tower  is  seen  at  elevations  of 
45°  and  30°  respectively.     If  the  distance  PQ  be  200  yds.,  find 
the  height  of  the  tower. 

(18)  A  statue  on  the  top  of  a  pillar  subtends  equal  angles 
at    distances  9  yds.   and   11  yds.  from   the  foot   of   the  pillar, 
the  tangent  of  each  angle  being  y1^.     Find   the  height  of  the 
pillar  and  of  the  statue. 

(19)  The  sides  of  a  triangle  are  in  the  ratio  4:7:9.     Find 
the  smallest  angle  to  the  nearest  second.     Given  log  2, 

L  tan  12°  37'  =  9-3499220,         L  tan  12°  36'  =  9-3493290. 

(20)  If  a  =  5780,  c  =  7639,  B  =  43°  8',  find  A  and  C.      Given 
log  185-9  =  2-26928,  log  13-419  =  1  -12772, 

L  cot  21°  34'  -  10-40312,         L  tan  19°  18'  50"  =  9-54468. 

(21)  If    6  =  29,    A  =  43°  36'  10"-1,    C  =  124°  58'  33"-6,    find 
a,  and  B.     Given  log  1  -01  =  '0043209, 

L  sin  43°  36'  =  9-8386096,  diff.  for  60"  =  -0001326, 

L  sin  11°  25' =  9-2965390,  diff.  for  60"  =  -0006251. 
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(22)  If  a  =  13,  b  =  37,  A  =  18°  55'  28"-7,  find  B.     Given 

log  37  =  1-5682017,  log  13  =  1-1139434, 

L  sin  18°  55'  =  9-5108031,         diff.  for  60"  =  -0003685, 
L  sin  67°  22'  =  9*9651953,         diff.  for  60"  =  -0000527. 

(23)  A  ship  C  is  observed  from  two  stations  A  and  B  on 
shore.     If  AB  =  8340  yards,  Z  BAG  -  3'6°  42',  Z  ABC  =  118°  22', 
find  the  distance  of  A  from  the  ship.     Given 

log  8-34  -  -9211661,  log  1-7408  =  -2407489, 

L  sin  61°  38'  =  9-9444457,         L  sin  24°  56'  =  9-6248629. 

(24)  Prove  that  the  area  of  a  triangle  ABC  is 

2cos(B-C)  +  cosA 

4  sin  A 
A  B  G        <?2 

(25)  Prove  that  rx  cos2  —  +  r2  cos2  ^  +  r3  cos2  -  =  — . 

(26)  Prove  that  cos  A  +  cos  B  cos  C  =  -—^ . 

(27)  Prove  that 

r*  +  r*  tan2  ^  +  r'3+^  tan2  ?  +  r^  +  rz  tan2  ?  =  2. 
ri  2         r2  2          r3  2 

(28)  ABC  is  a  triangle  and  D  is  the  middle  point  of  BC  : 
prove  that  cot  B  «~  cot  C  =  2  cot  ADC. 

(29)  Prove  that   the  radius   of   the   incircle  of   the   pedal 
triangle  is  2R  cos  A  cos  B  cos  C. 

(30)  Solve  the  equations  : — 

(i)      cos2A  =  cos2A.  (ii)      tan2  3A  =  cot2  a. 

(iii)     cosec  2x  =  cot  x.  (iv)     cos  1 2A  +  2  =  3  cos  6A. 

(v)      2  cos  A  cos  3A  +  1  =  0.         (vi)     J3  cos  A  +  sin  A  =  ft. 


QUESTIONS  ON  BOOKWOEK. 

1.  Define  (i)  an  angle,  (ii)  the  measure  of  an  angle.     (Arts.  2,  4,  5.) 

2.  Describe    the   two'  methods   which    have    been    adopted    for 
measuring  angles.     (Arts.  6,  11.) 

3.  Prove  that  the  circumferences  of  circles  are  proportional  to 
their  radii.     (Art  12.) 

4.  Define  a  radian.     Prove  that  a  radian  is  an  angle  of  invariable 
magnitude.     (Arts.  11,  15.) 

5.  Define  the  circular  measure  of  an  angle.     Express  a  radian  in 
degrees,  minutes  and  seconds.     (Arts.  11,  16,  22.) 

6.  If  D  be  the  number  of  degrees,  G  the  number  of  grades  and 
6  the  number  of  radians  in  an  angle,  prove  that 

isrsb-J-  <Art-19-> 

7.  Define  the  trigonometrical  ratios  of  an  angle,  and  prove  that  they 
are  always  the  same  for  the  same  angle.     What  are  the  versed  sine  and 
the  coversed  sine  ?    (Arts.  25,  26,  28.) 

8.  Define  the  complement  of  an  angle.     State  the  relations  between 
the  trigonometrical  ratios  of  an  angle  and  the  trigonometrical  ratios  of 
its  complement.     (Arts.  29,  30.) 

9.  Determine  the  values  of  the  trigonometrical  ratios  of  angles  of 
45°,  60°  and  30°.     (Art.  31.) 

10.  Determine  the  values  of  the  trigonometrical  ratios  of  angles  of 
0°  and  90°.     (Art.  34.) 

11.  What  limits  are  there  to  the  values  of  the  trigonometrical 
ratios  of  an  angle  ?    For  an  angle  in  the  first  quadrant,  which  ratios 
increase,  and  which  decrease,  as  the  angle  increases  ?     (Arts.  36,  37.) 

12.  With  the  aid  of  a  figure,  shew  how  any  one  of  the  trigono- 
metrical ratios  of  an  angle  may  be  expressed  in  terms  of  any  other. 

(Art.  42.) 

13.  Shew  how  to  determine,  geometrically,  the  other  trigonometrical 
ratios  of  an  angle  when  any  one  ratio  is  given.     (Art.  43.) 

14.  Shew  how  to  construct  an  acute  angle  of  which  any  one  of  the 
trigonometrical  ratios  is  given.     (Art.  44.) 

15.  Prove  geometrically  that  for  any  angle  A 

(i)    tanA=S111^;  (ii)     sin2  A+cos2  A  =  l; 

COS  A 

(iii)    1  +  tan2  A = sec2  A  ;  (iv)     1  +  cot2  A  =  cosec2  A.    (Art.  46.) 

16.  What  is  meant  by  an  identity  ?     (Art.  47.) 
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17.  Prove  geometrically  the  formula  for 

sin  (A  +  B),  cos  (A  +  B),  sin  (A  -  B),  cos  (A  -  B).     (Arts.  49,  52.) 

18.  From  the  formulae  for  sin(A-f-B)   and  cos(A  +  B)  deduce  a 
formula  for  tan(A  +  B)  in  terms  of  tan  A  and  tan  B.     (Art.  50.) 

19.  From  the  formulae  for  the  sine,  cosine  and  tangent  of  A  +  B, 
deduce  the  values  of  the  sine,  cosine  and  tangent  of  75°.     (Art.  51.) 

20.  From  the  formulae  for  sin(A-B)  and  cos(A-B)  deduce  a 
formula  for  tan  (A  -  B)  in  terms  of  tan  A  and  tan  B.     (Art.  53.) 

21.  From  the  formulae  for  the  sine,  cosine  and  tangent  of  A  -  B, 
deduce  the  values  of  the  sine,  cosine  and  tangent  of  15°.     (Art.  54.) 

22.  From    the   formulae    for   sin(A  +  B)  and    cos(A  +  B)   deduce 
expressions  for  (i)  the  sum  of  two  sines,  (ii)  the  difference  of  two 
sines,  (iii)  the  sum  of  two  cosines,  (iv)  the  difference  of  two  cosines. 

(Art.  56.) 

23.  Express  each  of  the  following  products  as  the  sum  or  differ- 
ence of  two  sines  or  cosines  ;  — 

(i)      2  sin  A  cos  B  ;  (ii)     2  cos  A  sin  B  ; 

(iii)    2  cos  A  cos  B  ;  (iv)     2  sin  A  sin  B.     (Art.  57.) 

24.  Find  an  expression  for  sin  (A  +  B  +  C)  in  terms  of  the  sines  and 
cosines  of  A,  B  and  C.     (Art.  58.) 

25.  Find  an  expression  for  tan  (A  +  B  +  C)  in  terms  of  the  tangents 
of  A,  B  and  C.     (Art.  58.) 

26.  Prove  (i)     sin  2A  =  2  sin  A  cos  A     (Art.  59)  ; 

(ii)     cos  2A  =  cos2  A  -  sin2  A     (Art.  59)  ; 

(Art.  59); 


27.    Prove  (i)  sin  3A  =  3  sin  A-  4  sin3  A; 

(ii)  cos  3A  =  4  cos3  A  -  3  cos  A  ; 

.....  3  tan  A  —  tan3  A       ,  . 

(m)  tan3A=  g         •     (Art.  62.) 


28.  Prove  that  sin  18°=        ~1.     (Art.  63.) 

29.  Explain  the  convention  with  regard  to  positive  and  negative 
signs  when  applied  to  lines  and  angles.     (Arts.  66  —  70.) 

30.  State  the  algebraic  signs  of  the  trigonometrical  ratios  of  an 
angle,  taking  the  quadrants  in  turn.     (Arts.  71,  72.) 

31.  Determine  the  trigonometrical  ratios  of  angles  of  180°  and 
270°.     (Arts.  74,  75.) 

32.  Define  the  complement  and  the  supplement  of  an  angle. 

(Arts.  76,  77.) 
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33.  Determine  the  trigonometrical  ratios  of  the  angles  (i)  180°  —  A, 
(ii)  180°  +  A,  (iii)  360°  -A,  and  (iv)  -A,  in  terms  of  the  ratios  of  the 
angle  A.     (Arts.  79—81.) 

34.  Determine  the  trigonometrical  ratios  of  the  angles  (i)  90°  -  A, 
(ii)  90°  +  A.     (Arts.  85,  86.) 

35.  Trace  the  changes  in  the  value  of  (i)  the  sine,  (ii)  the  cosine, 
(iii)  the  tangent,  as  the  angle  increases  from  0°  to  360°.    (Arts.  89  —  91.) 

36.  Define  a  logarithm,  a  characteristic,  a  mantissa.    (Arts.  93,  97.) 

37.  Prove  that 

(i)  logal  =  0,  (ii)  logaa  =  l,  (iii) 
(iv)  Iog0(m-rtt)=logam-logatt,  (v) 
(  vi)  logb  a  x  loga  6  =  1.  (Arts.  95,  96.  ) 

38.  State  how  the  characteristic  of  a  common  logarithm  may  be 
determined  by  inspection.     (Arts.  98,  99.) 

39.  State  the  advantages  of  using  10  as  the  base  of  a  system  of 
logarithms.    Prove  that  any  numbers  which  consist  of  the  same  signifi- 
cant figures,  in  the  same  order,  have  the  same  mantissas.     (Art.  100.) 

40.  What  is  the  Principle  of  Proportional  Parts?     (Art.  108.) 

41.  Prove  the  formulae  :  — 

(i)     tan  A  +  tan  B  +  tan  C=tan  A  tan  B  tan  C, 

A          B  B         C  C         A 

(ii)     tan-tan-+tan-tan-+tan-tan-  =  l, 

(iii)    sin  2  A  +  sin  2  B  +  sin  2C  =  4  sin  A  sin  B  sin  C, 

ABC 

(iv)    sinA  +  sinB  +  sinC  =  4cos  —  cos-  cos  —  , 


ABC 

(v)     cos  A+cosB  +  cosC  =  4sin-sin  —  sin  -5  +  !, 

2i         2i          2t 

when  the  sum  of  A,  B  and  C  is  180°.     (Art.  118.) 

42.  Prove  the  following  formulae  connecting  the  sides  and  angles 
of  a  triangle,  and  write  down  the  other  formulae  analogous  to  each  of 
them  :  — 

(i)     a=6cosC  +  ccosB,  (ii)     a2  =  62+c2 

a  b  c  62  +  c2-a2 

(ill)       -,  -  -  =  -  -  -=  —  -  iT  =  2R.  (IV)      COSA=  -  =7  - 

v    '    sin  A     sm  B     sin  C  2bc 


A 


(s-l)(s-c)  A-B      a-  b     ^C 

(vu)   tan    =        '  '       <™'>    ten    <     =         cot  a 


(ix)    ainA»~^«(f-a)(«-6)(«-0).     (Arts.  123—132.) 
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43.  Shew  how  to  solve  a  triangle,  (i)  when  three  sides  are  given, 
(ii)  when  two  angles  and  a  side  are  given,  (iii)  when  two  sides  and  the 
included  angle  are  given.     (Arts.  139  —  141.) 

44.  If  two  sides  of  a  triangle  and  an  angle  opposite  to  one  of  them 
be  given,  determine  geometrically  the  conditions  that  there  may  be 
(i)  two  triangles  with  the  given  data,  (ii)  one  triangle  only,  (iii)  no 
triangle.     Shew  how  to  determine  the  other  elements  in  cases  (i)  and 
(ii).     (Arts.  142—144.) 

45.  Determine  algebraically  the  conditions  required  in  (44). 

(Art.  144.) 

46.  If  «,  6,  and  A  be  given,  and  there  be  two  solutions,  prove  that 
the  sum  of  the  values  of  c  is  26  cos  A,  and  that  the  product  is  b2  —  a2. 

(Art.  144.) 

47.  Prove  the  following  expressions  for  the  area  of  a  triangle 

(i)    £Z>csinA,         (ii)     \/s(s-a)  (s-b)  (s-c).     (Arts.  145,  146.) 

48.  Prove  that  in  a  triangle  :  — 


D  O 

cot-  +  cot- 


(Art.  154) 


o  —  a      ,       D  L> 

tan-+tan- 

49.  Prove  that  any  chord  of  a  circle  is  equal  to  the  diameter  of  the 
circle  multiplied  by  the  sine  of  the  angle  in  the  segment  cut  off  by  the 
chord.     (Art.  152,  note.) 

50.  Shew  that  the  sides  of  the  pedal  triangle  of  ABC  are  a  cos  A, 
b  cos  B,  and  ccos  C,  and  that  the  angles  opposite  to  them  are  180°-  2A, 
180°  -  2B,  and  180°  -  2C,  respectively  :  shew  also  that  the  circum-radius 
of  the  pedal  triangle  is  £R.     (Art.  160.) 

51.  Find  an  expression  for  all  angles  which  have  a  given  (i)  tangent 
or  cotangent,  (ii)  cosine  or  secant,  (iii)  sine  or  cosecant. 

(Arts.  162,  164,  165.) 

52.  Find  an  expression  for  all  angles  which  have  two  trigonometri- 
cal ratios  given.     (Art.  167.) 

53.  Shew  how  to  solve  an  equation  of  the  form  a  sin  B  +  b  cos  6=  c. 

(Art.  168.') 
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1. 

6. 
10. 
14. 
17. 
20. 

EXAMPLES  1.    PAGE  4. 

50&.       2.    IG^GC'CG''^.        3.    13^  33'  33"-3.         4.    25*r.        5.  41^. 
63*r  6'  48"-i48.        7.    60^25'.       8.    60^  Ox  74"  -074.        9.3^12*50". 
41^11'  48"'i48.       11.  23'33"-3.       12.  24"  -691358024.       13.  23°  51'. 
38°  1'  30".                  15.     57°  45'  54"-864.                 16.      12°  4'  11"-316. 
73°  49'  38"  -82.           18.    1°  52'  21"-468.                   19.    43°  12'  16"-2. 
1'  22"-296.                 21.     1"'G2. 

EXAMPLES 

2.     PAGE  5. 

1. 

12f  in. 

2.     31fft. 

3. 

22  ft.            4. 

39f 

ft. 

5.    29fft. 

6. 

22yds. 

7.    Ii3rin. 

8. 

79T6ryds. 

9. 

^in, 

10. 

6tfin. 

11.     2|  |  in. 

12. 

1505  yds. 

EXAMPLES 

3.    PAGE  7. 

1. 

7T 
10' 

2.    £.         3. 

7T 

6* 

4.  n- 

5. 

7T 

12' 

6.^. 

7T 

7T 

7T 

7T 

3?r 

7. 

12' 

8.    55.         9. 

6' 

10.  |. 

11. 

3' 

12.    ^. 

3?r 

7T 

7T 

13. 

To* 

14.    I-         15. 

20* 

16.    g. 

17. 

8* 

18.    s. 

19. 

7T 

32* 

20.  5iS- 

1. 

7. 
12. 
16. 
20. 


1. 


90°. 
15°. 
51°  25'  42". 

28°  38' 49". 
157°  33'  30". 


EXAMPLES  4.  PAGE  8. 

2.     60°.         3.     45°.        4.  30°.          5.    22°  30'.          6.     36°. 

8.     120°.            9.     135°.  10.     150°.             11.     108°. 

13.     1130°  58' 33".  14.     18°.          15.     286°  28' 12". 


17.     38°  11' 45".         18.     45°  50' 6".         19.     19°  5' 52". 


•a. 

M 


2. 


5.     2095 ./T  miles. 


EXAMPLES  5.    PAGE  9. 
2  ft.  4^  in.  3.     2  ft.  2/T  ir 

6.     6  ft.  9ft  in- 


4.     55  ft.  Gf  iii. 
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EXAMPLES  6.    PAGE  10. 

1.     10.          2.     4°  30'.        3.     203£°.          4.     71°.         5.     60°,  69°  54'  44". 
6.     143°  42'  35";  54°  IT  29".        7.    540°,  720°,  1080°,  1440°;  STT,  47r,  CTT,  ST. 

8.     108°,  120°,  135°,  144°;   ??,    ^,    ^,    £.  9.     25f°;    I. 

10.     10°,  Hi*.          11.    36°,  72°,  72°  ;  |  ,  ^  ,  ~  .        12.    ^  ,  ^  ;  9°,  81°. 

13.     1-0276  radians.  14.    45°,  60°,  75°  ;   |,   |,   ^.  15.     24°. 

16.     15-278  in.  17.     *Jtf^l  in.  18.     7  in.  19.     4  in. 

20.     3j2in.;  18  sq.  in.       21.   tN/2m.       22.  TV       23.   36°,  or  40^,  or  ^  . 

0 

-lor 

24.    282\°,  29^°.         25.     15°,  45°.         26.    -  (T  -  2)°,  |  (TT  -  2)  radians. 


27.    40°,  60°,  80°.        28. 


EXAMPLES  7.     PAGE  14. 
1.    80°.  2.  .70°.  3.     37°.  4.    42°.  5.    51°. 

6.  18°.            7.     67°  30'.         8.     82°  45'.          9.     46°  55'.  10.     22°  10'. 
11.    6°  43'.           12.     64°  45'  22".        13.     70°  31'  7".         14.  21°  26'  12". 
15.    84^61\        16.     31^46\              17.     15^36^76".       18.  62^  40'  15". 

19.    I.        20.    j[.        21.    £.       22.    f       23.    ^.       24.    ±. 

EXAMPLES  8.    PAGE  15. 
1.    55°.        2.     H°.         3.     46°  32'.          4.     2°  19'.          5.    |.          6.     ?., 

O  U 

7.  j.          8.     35°  12'  28".          9.     3°  44'  51".          10.     31sr94'7v\ 

EXAMPLES  9.    PAGE  18. 
1.    1.       2.    3J.       3.    a-s/3.        4.    3.         5.   l.       6.   li.       7.   0. 

8.  2.       9.    1.       10.    1.  11.    i.       12.   Jx/3. 

EXAMPLES  10.    PAGE  21. 

1.    li.       2.    i>/2.       3.    0.          4.   i.       5.   1.       6.   T7-       7.    1. 
8.    1.         9.    1.          10.    If-       11.    *.        12.   f. 

EXAMPLES  11.     PAGE  22. 

1.     28ft.  2.    35  A/3  (  =  60-62)  ft.         3.    150^/3  (  =  259-8)  ft. 

4.     ¥\/3(  =  31-75)  ft.        5.    150ft.          6.    80  A/3  (  =  138-56)  ft.         7.     |. 
8.     215^3  (  =  372-39)  ft.  ;  430ft.  9.    40^/3  (  =  69-28)  yd?.  ;  80yds. 
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10.  ^4^/3  (  =  115-47)  yds.;  *f-\/3(=  230-94)  yds.      H.   100^/3  (  =  173-2)  ft. 

12.  450ft.;  90^/26  (  =  458-9)  ft.  14.    *F>/3  (  =  115-47)  ft. 

15.  15(3+V3){  =  70-98}yds.;  30  (^3  +  !){  =  81-96}yds. 

16.  H-(\/3  +  l){  =  236-322}  ft.;  1^(^/6+  ^2)  {  =  334-21}  ft. 

17.  50  (3-^/3)  {=63  -4}  yds.  18.     880  (^3  +  !){  =  2404-2}  yds. 


EXAMPLES  12.    PAGE  25. 
1 


cos  A 


2. 


cot  A 


+  eot** 


N/sec2A-l         1 
3*         sec  A       '    sec  A* 


12. 


EXAMPLES  16.     PAGE  35. 


L   1,4,  0,^00,  -L. 


o      >         ,     ,  /g 

O.      -g^j    5»    2>    ~2~  >    V°J        / 

+  1        1 


J        /o* 


-  1        1        \/3  +  1 

" 


1  +  tanA 
1 


^3  tan  A  -  1 

'  *' 


1  -  tan  A 
<    1  +  tanA' 

tan'A  -  (2  - 


-8,    If. 

' 


55  +  10), 

*   i  (5^/11  -8^/5) 

-  tan  A 


* 


1  -  (2  +  ^/3)  tan  A 
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1.  2  sin  40°  cos  10°. 

4.  2  sin  45°  cos  25°. 

7.  2  cos  37°  sin  9°. 

10.  2  cos  30°  cos  27°. 

13.  2  cos  43°  cos  33°. 

16.  2  sin  31°  sin  8°. 

19.  2  sin  29°  sin  6°. 


EXAMPLES  17.     PAGE  37. 

2.  2  sin  40°  cos  20°. 

5.  2  sin  45°  cos  15°. 

8.  2  cos  35°  sin  24°. 

11.  2  cos  37°  cos  9°. 

14.  2  cos  38°  cos  4°. 

17.  2  sin  37°  sin  1°. 

20.  2  sin  18°  sin  15°. 


22.    -2sin37^°sinl7i°.     23.    -  2  sin  42|0  sin  31°.      24. 


25.    2  cos  of  sin  2j . 

28.    2  sin  2A  cos  A. 

5A        A 
31.    2  sin   n  sin  -  . 


34.    2  sin 


15A    .    3A 


37.    2  sin  A  cos  3. 

2n  +  l  ,    .    A 
40.    2008-3—  Asm  - 


26.   2  cos  ^  cos  i. 

29.    2  cos  2A  cos  A. 

.    9A        A 
32.    2sm— cos-. 

£i  & 

35.    2  cos  A  sin  B. 
38.   2  sin  A  sin  B. 


3.  2  sin  35°  cos  5°. 

6.  2  cos  35°  sin  5°. 

9.  2  cos  29°  sin  6°. 

12.  2  cos  25°  cos  5°. 

15.  2  sin  75°  sin  5°. 

18.  2  sin  45°  sin  14°. 

21.  2  sin  38°  sin  10°. 
.    lir        Sir 


30.    2  sin  2A  sin  A. 
33.    2 cos ^ sin*-. 


36.    2  cos  A  cos  B. 
39.    2  cos  wA  cos  A. 


EXAMPLES  18.     PAGE  37. 


sin  90° 


8t 


" 


1  A 

" 


'    cos  60°  cos  30° " 
sin  65° 


cos  25°  cos  40° ' 

cos  16° 
sin  42°  cos  26° " 

sin  2A 
cos  5A  cos  3A  * 


6. 

9. 
12. 
15. 


sin  45° 


cos  60°  cos  15° 

sin  60° 
sin  15°  sin  75°  * 

cos  67° 
sin  28°  cos  39°  * 

sin  A 
sin  2A  sin  3A ' 


sin  60° 


_ 

cos  75°  cos  15° ' 

10       Sinl5° 

'  sin  60°  sin  75° ' 

IQ  sin8A 

'  cos2Acos6A* 

Ifi          C082A 

'  cos  A  sin  3A* 


1.  sin  67°  + sin  33°. 

4.  sin  89°  + sin  69°. 

7.  sin  85°  -  sin  57°. 

10.  sin 53° -sin  15°. 

13.  cos  64°  + cos  28°. 

16.  cos 3° -cos 83°. 

19.  cos 75° -cos 81°. 

22.  sin  5A  +  sin  3A. 

25.  sin7A  +  sin3A. 

28.  sin  9A  -  sin  A. 

31.  coslOA  +  cosGA. 


EXAMPLES  19.    PAGE  39. 

2.  sin  69°  +  sin  53°.  3. 

5.  sin  33°  + sin  21°.  6. 

8.  sin  39°- sin  1°.  9. 

11.  cos  85°  + cos  13°.  12. 

14.  cos  49°  + cos  1°.  15. 

17.  cos 4° -cos 8°.  18. 

20.  cos  27°  -  cos  37°.  21. 

23.  sinl6A  +  sin4A.  24. 

26.  sin7A-sin5A.  27. 

29.  sin  3A  -  sin  A.  30. 

32.  cos  11 A  +  cos  3A.  33. 


sin  61°+ sin  5°. 
sin  85° -sin  25°. 
sin  89°  -  sin  83°. 
cos  71°  +  cos  47°. 
cos  14°  + cos  2°. 
cos  5° -cos  53°. 
sin  HA  +  sin5A. 
sin  15A  +  sin  A. 
sin  11A  -  sin  5A. 
sin  12A  -  sin  2A. 
cosllA  +  cosA. 
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34.  cos  A- cos  5A.  35.  cosA-cos!7A. 

36.  cos(A+B)+cos(A-B).  37.  cos  (A  -  B)  -  cos  (A  +  B). 

38.  sin(A+B)-sin(A-B).  39.  cos  (m  +  n)  A  +  cos(m-w)  A. 

40.  cos  (m  -  n)  A  -  cos  (TO  +  n)  A. 

EXAMPLES  20.    PAGE  40. 

1.  sin  A  sin  B  sin  C  +  sin  A  cos  B  cos  C  +  cos  A  sin  B  cos  C  -  cos  A  cos  B  sin  C. 

2.  cos  A  cos  B  cos  C  -  cos  A  sin  B  sin  C  -  sin  A  cos  B  sin  C  -  sin  A  sin  B  cos  C. 

3.  cos  A  cos  BcosC  +  cosA  sin  B  sin  C  -  sin  A  cos  B  sin  C  + sin  A  sin  BcosC. 

4.  sin  A  cos  B  cos  C  cos  D  +  cos  A  sin  B  cos  C  cos  D  +  cos  A  cos  B  sin  C  cos  D 
+  cos  A  cos  B  cos  C  sin  D  -  cos  A  sin  B  sin  C  sin  D  -  sin  A  cos  B  sin  C  sin  D 
-  sin  A  sin  B  cos  C  sin  D  -  sin  A  sin  B  sin  C  cos  D. 

5.  1§.          6.  2,V          7.   13.          8.   if 

EXAMPLES  24.    PAGE  47. 
1.    IT.       2.    7ft.       3.    5  in.       4.    24°  32'  43^".       5.    10 ;  40°,  50°,  90°. 

6.  *,*,*.          7.    i;4.          8.    53°  18'  3";  jj.  9.    15  in. 
25.    40^/3  (  =  69-28)  ft. 

EXAMPLES  25.    PAGE  55. 

The  ratios  which  are  negative  are : — in  1st  quadrant,  none ;  in  2nd 
quadrant,  cosine,  tangent,  secant  and  cotangent;  in  3rd  quadrant,  sine, 
cosine,  cosecant  and  secant ;  in  4th  quadrant,  sine,  tangent,  cotangent, 
cosecant. 

We  state  below  the  number  of  the  quadrant  in  which  the  angles  lie. 


1.  1. 

2. 

2. 

3. 

1. 

4.    2. 

5.  2. 

6. 

3. 

7. 

1. 

8.    4. 

9.    4. 

10. 

2. 

11. 

4. 

12.    3. 

13.  4. 

14. 

3. 

15. 

2. 

16.    4. 

17.    4. 

18. 

2. 

19. 

1. 

20.   4. 

21.    3. 

22. 

1. 

23. 

4. 

24.   3. 

25.   2. 

26. 

3. 

27. 

3. 

28.  2. 

29.  1. 

30. 

4. 

31. 

2. 

32,   2. 

33.   3. 

34. 

3. 

EXAMPLES  26.    PAGE  56. 
1.    67°,  157°.        2.   70°  51'  39",  160°  51'  39".        3.    139°,  229°. 

*-T'T-        5-n'T-  8-T'T-        V.    m°58', 

8.    173°  14'  55",  263°  14'  55".  9.    131«*  5*  7",  231sr  5X  7". 

10.     -128°,  -38°.  11.     -105°  42',    - 15°  42'. 

12.     -135° 33' 54",  -45° 33' 54".        13.    -y,  -~. 

15.    £,   ^.        16.    510°,  600°.        17.    -(1+A,    -A. 

18.    -     +  A,      +  A. 


ANSWERS.  153 


EXAMPLES  27.    PAGE  59. 

JL.     __L     _i        o        _L     _JL    L        3  -—    —     -1 

/o"                                                           *  /i>  /o 

VO              ,                 /o                  r>              ^**              i/o                  *\  V^t                 /^" 

7.  -5-,  -1,  -Vs.       8.   — o-,  -i,  vs.        9.  -V.  i.  -v* 


10.  J«+l,  _%i,  _pWS».       11.    -— ^  ,  — 

"  "  2v  2 


V3+1  v/3-1  ig  11 

1Z. P^» 7^~>    -^+V0).  J.<J. j^,     -p:,     -1. 

2v/2          2V2  N/2     V2 

14.    -i,  ^,  ~.  15.    -^,1,  -V3- 


.Vs^i,  sj+l,  _(2_^}.       1?>  1^!,  ^  _(2W3) 

2V2          2V2  2V2         2V2 

18.   _1>0)-».'    19.  ^.        20.    -^-      21.    -^ 


EXAMPLES  2a    PAGE  60. 
.    i.  -,   --         2.         ,  -i,  -V3-        3.    -,  -1, 


,  ioi_ 

~  5i  ""'     '  '  2  '      ' 


7< 


9.    . 


,  .  ,    .               .   _, 

2^2  2^/2 

11.    f,-i,  -Vs.  12.  ^,-^,-1.      13.  fc  -f,-. 

14           1            1       -  ,,         v/3-l 

14<  ~^~^1  •"»?r 

16.    ^?,  -i,  -Vs.  17.   --^,  ~,  -1.       18.   -^,  i,  -V 

19.    -i,  -,   -.  20.    -1,0,  -oo.       21.    -=.        22.         . 
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23.    x/3.       24.    ^i.       25.    2-^3.        26.    *@.       27.    ^. 
28.    1.       29.    -*.       30.    -i.       31.   -4.       32.   -~.       33.   1. 


EXAMPLES  29.    PAGE  61. 


N/3-1        V3  +  1  ,- 

4-.      -  nr—  ,    --  7=~»    "~  (.Z—  VO).  0        -  r=~  »    •  -  7=~  > 

2\/2  2\/2  2\/2         2\/2 

ft  1  li  7^1  v/3  fti 

6-  ~;/!'~;/!'        7i  ""2->"2'v       8-  "*»" 

N/3-1        v/3  +  1  1  _  A/3  +  1        \/3-l 


n.       ,^,W3.         12.       ,-,-1.         13.  i,,. 

11  V3          ^  v^-1     V3  +  1     ,        /5 

14t       '      '  L       15>       '  *f  ^      16<  ""  '  "1  2 


17-   -  -  -L       18'         >  fc  -^       19.  -i  -     ,      . 

20.    1,  -,  -.     21.      L     22.  -i      23.  -V3.     24.  - 


25.    -(2-X/3).          26.   2.          27.   2.          28.   ~.         29.    -i- 

30.    ^-       31.    -1.       32.    -i       33.    2.       34.    x/2.        35.    Vs. 

EXAMPLES  30.    PAGE  64. 


4. 
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19     i      ^        l  iq     ^-1 

12<  2)  ~^~'  "VI*  ~^~ 

14.     -f1-.  15.     -^-^         16.     -sin  A.         17.     sin  A. 

18.  -cos  A.        19.    -cos  A.        20.    cos  A.        21.    sin  A.        22.    cos  A. 
23.     -sin  A.         24.     sec  A.  25.    cosecA.         26.     -cosecA. 

27.    tan  A.  28.    -tan  A.        29.    -cot  A.        30.    cot  A. 

EXAMPLES  31.     PAGE  68. 

1.  3.  2.    2.  3.  £•        4.    1J.        5.    2|.  6.    f.         7.    14- 

8.  4-  9.    «.  10.  -8.         11.  -4.          12.  -f.         13.    -1. 

14.  12.          15.  ±6.  16.    ±3.          17.    9.  18.   512. 

19.  ±27.       20.  A. 

EXAMPLES  32.  PAGE  70. 

12.    loga  +  log&  +  21ogc-31ogd.  13.    log  2  +  log  sin  A  +  log  cos  A. 

14.    I  (log  a  +  2  log  &  -4  log  c).  15.     |  (log  2  +  log  3). 

16.    log  3  + log  7 -log  5.  17.    i  (5  log  3  -log  2  -log  127). 

-  EXAMPLES  33.  PAGE  73. 

1.  13-4870586.     2.  4-2687956.  3.  1-3521323.     4.  3-51351. 

5.  10-78142.      6.  2-03622.  7.  9'6252,  14-0420,  28-0840. 

8.  4-4636,  5-8742,  38-2784.  9.  21-9388,  46-8623,  241-2656. 

10.  1-2316,  1-4023,  1-5110.  11.  2-10852,  2-8178,  1-2434. 

EXAMPLES  34.    PAGE  74. 


1.  -69897. 
5.  2-3344539. 
9.  3-0334239. 
13.  4-9822713. 
17.  8-77528. 

2.  -9542426. 
6.  1-8573326. 
10.  -2. 
14.  -6532126. 
18.  1-2730013. 

3.  2-4771213. 
7.  2-1583626. 
11.  4-30103. 
15.  -3802113. 
19.  1-849485. 

4.  1-39794. 
8.  2-0334239. 
12.  3-6812413. 
16.  6-2552720. 
20.  '0624694. 

21.  1-7406163.    22.  -1023132.    23.  1-0263938.    24.  1-7108823. 

EXAMPLES  35.     PAGE  74. 

1.    2.       2.    3.       3.    4.        4.    5.        5.    7.        6.  -1.  7.    -2. 

8.  -3.  9.  -4.  10.  -9.  11.  -14.  12.  -2.  13.  -3. 

14.  -2.  15.  -4.  16.  208.  17.  353.  18.  125.'  19.  69. 

20.  3560.  21.  60.  22.  38.  23.  59.  24.  17.  25.  4225. 

EXAMPLES  36.     PAGE  75. 

L     1.  2.     (i)  };  (n)  -4;  (m)  4.  3.     2,  -6,4. 

4.  (i)  1000  &  10000;  (ii)  1  &  10;  (iii)  -00_1  &  -0001. 

5.  4,  512,  4096,  256,  128.  6.     5-0211893. 
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7.  (i)  1-6232493;  (ii)  1-9242793;  (iii)  3-5228787;  (iv)  -5880456  ; 

(v)  1-7489455;  (vi)  1-5369447.       8.  16,22,118,4.      Q. 
10.  Greater.     H._  3-61og5.     12.  (i) -30103;  (ii) -2916. 
13.  -6989700,  -30103,  1-9880618.       14.  3-30193. 
15.  1-732393,  1-7781513.  16.  1. 


1.     -8330929. 


1.     4-86507. 


EXAMPLES  37.    PAGE  78. 
2.     -3223192.         3.    4-6364625. 


4.    7-9360196. 


EXAMPLES  38.    PAGE  78. 
2.    8-479382.        3.    70-30548.          4.     -02411077. 


•3948329. 
1-3522366. 

54°36'38"-03. 
58°  2' 26" -32. 


EXAMPLES  39.    PAGE  79. 
2.    -7436377.        3.    -6320381.          4.    -5472667. 

EXAMPLES  40.    PAGE  80. 

2.     16°  17' 21"-07.  3.    62°23/46"-24. 

5.    26°45'32"-54. 


EXAMPLES  41. 
1.     -9863695;  9°28'37"-2. 
3.     -1444436;  81°46'33"-9. 
5.     1-1848865;  57°33/30//-l. 

EXAMPLES  42. 
1.     9-6137596;  24°15'33"-9. 
3.     10-2393442 ;  54°  48'  19"«7. 
5.     9-6985583;  63°  27'  39"'6. 


PAGE  81. 

2.  -8542245;  31°  19'  20"-38. 

4.  '5005020;  63°  24'  38"-9. 

PAGE  82. 

2.  10-3827281;  67°29'27"-9. 

4.  9-4217565;  74°  41' 15". 

6.  10-2168925;  37°  21'  33"-9. 


EXAMPLES  43.    PAGE  83. 
-5105452.  2.    T39794;  9-69897;  10-1505150. 

2-30103;  -59_862;  9-69897;  9-849485.  4.     1'8, 

5-6954904;  4-6954817;  4-6954839. 
3-5651392;  4-5651404;  3-5651451.  7.     35. 

1-3081.  10.     -63865.  11.     -22221. 

1-02985.          14.    5,  2.  15.    9-9849438. 

EXAMPLES  46.     PAGE  89. 


1. 
3. 
5. 
6. 
9. 
13. 


3.  -sin2A  +  sin2B  +  sin2C. 

5.  sin2A-sin2B  +  sin2C. 

7.  sin  A  +  sin  B  -  sin  C. 

9,  sin  A  +  sin  B  +  sin  C. 


8. 
12. 


1-7962206. 
•60020. 


2.  l-cos2A-cos 

4.  -l-cos2A-cos2B-cos2C. 

6.  cos  A  +  cos  B  +  cosC-1. 

8.  1-cosA  +  cosB  +  cos  C. 

10.  1  +  cosA  +  cosB-cosC. 
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EXAMPLES  48.  PAGE  92. 

2.   20.      3.   6.      4.   2v/6.  5.  4(\/3  +  l).      6.   3(\/6-j2). 

EXAMPLES  49.  PAGE  94. 
1.    fVe.             2.    22N/2.             3. 

5.  ^(3\/2-\/6).  6. 

EXAMPLES  50.    PAGE  95. 

1.    1.  2.    1.  3.    3-46.  4.    4-12.  5.    9-539. 

6.  7-21.  7.    1-88. 

EXAMPLES  51.    PAGE  96. 

1.    i.       2.    -^.       3.  0.       4.   iV&       5.  M-       6.  if-       7.   i- 
8.    ?•       9.    -£.       10.  m- 

EXAMPLES  52.    PAGE  98. 

2.   _W7,f,^7,|V7.          3.     W2,^2,  1,  1. 
1.-       5.     ^3,  |,  x/3,  iV3.         6.     i,  ^V3,W3,  Wa- 

EXAMPLES  54.    PAGE  101. 

3.  A=B.        10.    f. 

EXAMPLES  55.    PAGE  104. 

1.  B  =  15°;  a  =  38-6370;  6  =  10-3528.     2.  B  =  74°  13';  a  =  5-9840;  6  =  21-1705. 

3.  B=42°55';  a  =  15-0570;  c  =  20-56.  4.     B  =  30°;  a  =  5-6292;  c  =  6-5. 

5.  B  =  53050r;  6  =  34-1999;  c  =  42 -3631. 

6.  B  =  ll°26/;  6  =  3-0336;  c  =  15-3037. 

EXAMPLES  56.    PAGE  105. 

1.  A  =  36°52'll"-6;   B  =  53°7'48"-4;  c  =  5. 

2.  A  =  64°13'42"-7;  B  =  25°46'17"-3;  a  =  20'71. 

3.  A  =  33°41'24"-2;  B  =  56°18'35"-8;  c  =  9'0139. 

4.  A  =  75°57'49"-5;  B  =  14°  2' 10"-5;  c  =  38-1387. 

EXAMPLES  57.     PAGE  107. 

1.     Ij^r.  2.    -iV-  5.    82°  49'.  6.    45°.  7.    44°  24' 55". 

8.    f        9.    104°  28' 39".  10.    43°2/56"-68.          H.     48°  11' 22"-86. 

12.    55°46'16"'l.  13.     20°2'59"-5. 

EXAMPLES  58.    PAGE  108. 
1.     a  =  26-8701;  6  =  9-8351.  2.     172-6436  ft.  3.    25-98716  ft. 

4.  14-3595  ft.,  19-3465  ft. 
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EXAMPLES  59.    PAGE  110. 


1. 

4. 

7. 
10. 
13. 
15. 
16. 
18. 
22. 
26. 

30. 


1. 

6. 

9. 
10. 
11. 
12. 

13. 


2.    3;  £; 


1.  9-8489. 

6.  105°,  15°. 

9.  10  ^/3,  90°,  30°. 

11.  116°  33'  54";  26°  33'  54". 

13.  60°  6'  2"  -4;  49°53'57"'6. 

15.  49°19'30"-4;  40°40'29"-6. 


3.    Tjf; 


.         4.    60°. 

7.     N/13;  *W39;  7N/3-  8. 

10.     65°  38'  12";  61°  59'  48". 

12.     117°  38'  45";  27°  38'  45". 
14.     101°  34'  1";  18°  25'  59". 
16.    93°16'26"-5;  49°10'13"-5. 


5. 
30°,  90°. 


EXAMPLES  60.    PAGE  114. 
1.     One.         2.     Two.        3.    None.         4.     One. 
5.     B  =  60°,  C  =  90°,  &  =  -3^x/3.  6.     B  =  30°,  C  =  30°,  c  =  l. 

7.  B  =  15°,  C  =  60°,  6=^/3-1. 

8.  C  =  60°,  B  =  90°,  6  =  2;  C  =  120°,  B  =  30°,  6  =  1. 

9.  33°2'25"-5.         10.     27°2'35"-8.         H.     49°16'5"-5;  10°43'54"-5. 

EXAMPLES  61.    PAGE  116. 

1.     12.          2.     21.          3.     8f.          4.     18.          5.     35^/3-          6.    -V-N/2- 
7.    54.        8.    84.        9.    18^/3.        10.    64(3-^/3).        11.    37-0999  yds. 


EXAMPLES  62.    PAGE  119. 
5729ft.        2.    24-4  yds.         3.    30  ft.,  30ft.,  51-96  ft. 


57-73  yds.;  115  '46  yds.  5. 

680-34  ft.        8.     76-9  ft.  9. 

2i  miles  or  4400  yds.  H. 

7212-48  ft.  14. 


10-1033  yds. 
73-08  ft. ;  95-16  ft. 
34-236  ft.  12. 

1524-16  yds. 


tj3  miles  [=1  mile  1288  yds.];  1J  mile. 
155  ft.  6  in.  17.     237  ft. ;  137  ft. 

,yc2-a2ft.;  (a +^2 -a2) ft.        19.    45ft.          20. 
30ft.       23.    107-2  ft.       24.    261-2  ft.  25. 


30  yds.        27.    146-67  ft. 
ccos  (a  +  /3)  sin  a 
sirTjS 
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28.    68-2  ft.        29. 


6.     259  ft.  10  in. 


1558-8  ft. 


i4ff.       21.   50ft. 
12-68  ft. 
(h  tan  a  cot  ft)  ft. 


PAGE  126. 


2^  ft.  2.     10  in.  3.    W2ft. 

17(\/6  +V2)  ft.        7.     6,  2£,  1,  2,  3,  6. 
2V5,  T&V6,  |\/5,  N/6,  >/6,  2\/5. 
\Wl5,  fs/15,  fN/15>  |Vl5i  Wl5»  V>/i 
8  (2\/3  -  3),  8  (2\/3  +  3),  8,  8. 
5(\/3-l),  5(3  +  \/3),  5(3-x/3),  5(\/3 


4.     6v/3ft.  5.    20ft. 

8.     48,  6£,  3,  8,  12,  8. 


14.    74,224,224,224. 
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EXAMPLES  66.     PAGE  134. 

27T  7T                                                      37T 

.                        2.       W7T  +  -^-.  3.       W7T  +  ^.                          4.       W7T+— 

o                                         o  4                                          4 

TT  5?r 

5.       W7T.                                     6.       TMr+.  7.       W7T  +  -.                      8. 


9.     W7T+-7  and  W7T  +  -7-.  10.     WT+-,  n7r+—  -. 

44  DO 


EXAMPLES  67.    PAGE  135. 
2.    2n7r±.  3. 


5.     2w7r.  6.     (2n  +  l)7r.  7.     2n7r±.  8. 


9.  ,  .  .  , 

DO  O  O 


EXAMPLES  68.     PAGE  137. 
I)«^.'  2.     rwr  +  (-l)»^.  3. 

4.       7l7T+(-l)W.  5.       W7T.  6.       7l7T  +  (-l)» 


7.    »»+(-l)»,  i.e.,2»T-.          8. 


9. 


EXAMPLES  69.    PAGE  138. 
2.    WTT±.  3,    W7r±.  4. 


5.       W7r±-  6.       W7T±.  7.       2711T  +       .  8. 

9.     27t7r  +  ^.  10.     2ri7r-|.  11.     2mr+~.          12. 


EXAMPLES  70.     PAGE  139. 

2.     2tt7r  +     ,  (2?i-l)7r.  3. 


4.     2w7r  +  ^,  2w7r-^.        5.     2mr  +  £,   2n7r-^.  6.     2ji7r,  2mr-~ 

&  O  Z  D  O 


7.     2n7r  +     .  8.    2717T-     .  9. 


ICO          A  SHOliT   COURSE   OF   PLANE   TRIGONOMETRY. 

EXAMPLES  71.     PAGE  140. 

.       3.   i(2n±l)7r.       4.    & 


5.     2Mir+  (-!)».  6.     4nr±.  7. 


8.       twTi.  9.       »T+(-l)»|.  10.       "TT+j.  11. 


12.    fw.         13.    2nT±;nT  +  (-1)».       14.    nr+.        15. 
16.    «r+;  «r+.        17.     WTT;  nir  +  (-l)».        18. 


19.     WT±;  WTT±.       20.    2«7r=t.         21.     WT;ny±.       22. 
23.    wr;  Sbr>-..        24.    «7r±;  mr±.        25. 


26.     2Mir±^;  »MT±|.  27.     2n7ri^.          28. 


29.     nr;  i    nT  +  (-l)»-  .  30. 

31.    ^;  2n7ri2^.  32. 

33.    ^(2^±|);  ^.  34. 

EXAMPLES  72.    PAGE  141. 
1.    ?.        2.    69-81  miles.        3.    1°  3'  20";  12°  40'.        4.    56if  ,  60,  63&. 

o 


,  -|V21;  or,  -4^21,  i\/2l.       12.   2-0087449.      13.  1-1580510. 
16.    189ft.  17.    100  (\/3-l)[=  73-2]  yds.  18.    9  yds.,  2  yds. 

19.    25°  12'  32".  20.    A  =49°  T  10",  C  =  87°  44'  50". 

21.     B  =  11°  25'  16"  -3;  a=101.  22.     67°  22'  48"  or  112°  37'  12". 

23 


.     17408  yds.  30.     (i)  nw  ;  (ii)  fc  LIT  *  (f  ~  «)}  I  (iiLi)  nir  ±  ^  W7r- 
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GREEK   AND   LATIN   CLASSICS. 

ANNOTATED  AND   CRITICAL   EDITIONS. 

AESCHYLUS.     Edited  by  F.  A.  PALEY,  M.A.,  LL.D.,  late  Classical  Exa- 
miner to  the  University  of  London.    ^th  edition^  revised.     8vo,  8s. 

[Bib.  Class. 
—  Edited  by  F.  A.  PALEY,  M.A.,  LL.D.    6  vols.     Fcap.  8vo,  is.  6d. 

[Camb.  Texts  with  Notes. 


Agamemnon. 

Choephoroe. 

Eumenides. 


Persae. 
Prometheus  Vinctus. 
Septem  contra  Thebas. 


ARISTOPHANIS  Comocdiae  quae  supersunt  cum  perditarum  fragmentis 
tertiis  curis,  recognovit  additis  adnotatione  critica,  summariis,  descriptione 
metrica,  onomastico  lexico  HUBERTUS  A.  HOLDEN,  LL.D.  [late  Fellow  of 
Trinity  College,  Cambridge].  Demy  8vo. 

Vol.  I.,  containing  the  Text  expurgated,  with  Summaries  and  Critical 
Notes,  iSs. 

The  Plays  sold  separately  : 


Acharnenses,  2s. 
Equites,  is. 
Nubes,  2s. 
Vespae,  2s. 
Pax,  25. 


Aves,  2s. 

Lysistrata,  et  Thesmophoriazu- 

sae,  4*. 
Ranae,  25. 

PlutUS,  2S. 


Vol.  II.     Onomasticon  Aristophaneum  continens  indicem  geographi- 
cum  et  historicum.     5*.  6d. 

—  The  Plutus.    Edited,  with  Notes,  by  M.  T.  QUINN,  M.A.,  Lond.    3-r.  6d. 

[Pub.  Sch.  Ser. 

—  The  Peace.     A  revised  Text  with  English  Notes  and  a  Preface.      By 

F.  A,  PALEY,  M.A.,  LL.D.     Post  8vo,  2s.  6d.  [Ptib.  Sch.  Ser. 

—  The  Acharnians.     A  revised  Text  with  English  Notes  and  a  Preface. 

By  F.  A.  PALEY,  M.A.,  LL.D.     Post  8vo,  2s.  6d.  [Pub.  Sch.  Ser. 

—  The  Frogs.    A  revised  Text  with  English  Notes  and  a  Preface.    By  F.  A. 

PALEY,  M.A.,  LL.D.     Post  8vo,  2s.  6d.  [Pub.  Sch.  Ser. 

CAESAR.  De  Bello  Gallico.  Books  I.  and  II.  Edited  by  A.  c.  LIDDELL, 
M.A.,  Assistant  Master  at  the  High  School,  Nottingham.  With  Illustra- 
tions. Pott  Svo.  With  or  without  Vocabulary,  is.  6d.  each. 

[lllustr.  Classics. 

—  Book  III.     By  F.  H.  COLSON,  M.A.,  Head  Master  of  Plymouth  College, 

and  G.  M.  GWYTHER,  M.A.,  Assistant  Master.    With  Illustrations.    Pott 
Svo.     With  or  without  Vocabulary,  is.  6d.  [Illustr.  Classics. 

—  Book  IV.     By  REV.  A.  w.  UPCOTT,  M.A.,  Head  Master  of  St.  Edmund's 

School,  Canterbury.     With  Illustrations.     Pott  Svo.     With  or  without 
Vocabulary,  is.  6d.  \Illustr.  Classics. 

—  Book  V.     By  A.  REYNOLDS,  M.A.,  Assistant  Master  at  Merchant  Taylors' 

School.     With  Illustrations.     Pott  Svo.     With  or  without  Vocabulary, 
is.  6d.  [Illustr.  Classics. 

—  Book  VI.     By  J.  T.  PHILLIPSON,  M.A.,  Head  Master  of  Christ's  College, 

Finchley.     With  Illustrations.     Pott  Svo.    \Vith  or  without  Vocabulary, 
is.  6d.  [Illiistr.  Classics. 
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CAESAR — continued. 

—  Edited  by  GEORGE  LONG,  M.A.     Books  I. -III.,  is.  6d.  ;  Books  IV.  and  V., 

is.  6d. ;  Books  VI.  and  VII.,  is.  6d.  [Gram.  Sch.  Class. 

—  Seventh  Campaign  in  Gaul.     B.C.  52.     De  Bello  Gallico,  Lib.  VII. 

Edited  with  Notes,  Excursus,  and  Table  of  Idioms,  by  REV.  \v.  COOK- 
WORTHY  COMPTON,  M.A.,  Head  Master  of  Dover  College.  With 
Illustrations  from  Sketches  by  E.  T.  COMPTON,  Maps  and  Plans,  yd 
edition.  Crown  8vo,  2s.  6d.  net. 

CALPURNIUS  SICULUS  and  M.  AURELIUS  OLYMPIUS 
NEMESIANUS.  The  Eclogues,  with  Introduction,  Commentary, 
and  Appendix.  By  c.  H.  KEENE,  M.A.  Crown  8vo,  6s. 

CATULLUS,  TIBULLUS,  and  PROPERTIUS.  Selected  Poems. 
Edited  by  the  REV.  A.  H.  WRATISLAW,  and  F.  N.  BUTTON,  B.A.  Fcap. 
8vo,  2s.  6d.  [Grain.  Sch.  Class. 

CICERO'S  Orations.     Edited  by  G.  LONG,  M.A.     8vo.  [Bib.  Class. 

Vol.  I.— In  Verrem.     8s. 

Vol.  II.— Pro  P.  Quintio— Pro  Sex.  Roscio— Pro  Q.  Roscio— Pro  M. 
Tullio — Pro  M.  Fonteio — Pro  A.  Caecina — De  Imperio  Cn.  Pompeii— 
Pro  A.  Cluentio — De  Lege  Agraria — Pro  C.  Rabiiio.  Ss. 

Vols.  III.  and  IV.      Out  of  print. 

—  Selections.     Edited  by  j.  F.  CHARLES,  B.A.,  Assistant  Master  at  the  City 

of  London  School.  With  Illustrations.  Pott  8vo.  With  or  without 
Vocabulary,  is.  6d.  [Illustr.  Classics. 

—  Orations  against  Catiline.     Books  I.  and  II.     By  F.  HERRING,  M.A., 

Assistant  Master  at  Blundell's  School,  Tiverton.  With  Illustrations. 
Pott  8vo.  With  or  without  Vocabulary,  is.  6d.  [Illustr.  Classics. 

—  De  Senectute,  De  Amicitia,  and  Select  Epistles.    Edited  by  GEORGE 

LONG,  M.A.     Fcap.  8vo,  3-r.  [Grant.  Sch.  Classics. 

—  De  Amicitia.     Edited  by  GEORGE  LONG,  M.A.     Fcap.  Svo,  is.  6d. 

[Camb.  Texts  with  Notes. 

—  De  Senectute.     Edited  by  GEORGE  LONG,  M.A.     Fcap.  Svo,  is.  6d. 

[Camb.  Texts  with  Notes. 

—  Epistolae  Selectae.    Edited  by  GEORGE  LONG,  M.A.    Fcap.  Svo,  is.  6d. 

[Camb.  Texts  with  Notes. 

—  The   Letters  to  Atticus.      Book  I.     With  Notes,  and  an  Essay  on  the 

Character  of  the  Writer.  By  A.  PRETOR,  M.A.  yd  edition.  Post  Svo, 
45.  6d.  [Pub.  Sch.  Ser. 

CORNELIUS  NEPOS.  Epaminondas,  Hannibal,  Cato.  Edited  by 
H.  L.  EARL,  M.A.,  Assistant  Master  at  the  Grammar  School,  Man- 
chester. With  Illustrations.  Pott  Svo.  With  or  without  Vocabulary, 
is.  6d.  [Illustr.  Classics. 

—  Edited  by  the  late  REV.  j.  F.  MACMICHAEL.     Fcap.  Svo,  zs. 

[Gram.  Sch.  Class. 

DEMOSTHENES.    Edited  by  R.  WHISTON,  M.A.,  late  Head  Master  of 

Rochester  Grammar  School.     2  vols.     Svo,  Ss.  each.  [Bib.  Class. 

Vol.    I. — Olynthiacs — Philippics — De  Pace — Halonnesus — Chersonese 

— Letter  of  Philip — Duties  of  the  State — Symmoriae — Rhodians — Mega- 

lopolitans — Treaty  with  Alexander — Crown. 

Vol.  1 1. — Embassy — Leptines  —  Meidias  -—  Androtion—  Aristocrates— 
rfites-,— Aristo<7eiton, 
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DEMOSTHENE  S— continued. 

—  De  Falsa  Legatione.     By  the  late  R.  SHILLETO,  M.A.,  Fellow  of  St. 

Peter's  College,  Cambridge.     %th  edition.    Post  8vo,  6s.    [Pub.  Sch.  Ser. 

—  The  Oration  against  the  Law  of  Leptines.     With  English  Notes. 

By  the  late  B.  w.  BEATSON,  M.A.,  Fellow  of  Pembroke  College,     yd 
edition.     Post  8vo,  -$s.  6d.  [Pub.  Sch.  Ser. 

EURIPIDES.  By  F.  A.  PALEY,  M.A.,  LL.D,  3  vols.  2nd  edition,  revised. 
8vo,  8j.  each.  Vol.  I,  Out  of  print.  [Bib.  Class. 

Vol.  II. — Preface— Ion — Helena— Andromache— Electra— Bacchae — 
Hecuba.  2  Indexes. 

Vol.  III.- — Preface  —  Hercules  Furens — Phoenissae — Orestes — Iphi- 
genia in  Tauris — Iphigenia  in  Aulide — Cyclops.  2  Indexes. 

—  Electra.     Edited,  with  Introduction  and  Notes,  by  C,  II.   KEENE,   M.A., 

Dublin,  Ex-Scholar  and  Gold  Medallist  in  Classics.    Demy  8vo,  lor.  6d. 

—  Edited  by  F.  A.  PALEY,  M.A.,  LL.D.     13  vols.     Fcap.  Svo,  is.  6d.  each. 

[Canib.  Texts  'With  Notes* 


Alcestis. 

Medea. 

HippolytUS. 

Hecuba. 

Bacchae. 

Ion  (2s.)t 


Phoenissae. 
Troades. 

Hercules  Furens. 
Andromache. 
Iphigenia  in  Tauris. 
Supplices. 


Orestes. 

EUTROPIUS.  Books  I.  and  II.  Edited  byj.  o.  SPENCER,  B.A.,  Asst. 
Master  at  St.  Paul's  Preparatory  School.  With  Illustrations.  Pott  8vo. 
With  or  without  Vocabulary,  is.  6d.  [Illustr.  Classics. 

HERODOTUS.    Edited  by  REV.  T.  w.  BLAKESLEY,  B.D.    2  vols.    8vo,  12s. 

[Bib.  Class. 

HESIOD.    Edited  by  F.  A.  PALEY,  M.  A.,  LL.D.    2nd  edition,  revised.   Svo,  5*. 

[Bib.  Class. 

HOMER.  Edited  by  F.  A.  PALEY,  M.A.,  LL.D.  2  vols.  2nd  edition, 
revised,  14*.  Vol.  II.  (Books  XIII. -XXIV.)  may  be  had  separately.  6s. 

[Bib.  Class. 

-*-  Iliad.  Books  I. -XII.  Edited  by  F.  A.  PALEY,  M.A.,  LL.D.  Fcap.  Svo, 
4*.  6d.  Also  in  2  Parts.  Books  I.*VI.  2s.  6d.  Books  VII. -XII.  2s.  6d. 

[Gram.  Sch.  Class. 
— .  Iliad.     Book  I.     Edited  by  F,  A.  PALEY,  M.A.,  LL.D.     Fcap.  Svo,  is. 

[Camb.  Text  with  Notes. 

HORACE.  Edited  by  REV.  A.  j.  MACLEANS,  M.A.  tfh  edition,  revised  by 
GEORGE  LONG.  Svo,  Ss.  [Bib.  Class. 

— -  Edited  by  A.  J.  MACLEANE,  M.A.     With  a  short  Life.     Fcap.  Svo,  3*.  6d. 

Or,  Part  I.,  Odes,  Carmen  Seculare,  and  Epodes,  2s. ;  Part  II.,  Satires, 

Epistles,  and  Art  of  Poetry,  2s.  [Gram.  Sch.  Class. 

-—  Odes.  Books  I.  and  II.  Edited  by  C.  G.  HOTTING,  B.A.,  Asst.  Master 
at  St.  Paul's  School.  With  Illustrations.  2  vols.  Pott  Svo.  With  or 
without  Vocabulary,  is.  6d.  each.  [llhtstr.  Classics, 

JUVENAL  :  Sixteen  Satires  (expurgated).  By  HERMAN  PRIOR,  M.A. 
Fcap.  Svo,  3*.  6d.  [Gram.  Sch.  Class. 
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LIVY.  The  first  five  Books,  with  English  Notes.  By  J.  PRENDEVILLE. 
A  new  edition  revised  throughout  by  j.  H.  FREESE,  M.A.,  late  Fellow  of 
St.  John's  College,  Cambridge.  Books  I.  II.  III.  IV.  V.  With  Maps 
and  Introductions.  Fcap.  8vo,  is.  6d.  each. 

—  Book  VI.     Edited  by  E.  s.  WEYMOUTH,  M.A.,  Lond.,  and  G.  F.  HAMILTON, 

B.A.      With  .Historical  Introduction,  Life  of  Livy,  Notes,  Examination 
Questions,  Dictionary  of  Proper  Names,  and  Map.     Crown  8vo,  2s.  6d. 

—  Book  IX.    (Chaps.   1-19).     By  \v.   FLAMSTEAD  WALTERS,  M.A.     With 

Illustrations.     Pott  8vo.     With  or  without  Vocabulary,  is.  6d. 

\_lllustr.  Classics. 

—  Book  XXI.  Edited,  with  Introduction  and  Notes,  by  F.  E.  A.  TRAYES,  M.A., 

Assistant  Master  at  St.  Paul's  School.     With  Illustrations  .and  Maps. 

[fn  the  Press. 

—  Hannibal's  First  Campaign  in  Italy  (from  Book  XXI.).     Edited  by 

F.  E.  A.  TRAYES,  M.A.     W7ith  Illustrations     Pott  8vo.    With  or  without 
Vocabulary,  is.  6d.  [Ilhistr.  Classics. 

—  Book  XXI.     By  the  REV.  L.  D.  DOWDALL,  M.A.,  B.D.     Post  8vo,  2s. 

\_Pnb.  Sch.  Ser. 

—  Book  XXII.    Edited  by  the  REV.  L.  D.  DOWDALL,  M.A.,  B.D.     Post  8vo, 

2s.  [Pub.  Sch.  Ser. 

LUCAN.  The  Pharsalia.  By  c.  E.  HASKINS,  M.A.,  Fellow  of  St.  John's 
College,  Cambridge,  with  an  Introduction  by  w.  E.  HEITLAND,  M.A., 
Fellow  and  Tutor  of  St.  John's  College,  Cambridge.  8vo,  145-. 

LUCRETIUS.  Titi  Lucreti  Cari  De  Rerum  Natura  Libri  Sex.  By 
the  late  H.  A.  J.  MUNRO,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 
4//i  edition,  finally  revised.  3  vols.  Demy  8vo.  Vols.  L,  II.,  Introduc- 
tion, Text,  and  Notes,  iSs.  Vol.  III.,  Translation,  6*. 

MARTIAL:  Select  Epigrams.  Edited  by  F.  A.  PALEY,  M.A.,  LL.D., 
and  the  late  w.  H.  STONE,  Scholar  of  Trinity  College,  Cambridge.  With 
a  Life  of  the  Poet.  Fcap.  8vo,  4^.  6d.  [Gram.  Sch.  Class. 

OVID  :  Heroides  XIV.  Edited,  with  Introductory  Preface  and  English 
Notes,  by  ARTHUR  PALMER,  M.A.,  Professor  of  Latin  at  Trinity  College, 
Dublin.  Demy  8vo,  6s. 

—  Metamorphoses.     Book  I.     Edited  by  G.   H.  WELLS,  M.A.,  Assistant 

Master  at   Merchant  Taylors'  School.     With   Illustrations.     Pott   Svo. 
With  or  without  Vocabulary,  is.  6d.  [lllnstr.  Classics. 

—  Metamorphoses,  Book  XIII.      A  School  Edition.      With  Introduction 

and   Notes,  by  CHARLES  HATNES  KEENE,   M.A.,  Dublin,   Professor  of 
Greek,  Queen's  College,  Cork.     $th  edition.     Fcap.  Svo,  2s.  6d. 

—  Metamorphoses.     Book  XIV.     A  School  Edition.     With  Introduction 

and  Notes,  by  c.  H.  KEENE,  M.A.     Fcap.  Svo,  2s.  6d. 

—  Metamorphoses,  Books  XIII.  and  XIV.     Edited  by  c.  H.  KEENE,  M.A. 

Fcap.  Svo,  3-y.  6d. 

—  Metamorphoses.     A  Selection.     Edited  by  j.  w.  E.   PEARCE,  M.A., 

Assistant  Master  at  Univ.  Coll.  School.     With  Illustrations.     Pott  Svo. 
With  or  without  Vocabulary,  is.  6d.  [Illustr.  Classics. 

—  Fasti.      Edited  by  F.   A.   PALEY,  M.A.,   LL.D.     Second  edition.     Fcap. 

Svo,  35-.  6d.     Or  in  3  vols,  is.  6d.  each.  [Gram.  Sch.  Class. 

—  Fasti.    Edited  by  F.  A.  PALEY,  M.A.,  LL.D.    3  vols.    Fcap.  Svo.    zs.  each. 

[Camb.  Texts  with  Notes. 
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OVID  —  continued. 

—  Tristia.     Book  III.     Edited  by  H.R.  wooi.RYCH,  M.A.,  Head  Master  of 

Blackheath   School.     With  Illustrations.     Pott  8vo.     With  or  without 
Vocabulary,  is.  6d.  [Illustr.  Classics. 

—  Epistolarum  ex  Ponto  Liber  Primus.    With  Introduction  and  Notes, 

by  CHARLES   HAINES   KEENE,  M.A.       Crown  8vo,  ^S. 

—  Ars  Amatoria  et  Amores.     A  School  Edition.     Carefully  Revised  and 

Edited  by  j.  HERBERT  WILLIAMS,  M.A.     Fcap.  8vo,  $s.  6d. 

—  Elegiac  Selections.     Edited  by  F.  COVERLEY  SMITH,  B.A.,  Assistant 

Master  at  Nottingham  High  School.    With  Illustrations.    Pott  8vo.  With 
or  without  Vocabulary,  is.  6d.  [Illustr.  Classics. 

—  Selections  from  the   Amores,  Tristia,  Heroides,  and   Metamor- 

phoses.   By  A.  J.  MACLEANE,  M.A.     Fcap.  8vo,  is.  6d. 

[Camb.  Texts  with  Notes. 
PH^EDRUS.     A  Selection.     Edited  by  REV.   R.  H.   CHAMBERS,  M.A., 

Head  Master  of  Christ's  Coll.,  Brecon.     With  Illustrations.     Pott  8vo. 

With  or  without  Vocabulary,  is.  6d.  [Illustr.  Classics. 

PLATO.     The  Apology  of  Socrates  and  Crito.     Edited  by  WILHELM 

WAGNER,  PH.D.     12th  edition.     Post  8vo,  2s.  6d  [Pub.  Sch.  Ser. 

—  Phaedo.      With    Notes,    critical   and   exegetical,   and   an    Analysis,    by 

WILHELM  WAGNER,  PH.D.    nth  edition.    Post  8vo,  5-r.  6d.  [Pub.  Sch.  Ser. 

—  Protagoras.      The   Greek  Text  revised,  with  an  Analysis   and  English 

Notes,  by  w.  WAYTE,  M.A.,  Classical  Examiner  at  University  College, 
London,     "jth  edition.     Post  Svo,  4^.  6d.  [Pub.  Sch.  Ser. 

—  Euthyphro.      With   Notes  and    Introduction  by  o.    H.  WELLS,  M.A., 

Scholar  of  St.  John's  College,  Oxford  ;  Assistant  Master  at  Merchant 
Taylors' School,     ^rd  edition.     Post  Svo,  3.?.  [Pub.  Sch.  Ser. 

--The  Proem  to  the  Republic.  ( Book  I.  and  Book  II.  Chaps,  i-io).  Edited, 
with  Introduction,  Notes,  and  Commentary,  by  T.  G.  TUCKER,  LITT.D., 
Professor  of  Classical  Philology  in  the  University  of  Melbourne. 

[In  the  Press. 

—  The  Republic.      Books  I.  and  II.      With  Notes  and  Introduction  by 

G.  H.  WELLS,  M.A.     $th  edition,  with  the  Introduction  re-written.     Post 
Svo,  5.5-.  [Pub.  Sch.  Ser. 

—  Euthydemus.    WTith  Notes  and  Introduction   by  G.    H.  WELLS,   M.A. 

Post  Svo,  4-r.  [Pub.  Sch.  Ser. 

—  Phaedrus.    By  the  late  w.  H.  THOMPSON,  D.D.,  Master  of  Trinity  College, 

Cambridge.     Svo,  $s.  [Bib.  Class. 

—  Gorgias.    By  the  late  w.  H.  THOMPSON,  D.D.     Post  Svo.     6s. 

[Pub.  Srh.  Ser. 

PLAUTUS.  Aulularia.  With  Notes,  critical  and  exegetical,  by  w. 
WAGNER,  PH.D.  $th  edition.  Post  Svo,  45-.  6d.  [Pub.  Sch.  Ser. 

—  Trinummus.       With    Notes,    critical    and    exegetical,    by    WILHELM 

WAGNER,  PH.D.     $th  edition.     Post  Svo,  4<\  6d.  [Pub.  Sch.  Ser. 

—  Menaechmei.       With     Notes,    critical    and    exegetical,    by    WILHELM 

WAGNER,  PH.D.     ^rd  edition.     Post  Svo,  4<-.  6d.  [Pub.  Sch.  Ser. 

—  Mostellaria.     By  E.  A.  SONNENSCHEIN,  M.A.,  Professor  of  Classics  at 

Mason  College,  Birmingham.     Post  Svo,  5-f.  [Pub.  Sch.  Ser. 

PROPERTIUS.  Sex.  Aurelii  Propertii  Carmina.  The  Elegies  of 
Propertius,  with  English  Notes.  By  F.  A.  PALEY,  M.A.,  LL.D.  2nd 
edition.  8vo,  5*. 
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SALLUST  :  Catilina  and  Jugurtha.  Edited,  with  Notes,  by  the  late 
GEORGE  LONG.  Neiv  edition^  revised,  wiih  the  addition  of  the  Chief 
Fragments  of  the  Histories,  by  j.  G.  FRAZER,  M.A  ,  Fellow  of  Trin.  Coll., 
Camb.  Fcap.  8vo,  "$s.  6d.,  or  separately,  2o.  each.  [Gram.  Sch.  Class. 

SOPHOCLES.  Edited  by  REV.  F.  H.  BLAYDES,  M.A.  Vol.  I,  Oedipus 
Tyrannus — Oedipus  Coloneus — Antigone.  8vo,  8.r.  [Bib.  Class, 

Vol.  II.  Philoctetes— Electra— Trachiniae — Ajax.  By  F.  A.  PALEY, 
M.A.,  LL.D.  8vo,  6s. 

—  Antigone.     Edited  by  G.  H.  WELLS,  M.A.,  Assistant  Master  at  Merchant 

Taylors'  School.     With  Illustrations.  [In  the  Press. 

—  Trachiniae.     With  Notes  and  Prolegomena.     By  ALFRED  PRETOR,  M.A., 

Fellow  of  St.  Catherine's  College,  Cambridge.     Post  Svo,  4*.  6d. 

[Pub.  Sch.  Ser. 

—  The  Oedipus  Tyrannus  of  Sophocles.     By  B.  H.   KENNEDY,  D.D. 

Crown.  Svo,  8s. 
A  SCHOOL  EDITION    Post  Svo,  2s.  6d.  [Pub.  Sch.  Ser. 

—  Edited  by  F,  A.  PALEY,  M.A.,  LL.D.     5  vols.     Fcap.  Svo,  is.  (yd.  each. 

[Camb.  Texts  -with  Notes. 

Oedipus  Tyrannua.  Electra. 

Oedipus  Coloneus.  Ajax. 

Antigone.  I 

STORIES  OF  GREAT  MEN.     By  REV.  F.  CON  WAY,  M.A.,  Assistant 

Master  at  Merchant  Taylors'  School.  With  Illustrations.    Pott  Svo.  With 

or  without  Vocabulary,  is.  6d.  [lllustr.  Classics. 

TACITUS  :  Qermania  and  Agricola.     Edited  by  the  late  REV.  p.  FROST, 

late  Fellow  of  St.  John's  College,  Cambridge.     Fcap.  Svo,  2s.  6d. 

[Gram.  Sch.  Class. 

TERENCE.  With  Notes,  critical  and  explanatory,  by  WILHELM  WAGNER, 
PH.D.  yd  edition.  Post  Svo,  *js.  6d.  [Pub.  Sch.  Ser. 

—  Edited  by  WILHELM  WAGNER,  PH.D.     4  vols.     Fcap.  Svo,  is.  6d.  each. 

[Camb.  Texts  -with  Notes, 

Andria.  Heautontimorumenos. 

Adelphi.  Phormio. 

THEOCRITUS.  Edited,  with  Introduction  and  Notes,  by  R.  j.  CHOLMELEY, 

M.A.,  Assistant  Master  at  the  City  of  London  School.  [In  the  Press. 

THUCYDIDES,  Book  VI.     Edited  by  T.  w.  DOUGAN,  M.A.,  Professor  of 

Latin  in  Queen's  College,  Belfast.     Post  Svo,  2s.  [Pub.  Sch.  Ser. 

—  The  Athenians  in  Sicily.     (Selected  from  Books  VI.  and  VII.)    Edited, 

\vith  Introduction  and  Notes,  by  the  REV.  w.  COOKWORTHY  COMPTON, 
M.A.,  Head  Master  of  Dover  College.     With  Illustrations  and  Maps. 

[In  the  Press. 

—  The  History  of  the  Peloponnesian  War.    With  Notes  and  a  careful 

Collation  of  the  two  Cambridge  Manuscripts,  and  of  the  Aldine  and 

Juntine  Editions.       By  the  late  RICHARD    SHILLETO,   M.A.,   Fellow  of 

St.  Peter's  College,  Cambridge.    Svo.    Book  I.  65-.  6d.     Book  II.  5*.  6d. 

VIRGIL.    By  JOHNCONINGTON,  M.A.,  and  HENRY  NETTLESHIP,  late  Corpus 

Professor  of  Latin  at  Oxford.     Svo.  [Bib.  Class. 

Vol.  I.  The  Bucolics  and  Georgics.     $th  edition,  revised  by  F.  HAVER* 

FIELD,  M.A.       IOJ-.  6d. 

Vol.  II.  The  Aeneid,  Books  I. -VI.     qth  edition.     IQS.  6d. 
Vol.  III.  The  Aeneid,  Books  VII. -XII.     yd  edit  ion.     los.  64 
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—  Abridged  from  PROFESSOR  CONINGTON's  Edition,  by  the  REV.  J.  G.  SHEP- 

PARD,   D.C.L.,  H.  NETTLESIIIP,  and  W.  WAGNER,  PH.D.       2  vols.       Fcap. 

8vo,  4s.  6d.  each.  [Gram.  Sch.  Class. 

Vol.  I.  Bucolics,  Georgics,  and  Aeneid,  Books  I. -IV. 
Vol.  IT.  Aeneid,  Books  V. -XII. 
Also  the  Bucolics  and  Georgics,  in  one  vol.     %s. 
Or  in  9  separate  volumes  (Grammar  School  Classics,  with  Notes  at  foot  of  page)  y 

price  is.  6d.  each. 

Bucolics;  Georgics,  I.  and  II.,  III.  and  IV.;  Aeneid,  I.  and  II., 
III.  and  IV.,  V.  and  VI.,  VII.  and  VIIL,  IX.  and  X..  XT.  and  XII. 
Or  in  12  separate  volumes  (Cambridge  Texts  with  Notes  at  end),  price 

is.  6d.  each. 

Bucolics  ;  Georgics,  I.  and  II.,  III.  and  IV.  ;  Aeneid,  I.  and  II., 
III.  and  IV.,  V.  and  VI.  (price  2s.),  VII ,  VIIL,  IX.,  X.,  XL,  XII. 

—  ^Eneid.     Book    I.     Edited   by   REV.  E.   H.   s.  ESCOTT,  M.A.,  Assistant 

Master  at   Dulwich  College.     With  Illustrations.     Pott  8vo.     With  or 
without  Vocabulary,  is.  6d.  [Illitstr.  Classics. 

—  /Eneid.     Books   II.    and   III.     Edited  by  L.   D.   WAINWRIGHT,   M.A., 

Assistant  Master  at  St.  Paul's  School.     With  Illustrations.     2  vols.     Pott 
Svo.     With  or  without  Vocabulary,  is.  6d.  each.  [/llustr.  Classics. 

—  /Eneid.     Book  IV.     By  A.  s.  WARMAN,  B.A.,  Assistant  Master  at  Man- 

chester Grammar  School.     With  Illustrations.     Pott  Svo.    With  or  with- 
out Vocabulary,  -I  s.  6d.  '[Illustr.  Classics. 

—  jEneid.    Selections  from  Books  VII.  to  XII.   Edited  by  w.  G.  COAST,  B.  A., 

Fettes  College.     With  Illustrations.     Pott  Svo.     With  or  without  Voca- 
bulary, is.  6d.  \_lllustr.  Classics. 

XENOPHON  :  Anabasis.  With  Life,  Itinerary,  Index,  and  three  Maps. 
Edited  by  the  late  j.  F.  MACMICIIAEL.  Revised  edition.  Fcap.  Svo, 
3-y.  6d.  [Gram.  Sch.  Class. 

Or  in  4  separate  volumes,  price  is.  6d.  each. 

Book  I.  (with  Life,  Introduction,  Itinerary,  and  three  Maps) — Books 
II.  and  III.— Books  IV.  and  V.— Books  VI.  and  VII. 

•—  Anabasis.  MACMICHAEL'S  Edition,  revised  by  j.  E.  MELHUISH,  M.A., 
Assistant  Master  at  St.  Paul's  School.  In  6  volumes,  fcap.  Svo.  With 
Life,  Itinerary,  and  Map  to  each  volume,  is.  6d.  each. 

[Camb.  Texts  with  Notes. 

Book    I.— Books   II.   and   III.— Book   IV.— Book  V.— Book    VI.— 
Book  VI 1. 

—  Cyropaedia.    Edited  by  G.  M.   GORHAM,  M.A.,  late  Fellow  of  Trinity 

College,  Cambridge.    New  edition.    Fcap.  Svo,  -$s.  6d.    [Gram.  Sch.  Class. 
Also  Books  I.  and  II.,  I*.  6d.  ;    Books  V.  and  VI.,  is.  6d. 

—  Memorabilia.     Edited   by  PERCIVAL  FROST,  M.A.,  late  Fellow  of  St. 

John's  College,  Cambridge.     Fcap.  Svo,  3-r.  [Gram.  Sch.  Class. 

—  Hellenica.     Book  I.     Edited  by  L.  D.  DOWDALL,  M.A.,  B.D.     Fcap.  Svo, 

2s.  [Camb.  Texts  with  Kot&s. 

—  Hellenica.    Book  II.     By  L.  D.  DOWDALL,  M.A.,  B.D.     Fcap.  Svo,  2.r. 

[Camb.  Texts  with  Notc$. 
TEXTS. 

AESCHYLUS,  Ex  novissima  receasione  F.  A.  PALEY,  A.M.,  LI..D.  Fcap. 
Svo,  2s.  [Caml\  Te.\ls. 
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CAESAR  De  Bello  Gallico.  Recognovit  G.  LONG,  A.M.  Fcap.  8vo, 
is.  6d.  [Cai/ib.  Texts. 

CATULLUS.  A  New  Text,  with  Critical  Notes  and  an  Introduction,  by 
j.  P.  POSTGATE,  M.A.,  LITT.D.,  Fellow  of  Trinity  College,  Cambridge, 
Professor  of  Comparative  Philology  at  the  University  of  London.  Wide 
fcap.  8vo,  3-j. 

CICERO  De  Senectute  et  de  Amicitia,  et  Epistolae  Selectae.  Recen- 
suit  G.  LONG,  A.M.  Fcap.  8vo,  is.  6d.  [Cainb.  Texts. 

CICERONIS  Orationes  in  Verrem.  Ex  recensione  G.  LONG,  A.M. 
Fcap.  8vo,  2s.  6d.  [Camb.  Texts. 

CORPUS  POETARUM  LATINORUM,  a  se  aliisque  denuo  recogni- 
torum  et  brevi  lectionnm  varietate  instructorum,  edidit  JOHANNES  PERCI- 
VAL POSTGATE.  Tom.  I. — Ennius,  Lucretius,  Catullus,  Horatius,  Vergilius, 
Tibullus,  Propertius,  Ovidius.  Recogniti  a  L.  MULLER,  H.  A.  j.  MUNRO, 

H.    NETTLESHIP,   J.  GO\V,  E.  KILLER,  G.  M.   EDWARDS,  A.  PALMER,    G.  A. 
DAVIES,    S.    G.  OWEN,    A.    E.    HOUSMAN,   JOH.    P.    POSTGATE.       Large  post 

4to,  2is.  net.     Also  in  2  Parts,  sewed,  95-.  each,  net. 

y*^  To  be  completed  in  4  parts,  making  2  volumes. 
CORPUS  POETARUM  LATINORUM.     Edited  by  WALKER.     Con- 

taining  : — Catullus,  Lucretius,    Virgilius,  Tibullus,  Propertius,   Ovidius, 

Horatius,    Phaeclrus,    Lucanus,    Persius,   Juvenalis,    Martialis,    Sulpicia, 

Statius,  Silius  Italicus,  Valerius  Flaccus,  Calpurnius  Siculus,  Ausonius, 

and  Claudiamis.     I  vol.     8vo,  cloth,  185. 
EURIPIDES.     Ex  recensione  F.  A.  PALEY,  A.M.,  LL.D.      3  vols.     Fcap. 

8vo,  2s.  each.  \_Canib.  Texts. 

Vol.   I. — Rhesus — Medea  —  Hippolytus —  Alcestis  — Heraclidae — Sup- 

plices — Troades. 

Vol.  II. — Ion — Helena — Andromache — Electra— Bacchae — Hecuba. 
Vol.  III. — Hercules  Furens — Phoenissae — Orestes — Iphigeniain  Tauris 

— Iphigeniain  Aulide — Cyclops. 
HERODOTUS.     Recensuit  j.  G.  BLAKESLEY,  S.T.B.      2  vols.  Fcap.  8vo, 

2s.  6d.  each.  [Ca>nb.  Texts. 

HOMERI  ILIAS  I. -XII.     Ex  novissima  recensione  F.  A.  PALEY,  A.M., 

LL.D.     Fcap.  8vo,  is.  6d.  [Camb.  7^exts. 

HORATIUS.     Ex  recensione  A.  J.  MACLEANE,  A.M.     Fcap.  8vo,  is.  6d. 

\Camb.  Texts. 
JUVENAL    ET    PERSIUS.      Ex    recensione    A.  j.    MACLEANE,   A.M. 

Fcap.  8vo,  is.  6d.  [Ca/nb.  Texts. 

LUCRETIUS.     Recognovit  H.  A.  j.  MUNRO,  A.M.     Fcap.  8vo,  2s. 

\Cainb.  Texts. 
P.   OVIDI    NASONIS    OPERA,    ex  Corpore   Poetarum  Latinorum  a 

JOH.  PERCIVAL  POSTGATE  edito,  separatim  typis  impressa.  3  vols.  2s.  each. 
PROPERTIUS.       Sex.    Propertii    Elegiarum    Libri   IV.    recensuit    A. 

PALMER,   collcgii  sacrosanctae  ct  individuae  Trinitatis  juxta  Dublinum 

Socius.     Fcap.  8vo,  3.5-.  6d. 
—    Sexti    Properti   Carmina.      Recognovit  JOH.    PERCIVAL    POSTGATE, 

Large  post  4to,  boards,  -$s.  6d.  net. 
SALLUSTI    CRISPI    CATILINA   ET    JUGURTHA.     Recognovit 

G.  LONG,  A.M.     Fcap.  Svo,  i.y.  6d.  [Cainb.  Texts. 

SOPHOCLES.    Ex  recensione  F.  A,  PALEY,  A.M.,  LL.D.    Fcap.  Svo,  25.  6d. 

\Camb    Text$ 
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TERENTI  COMOEDIAE.     GUL.  WAGNER  relegit  et  emendavit.    Fcap. 

8vo,  2s.  \Camb.  Texts. 

THUCYDIDES.      Recensuit  j.    G.    DONALDSON,   S.T.P.     2  vols.    Fcap. 

8vo,  2$.  each.  [Camb.  Texts. 

VERGILIUS.     Ex  recensione  J.  CONINGTON,  A.M.     Fcap.  8vo,  2s. 

\Camb.  Texts. 
XENOPHONTIS  EXPEDITIO  CYRI.    Recensuit  j.  F.  MACMICHAEL. 

A.B.    Fcap.  8vo,  is.  6d.  \Camb.  Texts. 

TRANSLATIONS. 

AESCHYLUS,  The  Tragedies  of.  Translated  into  English  verse  by 
AXXA  SWAN  WICK.  $th  edition  revised.  Small  post  8vo,  5-r. 

—  The  Tragedies  of.   Literally  translated  into  Prose,  by  T.  A.  BUCKLEY,  B.A. 

Small  post  Svo,  y.  6d. 

—  The  Tragedies  of.     Translated  by  WALTER  HEADLAM,  M.A.,  Fellow  of 

King's  College,  Cambridge.  \_Frepariug. 

ANTONINUS    (M.    Aurelius),    The   Thoughts    of.       Translated    by 

GEORGE  LONG,  M.A.     Revised  edition.     Small  post  Svo,  3^.  6d. 

Fine  paper  edition  on  handmade  paper.     Pott  Svo,  6s. 
APOLLONIUS  RHODIUS.      The  Argonautica.     Translated  by  E.  p. 

COLERIDGE,  B.A.       Small  post  8\'O,  5-T. 

APPIAN,  The  Rpman  History  of.  Translated  by  HORACE  WHITE, 
M.A.,  LL.D.  With  Maps  and  Illustrations.  2  vols.,  6s.  each. 

AMMIANUS  MARCELLINUS.  History  of  Rome  during  the 
Reigns  of  Constantius,  Julian,  Jovianus,  Valentinian,  and  Valens.  Trans- 
lated by  PROF.  c.  D.  YONGE,  M.A.  Small  post  Svo,  7-y.  6d. 

ARISTOPHANES,  The  Comedies  of.  Literally  translated  by  \v.  J. 
HICK  IE.  With  Portrait.  2  vols.  Small  post  Svo,  5*.  each. 

Vol.  I. — Acharnians,  Knights,  Clouds,  Wasps,  Peace,  and  Birds. 
Vol.  II. — Lysistrata,    Thesmophoriazusae,  Frogs,    Ecclesiazusae,    and 
Plutus. 

—  The  Acharnians.    Translated  by  w.  IT.  COVINGTON,  B.A.     With  Memoir 

and  Introduction.     Crown  Svo,  sewed,  is. 

—  The  Plutus.    Translated  by  M.  T.  QUINN,  M.A.,  Lond.    Cr.  Svo,  sewed,  is. 
ARISTOTLE  on  the  Athenian  Constitution.     Translated,  with  Notes 

and   Introduction,   by   F.    G.    KENYON,    M.A.     Pott   Svo.     2nd  edition. 
4s.  6t/. 

—  History  of  Animals.     Translated  by  RICHARD  CRESSWELL,  M.A.     Small 

post  Svo,  5-r. 

—  Organon  :  or,  Logical  Treatises,  and  the  Introduction  of  Porphyry.   Trans- 

lated by  the  REV.  o.  F.  OWEN,  M.A.     2  vols.     Small  post  Svo,  3*.  6d. 
each. 

—  Rhetoric  and  Poetics.   Literally  Translated,  with  Hobbes'  Analysis,  &c., 

by  T.  BUCKLEY,  B.A.     Small  post  Svo,  5^. 

—  Nicomachean  Ethics.     Translated  by  the  Ven.  ARCHDEACON  BROWNE, 

late  Classical  Professor  of  King's  College.     Small  post  Svo,  $s. 

—  Politics  and  Economics.    Translated  by  E.  WALFORD,  M.A.    Small  post 

Svo,  5*. 

—  Metaphysics.     Translated  by  the  REV.  JOHN  H.  M'MAHON,  M.A.     Small 

post  Svo,  5^. 
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ARRIAN.  Anabasis  of  Alexander,  together  with  the  Indica.  Trans- 
lated by  E.  j.  CHINNOCK,  M.A.,  LL.D.  With  Introduction,  -Notes,  Maps, 
and  Plans.  Small  post  Svo,  $s. 

CAESAR.  Commentaries.  Translated  by  w.  A.  M'DEVITTE,  B. A.  Small 
post  8vo,  $s. 

—  Gallic  War.    Translated  by  w.  A.  M'DEVITTE,  B.A.     2  vols.,  with  Memoir 

and  Map.    Cr.  8vo,  sewed.    Books  I.  to  IV.,  Books  V.  to  VII.,  is.  each. 
CALPURNIUS   SICULUS,  The  Eclogues  of.     The  Latin  Text,  with 

English  Translation  by  E.  J.  L.  SCOTT,  M.A.     Crown  8vo,  3$.  6d. 
CATULLUS,  TIBULLUS,  and  the  Vigil  of  Venus.  Prose  Translation. 

Small  post  8vo,  $s. 
CICERO,    The  Orations  of.     Translated  by  PROF,   c.  D.  YONGE,   M.A. 

With  Index.     4  vols.     Small  post  Svo,  $s.  each. 

—  The  Letters  of.     Translated  by  EVELYN  s.  SHUCKBURGH,  M.A.     4  voK 

Small  post  Svo.     $s.  each.  \_Vols.  J.  and  21.  shortly. 

—  On  Oratory  and  Orators.    With  Letters  to  Quintus  and  Brutus.     Trans- 

lated by  the  REV.  j.  s.  WATSON,  M.A.     Small  post  Svo,  5*. 

—  On   the    Nature  of  the   Gods.     Divination,   Fate,   Laws,  a  Republic, 

Consulship.     Translated  by   PROF,   c.    D.   YONGE,   M.A.,  and   FRANCIS 
BARHAM.     Small  post  Svo,  5-r. 

—  Academics,    De   Finibus,    and    Tusculan   Questions.     By   PROF.    C.    D. 

YONGE,  M.A.     Small  post  Svo,  5^. 

—  Offices;  or,  Moral  Duties.     Cato  Major,  an  Essay  on  Old  Age;  Laelius, 

an  Essay  on  Friendship  ;  Scipio's  Dream  ;  Paradoxes  ;  Letter  to  Quintus 
on  Magistrates.     Translated  by  C.  R.  EDMONDS.      With  Portrait,  3?.  bd. 

—  Old  Age   and   Friendship.     Translated,   with  Memoir  and  Notes,   by 

G.  H.  WELLS,  M.A.     Crown  Svo,  sewed,  is. 

DEMOSTHENES,  The  Orations  of.  Translated  by  c.  RANN  KENNEDY. 
5  vols.  Small  post  Svo. 

Vol.  I. — The  Olynthiacs,  Philippics.     3^.  6V. 

Vol.  II. — On  the  Crown  and  on  the  Embassy.     5.?. 

Vol.  III. — Against  Leptines,  Midias,  Androtion,  and  Aristocrates.     5*. 

Vols.  IV.  and  V. — Private  and  Miscellaneous  Orations.     5-r.  each. 

—  On  the    Crown.     Translated   by    c.    RANN    KENNEDY.      Crown   Svo, 

sewed,  is. 
DIOGENES   LAERTIUS.    Translated  by  PROF.    c.  D.  YONGE,  M.A. 

.  Small  post  Svo,  $s. 
EPICTETUS,    The    Discourses    of.       With    the    Encheiridion    and 

Fragments.     Translated  by  GEORGE  LONG,  M.A.     Small  post  Svo,  51. 

Fine  Paper  Edition,  2  vols.     Pott  Svo,  los.  6d. 
EURIPIDES.      A   Prose    Translation,    from    the   Text    of    Paley.      By 

E.  P.  COLERIDGE,  B.A.       2  vols.,   $S.  each. 

Vol.  I. — Rhesus,  Medea,  Hippolytus,  Alcestis,  Heraclidoe,   Suppliees, 
Troades,  Ion,  Helena. 

Vol.    II. — Andromache,  Electra,  Bacchae,   Hecuba,  Hercules  Furens, 
Phoenissae,  Orestes,  Iphigenia  in  Tauris,  Iphigenia  in  Aulis,  Cyclops. 

#%  The  plays  separately  (except  Rhesus,  Helena,  Electra,  Iphigenia  in 
Aulis,  and  Cyclops).     Crown  Svo,  sewed,  is.  each. 

GREEK  ANTHOLOGY.  Translated  by  GEORQE  BURGES,  M.A.  Spall 
post  Svo,  5^. 
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HERODOTUS.     Translated  by  the  REV.  HENRY  GARY,  M,A.     Small  pest 
8vo,  3.5-.  6d. 

—  Analysis  and  Summary  of.     By  J.  T.  WHEELER.     Small  post  8vo,  5.?. 
HESIOD,  CALLIMACHUS,  and  THEOGNIS.     Translated  by  the 

REV.  j.  BANKS,  M.A.     Small  post  8vo,  5-r. 

HOMER.     The  Iliad.    Translated  by  T.  A.  BUCKLEY,  B.A.     Small  post 
8vo,  5-r. 

—  The   Odyssey,   Hymns,  Epigrams,  and  Battle  of  the  Frogs  and 

Mice.     Translated  by  T.  A.  BUCKLEY,  B.A.     Small  post  Svo,  5-r. 
HORACE.     A  New  Prose  Translation  by  A.    HAMILTON   BRYCE,   LL.D. 
With  Memoir  and  Introduction.     Small  post  8vo.     3^.  6d. 
Also  in  4  vols.     Crown  8vo,  sewed,  is.  each. 

—  The  Odes  and  Carmen  Saeculare.     Translated  into  English  Verse  by 

the  late  JOHN  CONINGTON,  M.A.     \\thedition.     Fcap.  8vo.     3.?.  6d. 

—  The  Satires  and  Epistles.     Translated  into  English  Verse  by  the  late 

JOHN  CONINGTON,  M.A.     Wi  edition.     Fcap.  8vo,  3-r.  6d. 

—  Odes   and   Epodes.     Translated  by  SIR  STEPHEN  E.  DE  VERE,  BART. 

yd  edition,  enlarged.     Imperial  l6mo.     *js.  6d.  net. 
ISOCRATES,  The  Orations  of.     Translated  by  j.  H.  FREESE,  M.A.,  late 

Fellow  of  St.  John's  College,  Cambridge     Vol.  I.     Small  post  8vo,  5-f. 
JUSTIN,   CORNELIUS  NEPOS,  and  EUTROPIUS.     Translated 

by  the  REV.  j. .s.  WATSON,  M.A.     Small  post  Svo,  $s. 
JUVENAL,  PERSIUS,  SULPICIA,  and  LUCILIUS.      Translated 

by  L.  EVANS,  M.A.     Small  post  Svo,  $s. 
LIVY.    The  History  of  Rome.    Translated  by  DR.  SPILLAN,  c.  EDMONDS, 

and  others.     4  vols.     Small  post  Svo,  $s.  each. 

—  Books  I.,  II.,  III.,  IV.     A  Revised  Translation  by  j.  H.  FREESE,  M.A. 

With  Memoir,  and  Maps.     4  vols.     Crown  Svo,  sewed,  is.  each. 

—  Book  V.  and  Book  VI.      A  Revised  Translation  by   E  .   s.  WEYMOUTH, 

M.A.,  Lond.     With  Memoir,  and  Maps.     Crown  Svo,  sewed,  is.  each. 

—  Book  IX.     Translated  by  FRANCIS  STORR,   B.A.     With  Memoir.     Crown 

Svo,  sewed,  is. 

—  Book  XXI.     Translated  by  J,  BERNARD  BAKER,  M.A.     Crown  Svo,  sewed, 

is.  {Shortly. 

LUCAN.     The  Pharsalia.     Translated  into  Prose  by  II.  T.  RILEY,  M.A. 
Small  post  Svo,  5.1-. 

—  The    Pharsalia.     Book  I.     Translated   by   FREDERICK   CONWAY,    M.A. 

With  Memoir  and  Introduction.     Crown  Svo,  sewed,  is. 
LUCIAN'S    Dialogues  of  the  Gods,   of  the  Sea-Gods,  and  of  the 

Dead.     Translated  by  HOWARD  WILLIAMS,  M.A.     Small  post  Svo,  5.5-. 
LUCRETIUS.  Translated  by  the  REV.  J.  S.WATSON,  M.A.   Small  post  Svo,  5*. 

—  Literally  trans,  by  the  late  H.  A.  J.  MUNRO,  M.A.    4/7;  edition.    Demy  Svo,  6s. 
MARTIAL'S  Epigrams,  complete.     Small  post  Svo,  75-.  6</. 

OVID,  The  Works  of.     Translated.     3  vols.     Small  post  Svo,  5.5-.  each. 
Vol.  I. —  Fasti,  Tristia,  Pontic  Epistles,  Ibis,  and  Halieuticon. 
Vol.  II. — Metamorphoses.      IVith  Frontispiece. 

Vol.    III. — Ileroides,   Amours,   Art  of  Love,   Remedy  of  Love,  and 
Minor  Pieces.      IVitli  Frontispiece. 

—  Fasti.  Translated  by  H.  T.  RILEY,  M.A.  3  vols.  Crown  Svo,  sewed,  is,  each. 

—  Tristia.     Translated  by  H.  T.  RILEY,  M.A.     Crown  Svo,  sewed,  I*. 
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PINDAR.    Translated  by  DAWSON  w.  TURNER.     Small  post  8vo,  5*. 
PLATO.     Gorgias.     Translated   by   the   late  E.    M.   COPE,  M.A.,  Fellow 
of  Trinity  College.     2nd  edition.     8vo,  'js. 

—  The  Works  of.    Translated,  with  Introduction  and  Notes.    6  vols.    Small 

post  8vo,  5-r.  each. 

Vol.  I. — The  Apology  of  Socrates — Crito — Phaedo — Gorgias — Prota- 
goras— Phaedrus — Theaetetus — Eutyphron — Lysis.  Translated  by  the 

REV.  H.  GARY. 

Vol.  II. — The  Republic — Timaeus — Critias.     Trans,  by  HENRY  DAVIS. 

Vol.  III. — Meno — Euthydemus — The  Sophist — Statesman — Cratylus 
— Parmenides — The  Banquet.  Translated  by  G.  BURGES. 

Vol.  IV. — Philebus — Charmides — Laches — Menexenus — Hippias — Ion 
— The  Two  Alcibiades— Theages — Rivals — Hipparchus — Minos — Cli- 
topho — Epistles.  Translated  by  G.  BURGES. 

Vol.  V.— The  Laws.     Translated  by  G.  BURGES. 

Vol.  VI.— The  Doubtful  Works.  Edited  by  G.  BURGES.  With  General 
Index  to  the  six  volumes. 

—  Apology,  Crfto,  Phaedo,  and  Protagoras.     Translated  by  the  REV.  H. 

GARY.     Small  post  8vo,  sewed,  is.,  cloth,  is.  6d. 

—  Dialogues.     A  Summary  and  Analysis  of.     With  Analytical  Index.     By 

A.  DAY,  LL.D.     Small  post  Svo,  5-i-. 

PLAUTUS,  The  Comedies  of.  Translated  by  H.  T.  RILEY,  M.A.  2  vols. 
Small  post  Svo,  $s.  each. 

Vol.  I. — Trinummus — Miles  Gloriosus — Bacchides — Stichus — Pseud olus 
— Menaechmei — Aulularia — Captivi — Asinaria — Curculio. 

Vol.  II. — Amphitryon — Rndens — Mercator — Cistellaria— Truculentus 
— Persa — Casina — Poenulus — Epidicus — Mostellaria — Fragments. 

—  Trinummus,    Menaechmei,     Aulularia,    and    Captivi.     Translated 

byH.  T.  RILEY,  M.A.     Small  post  Svo,  sewed,  is.,  cloth,  is.  6d. 
PLINY.     The  Letters  of  Pliny  the  Younger.     Melmoth's  Translation, 

revised,  by  the  REV.  F.  c.  T.  BOSANQUET,  M.A.     Small  post  Svo,  $s. 
PLUTARCH.     Lives.     Translated  by  A.  STEWART,  M.A.,  and  GEORGE 

LONG,  M.A.     4  vols.     Small  post  Svo,  3^.  6d.  each. 

—  Morals.     Theosophical  Essays.     Translated  by  c.   w.  KING,  M.A.,  late 

Fellow  of  Trinity  College,  Cambridge.     Small  post  Svo,  55. 

—  Morals.     Ethical  Essays.     Translated  by  the  REV.  A.  R.  SHILLETO,  M.A. 

Small  post  Svo,  5-r. 

PROPERTIUS.  Translated  by  REV.  P.  j.  F.  GANTILLON,  M.A.,  and 
accompanied  by  Poetical  Versions,  from  various  sources.  Sm.  post  Svo,  35. 6d. 

QUINTILIAN  :  Institutes  of  Oratory,  or,  Education  of  an  Orator. 
Trans,  by  the  REV.  j.  s.  WATSON,  M.A.  2  vols.  Small  post  Svo,  55.  each. 

SALLUST,  FLORUS,  and  VELLEIUS  PATERCULUS.  Trans- 
lated by  J.  S.  WATSON,  M.A.  Small  post  Svo,  $s. 

SENECA:  On  Benefits.  Translated  by  A.  STEWART,  M.A.,  late  Fellow 
of  Trinity  College,  Cambridge.  Small  post  Svo,  $s.  6d. 

—  Minor  Essays  and  On  Clemency.     Translated  by  A.  STEWART,  M.A. 

Small  post  Svo,  $s. 

SOPHOCLES.  Translated,  with  Memoir,  Notes,  etc.,  by  E.  P.  COLERIDGE, 
B.A.  Small  post  Svo,  5*. 

Or  the  plays  separately,  crown  Svo,  sewed,  is.  each. 
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SOPHOCLES  —cent  in  tied. 

—  The   Tragedies  of.     The  Oxford  Translation,  with  Notes,  Arguments, 

and  Introduction.     Small  post  8vo,  $s. 
SUETONIUS.      Lives  ot  the   Twelve   Caesars  and   Lives   of  the 

Grammarians.   Thomson's  revised  Translation,  by  T.  FORESTER.    Small 

post  8vo,  5.?. 
TACITUS,  The  Works  of.     Translated,  with  Notes  and  Index.     2  vols. 

Small  post  8vo,  5.5-.  each. 
Vol.  I. — The  Annals. 

Vol.  II. — The  History,  Germania,  Agricola,  Oratory,  and  Index. 
TERENCE  and  PHAEDRUS.    Translated  by  H.  T.  KILEY,  M.A.    Small 

post  Svo,  $s. 
THEOCRITUS,  BION,  MOSCHUS,  and  TYRTAEUS.    Translated 

by  the  REV.  j.  BANKS,  M.A.     Small  post  Svo,  $s. 
THEOCRITUS.     Translated  into  English  Verse  by  c.  s.   CALVERLEY, 

M.A.     New  edition.     Crown  Svo,  $s. 
THUCYDIDES.     The  Peloponnesian  War.     Translated  by  the  REV.  H. 

DALE.      With  Portrait.     2  vols.,  3-r.  6J.  each. 

—  Book  VI.  and  Book  VII.    Translated  by  E.  c.  MARCHANT,  M.A.    is.  each. 

[/;/  the  Press. 

—  Analysis  and  Summary  of.     By  j.  T.  WHEELER.     Small  post  Svo,  55-. 
VIRGIL.     Translated  by  A.  HAMILTON  BRYCE,  LL.D.     With  Memoir  and 

Introduction.     Small  post  Svo,  3^.  67. 

Also  in  6  vols.     Crown  Svo,  sewed,  is.  each. 
XENOPHON.     The  Works  of.     In  3  vols.     Small  post  Svo,  $j.  each. 

Vol.  I. — The  Anabasis,  and  Memorabilia.  Translated  by  the  REV.  j.  s. 
WATSON,  M.A.  With  a  Geographical  Commentary,  by  w.  F.  AINSWORTH, 
F.S.A.,  F.R.G.S.,  etc. 

Vol.  II. — Cyropaedia  and  Hellenics.  Translated  by  the  REV.  J.  s. 
WATSON,  M.A.,  and  the  REV.  H.  DALE. 

Vol.     III.— The     Minor  Works.       Translated    by    the    REV.   j.    s. 

WATSON,  M.A. 

—  Anabasis.    Translated  by  the  REV.  j.  s.  WATSON,  M.A.     With  Memoir 

and  Map.     3  vols. 

—  Hellenics.     Books  I.  and  II.     Translated  by  the  REV.   H.  DALE,  M.A. 

With  Memoir. 

SABRINAE  COROLLA  In  Hortulis  Regiae  Scholae  Salopiensis  con- 
texuerunt  tres  viri  floribus  legendis.  tfh  edition,  revised  and  re-arranged. 
By  the  late  BENJAMIN  HALL  KENNEDY,  D.D.,  Regius  Professor  of  Greek 
at  the  University  of  Cambridge.  Large  post  Svo,  los.  6rf. 

SERTUM  CARTHUSIANUM  Floribus  trium  Seculorum  Contextual. 
Cura  GULIELMI  HAIG  BROWN,  Scholae  Carthusianae  Archididascali. 
Demy  Svo,  55-. 

TRANSLATIONS  into  English  and  Latin.  By  c.  s.  CALVERLEY,  M.A., 
late  Fellow  of  Christ's  College,  Cambridge.  <\th  edition*  Crown  Svo,  5-r. 

TRANSLATIONS  from  and  into  the  Latin,  Greek  and  English.  By 
R.  C.  JEBB,  LITT.D.,  M.P.,  Regius  Professor  of  Greek  in  the  University  of 
Cambridge,  H.  JACKSON,  M.A.,  LITT.  D.,  Fellows  of  Trinity  College,  Cam- 
bridge, and  w.  E.  CURREY,  M.A.,  formerly  Fellow  of  Trinity  College, 
Cambridge.  Crown  Svo.  yd  edition.  5^. 
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GRAMMAR   AND   COMPOSITION. 

BADDELEY.  Auxilia  Latina.  A  Series  of  Progressive  Latin  Exercises. 
By  M.  J.  B.  BADDELEY,  M.A.  Fcap.  8vo.  Part  L,  Accidence.  $fh 
edition.  2s.  Part  II.  $th  edition.  2s.  Key  to  Part  II.  zs.  6d. 

BAIRD.  Greek  Verbs.  A  Catalogue  of  Verbs,  Irregular  and  Defective  ; 
their  leading  formations,  tenses  in  use,  and  dialectic  inflexions,  with  a 
copious  Appendix,  containing  Paradigms  for  conjugation,  Rules  for 
formation  of  tenses,  &c.,  &c.  By  j.  s.  BAIRD,  T.C.D.  New  edition ,  re- 
vised. 2s.  6d. 

—  Homeric  Dialect.    Its  Leading  Forms  and  Peculiarities.    By  j.  s.  BAIRD, 

T.C.D.     New  edition,  revised.     By  the  REV.  w.  GUNION  RUTHERFORD, 

M.A.,  LL.D.,  Head  Master  at  Westminster  School,     is. 
BAKER.      Latin  Prose  for  London  Students.     By  ARTHUR  BAKER, 

M.A.,  Classical  Master,  Independent  College,  Taunton.     Fcap.  8vo,  2s. 
BARRY.      Notes  on  Greek  Accents.     By  the  RIGHT  REV.  A.  BARRY, 

D.D.     New  edition,  re-ivritten.     is. 
BECKWITH.     Satura  Grammatica.     A   Collection   of  Latin    Critical 

Notes  and  Hints  for  Army  Students.     By  E.  G.  BECKWITH,  B.A.     Fcap. 

8vo.     2s.  6d. 
BELL'S  ILLUSTRATED    LATIN  READERS.      Edited  by  E.  c. 

MARCHANT,  M.A. 

I.  Scalae  Imae.     A  Selection  of  Simple  Stories  for  Translation  into 
English.     With  Vocabulary.     By  j.  G.  SPENTCER,  B.A. 

II.  Scalae  Mediae.      Short   Extracts   from    Eutropius   and   Caesar, 
Graduated  in  Difficulty.     With  Vocabulary.     By  PERCY  A.  UNDERBILL, 
M.A. 

III.  Scalae   Tertiae.     Selections  in  Prose  and  Verse  from  Caesar, 
Nepos,  Phaedrus,  and  Ovid,  Graduated  in  Difficulty.     With  Vocabulary. 

By  PERCY  A.   UNDERHILL,  M.A. 

CHURCH.    Latin  Prose  Lessons.     By  A.  j.  CHURCH,  M.A.,  Professor  of 

Latin  at  University  College,  London,     qth  edition.     Fcap.  8vo,  2s.  6d. 
CLAPIN.      Latin  Primer.      By  the  REV.  A.  c.  CLAPIN,   M.A.,  Assistant 

Master  at  Sherborne  School.     ^th  edition.     Fcap.  8vo,  is. 
COLERIDGE.     Res  Romanae.     Being  aids  to  the   History,   Geology, 

Archaeology,  and  Literature  of  Ancient  Rome,  for  less  advanced  Scholars. 

By  E.  P.  COLERIDGE,  B.A.   With  3  maps,     yd edition.    Crown  8vo,  2s.  kd. 

—  Res    Graecae.      Being  aids   to   the  study   of  the   History,    Geography, 

Archaeology,  and  Literature  of  Ancient  Athens.  By  E.  P.  COLERIDGE,  B.A. 
With  5  maps,  7  plans,  and  numerous  other  illustrations.  Crown  8vo,  5^. 
COLLINS.  Latin  Exercises  and  Grammar  Papers.  By  T.  COLLINS, 
M.A.,  Head  Master  of  the  Latin  School,  Newport,  Salop.  8/7*  edition. 
Fcap.  8vo,  2s.  6d. 

—  Unseen  Papers  in  Latin  Prose  and  Verse.    With  Examination  Questions. 

8//J  edition.     Fcap.  8vo,  2s.  6d. 

—  Unseen  Papers  in  Greek  Prose  and  Verse.     With  Examination  Ques- 

tions.    5//z  edition.     Fcap.  8vo,  3^. 

—  Easy  Translations  from  Nepos,  Caesar,  Cicero,  Livy,  &c.,  for  Retrans- 

lation  into  Latin.     With  Notes.     2s. 

COMPTON.  Rudiments  of  Attic  Construction  and  Idiom.  By  the 
REV.  w.  COOKWORTHY  COMPTON,  M.A.,  Head  Master  of  Dover  College. 
Crown  8vo,  3-r. 
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FROST.  Eclogae  Latinae  ;  or,  First  Latin  Reading  Book.  With  Notes 
and  Vocabulary  by  the  late  REV.  p.  FROST,  M.A.  Fcap.  Svo,  is.  6d. 

—  Analecta  Graeca  Minora.     With  Notes  and  Dictionary.     New  edition. 

Fcap.  Svo,  2s. 

—  Materials  for  Latin  Prose  Composition.     By  the  late  REV.  p.  FROST, 

M.A.     New  edition.     Fcap.  Svo,  2s.     Key.     4.?.  net. 

—  A  Latin  Verse  Book.     New  edition.     Fcap.  Svo,  2s.     Key.     $s.  net. 

—  Greek  Accidence.     New  edition,     is. 

—  Latin  Accidence.     I.T. 

HARKNESS.    A  Latin  Grammar.    By  ALBERT  HARKNESS.    Post  Svo,  6s. 
KEY.     A  Latin  Grammar.     By  the  late  T.  H.  KEY,  M.A.,  F.R.S.     6th  thou- 
sand.    Post  Svo,  Ss. 

—  A  Short  Latin  Grammar  for  Schools.     i6th  edition.     Post  Svo,  3^.  6d. 
HOLDEN.      Foliorum  Silvula.     Part  I.     Passages  for  Translation  into 

Latin  Elegiac  and  Heroic  Verse.    By  H.  A.  HOLDEN,  LL.D.    nth  edition. 
Post  Svo,  .yj.  6d. 

—  Foliorum  Silvula.     Pnrt  II.     Select  Passages  for  Translation  into  Latin 

Lyric  and  Comic  Iambic  Verse,     yd  edition.     Post  Svo,  $s. 

—  Foliorum  Centruiiae.      Select  Passages  for  Translation  into  Latin  and 

Greek  Prose.     loth  edition.     Post  Svo,  Ss. 

JEBB,  JACKSON,  and  CURREY.  Extracts  for  Translation  in 
Greek,  Latin,  and  English.  By  R.  c.  JEBB,  LITT.D.,  M.P.,  Regius  Pro- 
fessor of  Greek  injhe  University  of  Cambridge  ;  H.  JACKSON,  LITT.D., 
Fellow  of  Trinity  College,  Cambridge;  and  w.  E.  CURREY,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.  Crown  Svo,  2s.  6</. 

MASON.  Analytical  Latin  Exercises  By  c.  P.  MASON,  B.A.  tfh 
edition.  Part  I.,  is.  6d.  Part  II.,  2s.  6d. 

—  The  Analysis  of  Sentences  Applied  to  Latin.     Post  Svo,  is.  6d. 
NETTLESHIP.     Passages  for  Translation  into  Latin  Prose.     With 

Introductory  Essays.     By  H,  NETTLESHIP,  M.A.,  late  Corpus  Professor  of 

Latin  in  the  University  of  Oxrord.     Crown  Svo,  3^.     A  Key,  4_r.  6d.  net. 
Notabilia   Quaedam ;   or  the    Principal  Tenses   of  most  of  the  Irregular 

Greek  Verbs,  and  Elementary  Greek,  Latin,  and  French  Constructions. 

New  edition,      is. 
PALEY.      Greek  Particles  and   their   Combinations  according   to   Attic 

Usage.     A  Short  Treatise.     By  F.  A.  PALEY,  M.A.,  LL.D.     2s.  6d. 
PENROSE.      Latin  Elegiac  Verse,,  Easy  Exercises  in.     By  the -REV.  j. 

PENROSE.     New  edition.     2s.     (Key,  y.  6./.  net.) 
PRESTON.     Greek  Verse  Composition.     By  G.  PRESTON,  M.A.     5//4 

edition.     Crown  Svo,  q.s.  6d. 
PRUEN.    Latin  Examination  Papers.    Comprising  Lower,  Middle,  and 

Upper  School  Papers',   and  a  number  of  the  Woolwich  and  Sandhurst 

Standards.    By  G.  G.  PRUEN,  M.A.,  Senior  Classical  Master  in  the  Modem 

Department,  Cheltenham  College.     Crown  Svo,  2s.  6d. 
SEAGER.     Faciliora.     An  Elementary  Latin  Book  on  a  New  Principle. 

By  the  REV.  j.  L.  SEAGER,  .Mr.  A.     zs.  6d. 
STEDMAN  (A.  M.  M.).  .-First  Latin  Lessons.    By  A.  M.  M.  STEDMAN, 

M.A.,  Wadham  College,  Oxford,     yd  edition.     Crown  Svo,  2s. 

—  Initia  Latin  a.  ^ElKy  Lessons  on  Elementary  Accidence.      2nd  edition. 

Fcap.  SvOjj^gT-' 

—  First  Lg£j$T -Reader.     With  Notes  adapted  to  the  Shorter  Latin  Primer 

yd  edition.     Crown  Svo,  is.  6dt 
A3 
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STEDMAN    (A.  M.    M.)— continued. 

—  Easy  Latin   Passages   for    Unseen    Translation.      yd  and  enlarged 

edition.     Fcap.  8vo,  is.  6d. 

—  Exempla  Latina.     First  Exercises  in  Latin  Accidence.     With  Vocabu- 

lary.    Crown  8vo,  is. 

—  The  Latin  Compound  Sentence ;  Rules  and  Exercises.    Crown  Svo, 

is.  6d.     With  Vocabulary,  2s. 

—  Easy  Latin  Exercises  on  the  Syntax  of  the  Shorter  and  Revised  Latin 

Primers.     With  Vocabulary.     6tA  edition.     Crown  Svo,  2s.  6d. 

—  Latin   Examination  Papers  in   Miscellaneous   Grammar  and  Idioms. 

5///  edition.     2s.  6d.     Key  (for  Tutors  only).     2nd  edition.     6s.  net. 

—  Nctanda  Quaedam.      Miscellaneous  Latin  Exercises.       On  Common 

Rules  and  Idioms.    Q'd  edition.    Fcap.  Svo,  is.  61.    With  Vocabulary,  2 s. 

—  Latin  Vocabularies  for  Repetition.     Arranged  according  to  Subjects. 

5//j  edition.     Fcap.  Svo,  is.  6d. 

—  Steps  to  Greek.     121110,  is. 

—  Easy  Greek  Passages  for  Unseen  Translation.     Fcap.  Svo,  is.  6J, 

—  Easy  Greek  Exercises  on  Elementary  Syntax.  f  In  preparation. 

—  Greek  Vocabularies  for  Repetition.     2nd  edition.     Fcap.  Svo,  is.  6</. 

—  Greek  Testament  Selections  for  the  Use  of  Schools.      yd  edition. 

With  Introduction,  Notes,  and  Vocabulary.     Fcap.  Svo,  2s.  6d. 

—  Greek   Examination   Papers  in  Miscellaneous  Grammar  and   Idioms. 

yd  edition.     2s.  6d.     Key  (for  Tutors  only),  6s.  net. 

THACKERAY.  Anthologia  Graeca.  A  Selection  of  Greek  Poetry, 
with  Notes.  By  REV.  F.  ST.  JOHN  THACKERAY,  •jth  edition.  161110,  45.  6</. 

—  Anthologia  Latina.     A   Selection   of  Latin   Poetry,   from   Naevius  to 

Boethius,  with  Notes.     %th  edition.     161110,  4*.  6d. 

—  Hints  and  Cautions  on  Attic  Greek  Prose  Composition.     Crown 

Svo,  3-c.  6d. 

—  Exercises.on  the  Irregular  and  Defective  Greek  Verbs,     is.  6d. 
WELLS.     First  Exercises  in  Latin  Prose.     By  E.  A.  WELLS,  M.A., 

High  field  School,  Southampton.  [/«  the  Press. 

WELLS.  Tales  for  Latin  Prose  Composition.  With  Notes  and 
Vocabulary.  By  G.  H.  WELLS,  M.A.,  Assistant  Master  at  Merchant 
Taylors'  School.  Fcap.  Svo,  zs. 


HISTORY,    GEOGRAPHY,  AND   REFERENCE   BOOKS, 

ETC. 

TEUFFEL'S  History  of  Roman  Literature.  $th  edition,  revised  by 
DR.  SCIIWABE,  translated  by  PROFESSOR  G.  c.  w.  WARR,  M.A.,  King's 
College,  London.  Medium  Svo.  2  vols.  30^.  Vol.  I.  (The  Republican 
Period),  15*.  Vol.  II.  (The  Imperial  Period),  15^. 

KEIGHTLEY'S  Mythology  of  Ancient  Greece  and  Italy,  qth  edition, 
revised  by  the  late  LEONII  \RD  SCI-IMITZ,  Pii.D.,fLL.D.,  Classical  Examiner 
to  the  University  of  London.  With  12  Plates.'  Post  Svo,  5-r. 

DONALDSON'S  Theatre  of  the  Greeks.    \vth  edition.     Post  Svo,  5*. 

DICTIONARY  OF  LATIN  AND  GREEK  QUOTATIONS;  in- 
cluding Proverbs,  Maxims,  Mottoes,  Law  Terms  and  Phrases.  With 
English  Translations.  With  Index  Verborum.  Small  post  8vo,  $s. 


Educational  Catalogue.  1 9 

PAUSANIAS.'  Description  of  Greece.      Newly  translated,  with  Notes 

and  Index,  by  A.  R.  SHILLETO,  M.A.     2  vols.     Small  post  Svo,  5-r.  each. 
AN  ATLAS  OF  CLASSICAL  GEOGRAPHY.     By  \v.  HUGHES  and 

G.  LONG,  M.A.     Containing  Ten  selected  Maps.     Imp.  Svo,  3^. 
AN  ATLAS   OF  CLASSICAL  GEOGRAPHY.       Twenty-four  Maps 

by  w.   HUGHES  and  GEORGE  LONG,  M.A.     With  coloured   outlines. 

Imperial  Svo,  6s. 


MATHEMATICS. 

ARITHMETIC   AND   ALGEBRA. 

BARRACLOUGH  (T.).  The  Eclipse  Mental  Arithmetic.  By  TITUS 
BARRACLOUGH,  Board  School,  Halifax.  Standards  I.,  II.,  and  III., 
sewed,  6</.  ;  Standards  II.,  III.,  and  IV.,  sewed,  6d.  net ;  Book  HI., 
Part  A,  sewed,  4^.  ;  Book  HI.,  Part  B,  cloth,  is.  6/. 

BEARD  (W.  S.).  Graduated  Exercises  in  Addition  (Simple  and  Com- 
pound). For  Candidates  for  Commercial  Certificates  and  Civil  Service 
appointments.  By  w.  s.  BEARD,  F.R.G.S.,  Head  Master  of  the  Modern 
School,  Fareham.  yd  edition,  Fcap.  410,  is, 

—  See  PENDLEBURY. 

ELSEE  (C.).  Arithmetic.  By  the  REV.  c.  ELSEE,  M.A.,  late  Fellow  of 
St.  John's  College,  Cambridge,  Senior  Mathematical  Master  at  Rugby 
School.  i$th  edition.  Fcap.  Svo,  3.?.  6d.  [Cainb.  School  and  College  Texts. 

—  Algebra.     By  the  REV.  c.  ELSEE,  M.A.     Wi  edition.     Fcap.  Svo,  4_r. 

[Camb.  S.  and  C.  Texts. 

FILIPOWSKI  (H.  E.).  Anti-Logarithms,  A  Table  of.  By  H.  E, 
FILIPOWSKI.  3rd  edition.  Svo,  15^. 

GOUDIE  (W.  P.).     See  Watson. 

HATHORNTHWAITE  (J.  T.).  Elementary  Algebra  for  Indian 
Schools.  By  j.  T.  HATHORNTIIWAITE,  M.A.,  Principal  and  Professor 
of  Mathematics  at  Elphinstone  College,  Bombay.  Crown  Svo,  2s. 

MACMICHAEL  (W.  F.)  and  PROWDE  SMITH  (R.).  Algebra. 
A  Progressive  Course  of  Examples.  By  the  REV.  w.  F.  MACMICHAEL, 
and  R.  PROWDE  SMITH,  M.A.  $th  edition.  Fcap.  Svo,  3-r.  6d.  With 
answers,, 4*.  6d.  \Camb.  S.  and  C.  Texts. 

MATHEW3  (G.  B.).  Theory  of  Numbers.  An  account  of  the  Theories 
of  Congruencies  and  of  Arithmetical  Forms.  By  G.  B.  MATHEWS,  M.A., 
Professor  of  Mathematics  in  the  University  College  of  North  Wales. 
Part  I.  Demy  Svo,  12s. 

MOORE  (B.  T.).  Elementary  Treatise  on  Mensuration.  By  B.  T. 
MOORE,  M.A.,  Fellow  of  Pembroke  College,  Cambridge.  2nd  edition, 
.revised.  3*.  6d. 

PENDLEBURY  (C.).  Arithmetic.  With  Examination  Papers  and 
8,000  Examples.  By  CHARLES  PENDLEBURY,  M.A.,  F.R.A.S.,  Senior 
Mathematical  Master  of  St.  Paul's.  \2th  edition.  Crown  Svo.  Com- 
plete, with  or  without  Answers,  4^.  6d.  In  Two  Parts,  with  or  without 
Answers,  2s.  6d.  each. 

Key  to  Part  II.     2nd  edition,     ^s,  6<f.  net.  [Canib.  Matk.  Ser. 
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PENDLEBURY  (C.)—  continued.  . 

—  Examples   in   Arithmetic.     Extracted   from   Pencllebury's   Arithmetic. 

With  or  without  Answers,  loth  edition.  Crown  8vo,  3^.,  or  in  Two  Parts, 
is.  6d.  and  2s.  \Camb.  Math.  Ser. 

—  Examination  Papers  in  Arithmetic.     Consisting  of  140  papers,  each 

containing  7  questions  ;  and  a  collection  of  357  more  difficult  problems. 
$th  edition.  Crown  8vo,  2s.  6d.  Key,  for  Tutors  only,  $s.  net. 

PENDLEBURY  (C.)  and  BEARD  (W.  S.).  Shilling  Arithmetic. 
By  CHARLES  PENDLEBURY,  M.A.,  and  W.  s.  BEARD,  F.R.G.s.  2nd  edition. 
Crown  8vo.  Without  Answers,  u.  With  Answers,  is.  ^d.  Answers 
separately,  6d. 

—  Commercial  Arithmetic.     2nd  edition.     Crown  8vo.     2s.  6d. 

—  Elementary  Arithmetic.     $th  edition.   .Crown  8vo,  is.  6d. 

—  Graduated  Arithmetic,  for  Junior  and  Private  Schools.    In  Seven  Parts, 

in  stiff  canvas  covers.  Parts  I.,  II.,  and  III.,  ^d.  each;  Parts  IV.,  V., 
and  VI.,  4^.  each  ;  Part  VII.,  6d.  Answers  to  Parts  I.  and  II.,  4^. ;  Parts 
III.-VII.,  4tt.  each. 

—  Arithmetic  for  the  Standards.   Standards  I.,  II.,  III.,  sewed,  2d.  each, 

cloth,  3^.  each;  IV.,  V.,  VI.,  sewed,  3^.  each,  cloth,  *d.  each;  VII., 
cloth,  6d.  Answers  to  I.  and  II.,  4</.,  III.-VII.,  4^.  each. 

—  Long  Tots  and  Cross  Tots,  Simple  and  Compound.     Paper  cover,  2d.t 

cloth,  3d.     Answers,  $d. 

PENDLEBURY  (C.)  and  TAIT  (T.  S.).  Arithmetic  for  Indian 
Schools.  By  c.  PENDLEBURY,  M.A.,  and  T.  s.  TAIT,  M.A.,  B.SC., 
Principal  of  Baroda  College,  -^rdeait.  Cr.  8vo,  3^.  \_Camb.Math.Ser. 

POPE  (L.  J.).  Lessons  in  Elementary  Algebra.  By  L.  j.  POPE,  B.A. 
(Lond. ),  Assistant  Master  at  the  Oratory  School,  Birmingham.  First  Series, 
up  to  and  including  Simple  Equations  and  Problems.  Crown  8vo,  is.  6d. 

PROWDE  SMITH  (R.).    See  Macmichael. 

SHAW  (S.  J.  D.).  Arithmetic  Papers.  Set  in  the  Cambridge  Higher 
Local  Examination,  from  June,  1869,  to  June,  1887,  inclusive,  reprinted 
by  permission  of  the  Syndicate.  By  s.  j.  D.  SHAW,  Mathematical 
Lecturer  of  Newnham  College.  Crown  8vo,  2s.  6d.  ;  Key,  qs.  6d.  net. 

TAIT  (T.  S.).     See  Pendlebury. 

WATSON  (J.)  and  GOUDIE  (W.  P.).  Arithmetic.  A  Progressive 
Course  of  Examples.  With  Answers.  By  j.  WATSON,  M.A.,  Corpus 
Christi  College,  Cambridge,  formerly  Senior  Mathematical  Master  of  the 
Ordnance  School,  Carshalton.  'jth  edition,  revised  and  enlarged.  By  \v. 
p.  GOUDIE,  E.A.  Lond.  Fcap.  Svo,  2s.  6d.  \Camb.  S.  and  C.  Texts. 

WKITWORTH  (W.  A.).  Choice  and  Chance.  An  Elementary 
Treatise  on  Permutations,  Combinations,  and  Probability,  with  640  Exer- 
cises and  Answers.  By  w.  A.  WHITWORTH,  M.A..  late  Fellow  of  St. 
John's  College,  Cambridge,  ^th  edition,  revised  and  enlarged.  Crown 
Svo^jwr.  \Camb.  Math.  Ser. 

—  DCC.  Exercises,  including  Hints  for  the  Solution  of  all  the  Questions  in 

hoice  and  Chance."     Crown  Svo,  65-.  [Camb.  Malh.  Ser. 

WRIGLEY  (A.)  Arithmetic.  By  A.  WRIGLEY,  M.A.,  St.  John's  College. 
Fcap.  Svo,  3*.  6d.  iCamb.  S.  and  C.  Texts. 
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BOOK-KEEPING. 

FOSTER  (B.  W.).  Double  Entry  Elucidated.  By  B.  w.  FOSTER. 
I4//4  edition.  Fcap.  4to,  3^.  6d. 

MEDHURST  (J.  T.).  Book-keeping  by  Double  Entry,  Theoretical 
and  Practical,  including  a  Society  of  Arts  Examination  Paper  fully 
worked  out.  ByJ.  T.  MEDHURST,  A.K.C.,  F.s.s.,  Fellow  of  the  Society  of 
Accountants  and  Auditors  (incorporated),  and  Lecturer  at  the  City  of 
London  College.  Crown  8vo,  is. 

—  Examination  Papers  in  Book-keeping.     Compiled  by  JOHN  T.  MED- 

HURST, A.K.C.,  F.s.s.     ^th  edition.     Crown  Svo,  y.     Key,  zs.  6d.  net. 
MURRAY  (P.).     Graduated  Exercises  and  Examination  Papers  in 

Book-keeping.  [/«  the  Press. 

THOMSON  (A.  W.).     A  Text-Book  of  the  Principles  and  Practice 

of  Book-keeping.      By   PROFESSOR  A.   w.    THOMSON,    B.SC.,    Royal 

Agricultural  College,  Cirencester.     2nd  edition,  revised.     Crown  Svo,  5*. 

GEOMETRY  AND   EUCLID. 

BESANT  (W.  H.).    Conic  Sections  treated  Geometrically.     By  w.« 
H.    BESANT,    SC.D.,    F.R.S.,  Fellow   of  St.  John's  College,   Cambridge. 
gfh  edition.     Crown  Svo,  4-r.  6.-/.     Key,  $s.  net.  [Carnb.  Math.  Ser. 

—  Elementary  Conies.     Being  the  First  Eight  Chapters  of  the  above.     By 

w.  H.  BESANT,  SC.D.,  F.R.S.     Crown  Svo,  2s.  6d.         [Cainb.  Math.  Ser. 
BRASSE  (J.).    The  Enunciations  and  Figures  of  Euclid,  prepared  for 
Students  in  Geometry.      By  the  REV.  j.    BRASSE,  D.D.      New  edition. 
Fcap.  Svo,  is.     Without  the  Figures,  6d. 

DEIGHTON  (H.).  Euclid.  Books  I. -VI.,  and  part  of  Book  XL,  newly 
translated  from  the  Greek  Text,  with  Supplementary.  Propositions, 
Chapters  on  Modern  Geometry,  and  numerous  Exercises.  By  HORACE 
DEIGHTON,  M. A.,  Head  Master  of  Harrison  College,  Barbados.  $th 
edition.  $s.  6d.,  or  Books  I. -IV.,  y.  Books  V.-XL,  2s.  6d.  Key,  5*.  net. 

\Camb.  Math.  Ser. 

Also  issued  in  parts  : — Book  L,  is.  ;   Books  I.  and  II.,  is.  6d.  ;  Books 
I. -1 1 1.,  2s.  6d.  ;  Books  III.  and  IV.,  is.  &/. 

DEIGHTON  (H.)  and  EMTAGE  (O.).  An  Introduction  to  Euclid, 
including  Euclid  I.  1-26,  with  explanations  and  numerous  easy  exercises. 
By  HORACE  DEIGHTON,  M.A.,  and  o.  EMTAGE,  B.A.,  Assistant  Master  of 
Harrison  College.  Crown  Svo,  is.  6d.  \Camb.  Math.  Ser. 

MASON  (C.  P.).  Euclid.  The  First  Two  Books  Explained  to  Beginners. 
By  c.  p.  MASON,  B.A.  2nd  edition.  Fcap.  Svo,  2s.  6d. 

McDOWELL  (J.)  Exercises  on  Euclid  and  in  Modern  Geometry,  con- 
taining Applications  of  the  Principles 'and  Processes  of  Modern  Pure 
Geometry.  By  j.  MCDOWELL,  M.A.,  F.R.A.S.  4//i  edition.  6s. 

.  **"'  \Camb.  Math.  Ser. 

TAYLOR  (C.).  An  Introduction  to  the  Ancient  and  Modern  Geo- 
metry of  Conies,  with  Historical  Notes  and  Prolegomena.  15^. 

—  The  Elementary  Geometry  of  Conies.    By  c.  TAYLOR,  D.D.,  Master  of 

St,  John's  College,    ith  ed.,  revised.    Cr.  Svo,  4$.  &/.  \Camb.  Math.  Ser. 
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WEBB  (R.).  The  Definitions  of  Euclid.  With  Explanations  and 
Exercises,  and  an  Appendix  of  Exercises  on  the  First  Book,  by  R.  WEBB, 
M.A.  Crown  8vo,  is.  6d. 

WILLIS  (H.  G.).  Geometrical  Conic  Sections.  An  Elementary 
Treatise.  By  H.  G.  WILLIS,  M.A.,  Clare  College,  Cambridge,  Assistant 
Master  of  Manchester  Grammar  School.  Crown  Svo,  5^.  \_Camb.  Math.  Ser. 

ANALYTICAL  GEOMETRY,   ETC. 

ALDIS  (W.  S.).  Solid  Geometry,  An  Elementary  Treatise  on.  By  w. 
s.  ALDIS,  M.A.  4//z  edition,  revised.  Crown  Svo,  6s.  [Camb.  Math.  Ser. 

BAKER  (W.  M.).  Examples  in  Analytical  Conies  for  Beginners. 
By  w.  M.  BAKER,  M.A.,  Formerly  Scholar  of  Queen's  College,  Cam- 
bridge ;  Head  Master  of  the  Military  and  Civil  Department  at  Cheltenham 
College.  Crown  Svo,  2s.  6d.  {Cainb.  Math.  Ser. 

BESANT  (W.  H.).  Notes  on  Roulettes  and  Glissettes.  By  w.  H. 
BESANT,  sc.D.,  F.R.S.  2nd  edition,  enlarged.  Crown  Svo.  $s. 

[Camb.  Math.  Ser. 

CAYLEY  (A.).  Elliptic  Functions,  An  Elementary  Treatise  on.  By 
ARTHUR  CAYLEY,  Sadlerian  Professor  of  Pure  Mathematics  in  the  Univer- 
sity of  Cambridge.  2nd  edition.  Demy  Svo.  15^. 

TURNBULL  (W.  P.).  Analytical  Plane  Geometry,  An  Introduction  to. 
By  W.  P.  TURNBULL,  M.A.,  sometime  Fellow  of  Trinity  College.  Svo,  12s. 

VYVYAN  (T.  G.).  Analytical  Geometry  for  Schools.  By  REV.  T. 
VYVYAN,  M.A.,  Fellow  of  Gonville  and  Caius  College^  and  Mathematical 
Master  of  Charterhouse.  6th  edition.  Svo,  4*.  6d.  \_Cwjib.S.andC.  Texts. 

—  Analytical  Geometry  for  Beginners.  Part  I.  The  Straight  Line  and 
Circle.  2nd  edition.  Crown  Svo,  2s.  6d.  \_Camb.  Math.  Ser. 

WHITWORTH  (W.  A.).  Trilinear  Co-ordinates,  and  other  methods 
of  Modern  Analytical  Geometry  of  Two  Dimensions;  By  W.  A.  WHIT- 
WORTH,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge.  Svo,  16.?. 


TRIGONOMETRY. 

DYER  (J.  M.)  and  WHITCOMBE  (R.  H.).  Elementary  Trigono- 
metry. By  J.  M.  DYER,  M.A.  (Senior  Mathematical  Scholar  at  Oxford), 
and  REV.  R.  H.  WHITCOM15E,  Assistant  Masters  at  Eton  College.  2nd 
edition.  Crown  Svo,  4$.  6</.  [Camb.  Math.  Ser. 

PENDLEBURY  (C.).  Elementary  Trigonometry.  By  CHARLKS 
PENDLEBURY,  M.A.,  F.R.A.s.,  Senior  Mathematical  Master  at  St.  Paul's 
School.  2nd  edition.  Crown  Svo,  4^.  6</.  [Cainb,  Math.  Ser. 

—  A  Short  Course  of  Elementary  Plane  Trigonometry.  Crown  Svo, 
2s.  6d.  \_ln  the  Press. 

VYVYAN  (T.  G.).  Introduction  to  Plane  Trigonometry.  By  the 
REV.  T.  G.  VYVYAN,  M.A.,  Senior  Mathematical  Master  of  Charterhouse. 
yd  edition,  revised  and  augmented.  Cr.  Svo,  3.?.  6d.  [Camb.  Math.  Ser. 

WARD  (G.  H.).  Examination  Papers  in  Trigonometry.  By  G.  H. 
WARD,  M.A.,  Assistant  Master  at  St.  Paul's  School,  yd  edition.  Crown 
Svo,  2s.  6d.  Key,  55-.  net. 
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MECHANICS  AND   NATURAL  PHILOSOPHY. 
ALDIS  (W.  S.).    Geometrical  Optics,  An  Elementary  Treatise  on.     By 
w.  s.  ALDIS,  M.A.     yh  edition.     Crown  8vo,  45.  [Camb.  Math.  Ser. 

—  An  Introductory  Treatise  on  Rigid  Dynamics.     Crown  8vo,  4*. 

[Camb.  Math.  Ser. 

—  Fresnel's  Theory  of  Double  Refraction,  A  Chapter  on.     2nd  edition, 

revised.     8vo,  2s. 
BAKER  (W.  M.).     Elementary  Dynamics.     By  w.   M.  BAKER,  M.A., 

I  lead  Master  of  the  Military  and  Civil  Department  at  Cheltenham  College. 

Crown  8vo,  3-r.  6./.  %*  A  Key  is  in  Preparation. 

BASSET   (A.   B.).      A  Treatise  on   Hydrodynamics,  with  numerous 

Examples.     By  A.  B.  BASSET,  M.A.,  F.R.S.,  Trinity  College,  Cambridge. 

Derny  8vo.     Vol.  I.,  price  IO.T.  6d.  ;    Vol.  II.,  12s.  6J. 

—  An  Elementary  Treatise  on  Hydrodynamics  and  Sound.      Demy 

8vo,  7j.  6d. 

—  A  Treatise  on  Physical  Optics.     Demy  8vo,  i6s. 
BESANT(W.H.).  Elementary  Hydrostatics.  By  w.  H.  BESANT,  SC.D., 

F.R.S.    \*]th  edition.  Cr.  Svo, $s.  6d.   Solutions,  55-.  net.  [Camb.  Math.  Ser. 

—  Hydromechanics,   A  Treatise  on.     Part  I.   Hydrostatics.     $th  edition. 

revised  and  enlarged.     Crown  Svo,  $s.  [Camb.  Math.  Ser. 

—  A  Treatise  on  Dynamics.    2nd  ed.    Cr.  Svo,  los.  6d.  [Camb.  Math.  Ser. 
EVANS  (J.  H.)  and' MAIN  (P.  T.).     Newton's  Principia,  The  First 

Three  Sections  of,  with  an  Appendix ;  and  the  Ninth  and  Eleventh 
Sections.  By  j.  H.  EVANS,  M.A.,  St.  John's  College.  The  $th  edition, 
edited  by  P.  T.  MAIN,  M.A.,  Lecturer  and  Fellow  of  St.  John's  College. 
Fcap.  Svo,  4^.  [Camb.  S.  and  C.  Tests. 

GALLATLY  (W.).  Elementary  Physics,  Examples  and  Examination 
Papers  in  (Statics,  Dynamics,  Hydrostatics,  Heat,  Light,  Chemistry, 
and  Electricity).  By  w.  GALLATLY,  M.A.,  Assistant  Examiner,  London 
University.  Crown  Svo,  4^.  [Camb.  Math.  Ser. 

GARNETT  (W.).  Elementary  Dynamics  for  the  use  of  Colleges  and 
Schools.  By  WILLIAM  GARNETT,  M.A.,  D.C.L.,  Fellow  of  St.  John's 
College,  late  Principal  of  the  Durham  College  of  Science,  Newcastle-upon- 
Tyne.  $th  edition,  revised.  Crown  Svo,  6s.  [Camb.  Math.  Ser. 

—  Heat,  An  Elementary  Treatise  on.     6tk  edition,   revised.      Crown  Svo, 

4J.  6d.  [Camb.  Math.  Ser. 

GOODWIN  (H.).  Statics.  By  H.  GOODWIN,  D.D.,  late  Bishop  of 

Carlisle.  2nd  edition.  Fcap.  Svo,  T,S.  [Camb.  S.  and  C.  Texts. 

HOROBIN  (J.  C.).  Elementary  Mechanics.  Stage  I.  II.  and  III., 

is.  6d.  each.     By  j.  c.  HCROEIN,  M.A.,  Principal  of  Homerton  New 

College,  Cambridge. 

—  Theoretical   Mechanics.     Division  I.     Crown  Svo,  2s.  6d. 

%*  This  book  covers  the  ground  of  the  Elementary  Stage  of  Division  I. 
of  Subject  VI.  of  the  "  Science  Directory,"  and  is  intended  for  the 
examination  of  the  Science  and  Art  Department. 

JESSOP  (C.  M.).  The  Elements  of  Applied  Mathematics.  In- 
eluding  Kinetics,  Statics  and  Hydrostatics.  By  C.  M.  JESSOP,  M.A.,  late 
Fellow  of  Clare  College,  Can  bridge,  Lecturer  in  Mathematics  in  the 
Durham  College  of  Science,  Newcastle-on-Tyne.  2nd  edition.  Crown 
Svo,  4/.  6d.  [Camb.  Math.  Ser. 
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PARKINSON  (R.  M.).    Structural  Mechanics.    By  R.  M.  PARKINSON, 

ASSOC.  M.I.C.E.     Crown  8vo,  4?.  6d. 
PENDLEBURY  (C.).     Lenses  and  Systems  of  Lenses,  Treated  after 

the  Manner  of  Gauss.    By  CHARLES  PENDLEBURY,  M.A.     Demy  8vo,  $s. 
STEELE    (R.    E.).      Natural    Science   Examination    Papers.       By 

R.  E.  STEELE,  M.A.,  F.C.S.,    Chief  Natural   Science   Master,   Bradford 

Grammar  School.      Crown  8vo.     Part  I.,  Inorganic  Chemistry,  2s.  6d. 

Part  II.,  Physics  (Sound,  Light,  Heat,  Magnetism,  Electricity),  2s.  6d. 

[School  Exam.  Series. 
WALTON  (W.).     Theoretical  Mechanics,  Problems  in.     By  w.  WAL- 

TON, M.A,,   Fellow  and  Assistant  Tutor  of  Trinity  Hall,  Mathematical 

Lecturer  at  Magdalene  College.     %rd  edition,  revised.     Demy  8vo,  i6s. 
—  Elementary  Mechanics,  Problems  in.     2nd  edition.     Crown  8vo,  6*. 

[Camb.  Math.  Ser. 

DYER  (J.  M.)  and  PROWDE  SMITH  (R.).      Mathematical   Ex- 

amples.    For  Army  and    Indian  Civil  Service   Candidates.     By  J.   M. 

DYER,  M.A'.,  Assistant  Master,  Eton  College,  andR.  PROWDE  SMITH,  M.A. 

Crown  Svo,  6.T.  [Carnb.  Math.  Ser. 

SMALLEY  (G.  R.).      A  Compendium  of  Facts  and   Formulae   in 

Pure  Mathematics  and  Natural  Philosophy.     By  G.  R.  SMALLEY, 

F.R.A.s.     New  edition,  revised  and  enlarged.     By  J.   MCDOWELL,  M.A., 

F.R.A.S.     Fcap.  8vo,  2s. 
WRIGLEY  (A.).     Collection  of  Examples  and   Problems  in  Arith- 

metic, Algebra,  Geometry,  Logarithms,  Trigonometry,  Conic  Sections, 

Mechanics,  &c.,  with  Answers  and  Occasional  Hints.     By  the  REV.  A. 

WRIGLEY.     loth  edition,  2Oth  thousand.     Demy  Svo,  35-.  6d. 
A  Key.    By  j.  c.  PLATTS,  M.  A.,  and  the  REV.  A.  WRIGLEY.    2nd  edition. 

Demy  Svo,  5-r.  net. 


MODERN   LANGUAGES. 

ENGLISH. 

ADAMS  (E.).     The  Elements  of  the  English  Language.     By  ERNEST 

ADAMS,   PH.D.     26th  edition.     Revised  by  j.   F.  DAVIS,  D.LIT.,   M.A. 

(LOND.).     Post  Svo,  4*.  6d. 
—  The  Rudiments  of  English  Grammar  and  Analysis.     By  ERNEST 

ADAMS,  PH.D.      K)th  thousand.     Fcap.  Svo,  is. 
ALFORD  (DEAN).     The  Queen's  English:  A  Manual  of  Idiom  and 

Usage.     6f/i  edition.     Small  post  Svo.     Sewed,  is. ;  cloth,  is.  6d. 
ASCHAM'S  Scholemaster.     Edited  by  PROFESSOR;.  E.  B.  MAYOR.     Small 

post  Svo,  sewed,  is. 
BELL'S    ENGLISH   CLASSICS.      A  New  Series,  Edited  for  use  in 

Schools,  with  Introduction  and  Notes.     Crown  Svo. 
BROWNING,  Selections  from.     Edited  by  F.  RYLAND,  M.A.     zs.  dd. 
—  Strafford.     Edited  by  E.  H.  HICKEY.      With  Introduction  by  s.  R.  GARDINER, 

I.L.D.       2S.  6(t. 

BURKE'S  Letters  on  a  Regicide  Peace.     I.  and  II.    Edited  by  K.  G.  KEENE, 
M.A.,  C.I.E.    35. ;  sewed,  as. 
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BELL'S    ENGLISH    CLASSICS— continued. 

BYRON'S  Childe  Harold.  Edited  by  H.  G.  KEENE,  M.A.,  c.i  E.,  Author  of  "A 
Manual  of  French  Literature,"  etc.  3.1. 6d.  Also  Cantos  I.  and  II.  sewed,  i*.  g.-/. 
Cantos  III.  and  IV.  sewed,  is.  gd. 

—  Siege  of  Corinth.    Edited  by  p.  HORDERN,  late  Director  of  Public  Instruction  in 

Burma,     is.  6d.  ;  sewed,  is. 

CARLYLE'S  "  Hero  as  Man  of  Letters."  Edited,  with  Introduction,  by 
MARK  HUNTER,  M.A.,  Principal  of  Coimbatore  College.  2S.  ;  sewed,  13.  6d. 

—  "  Hero  as  Divinity."     By  the  same  editor.     2s. ;  sewed,  is.  6if. 
CHAUCER'S     MINOR    POEMS,     Selections    from.        Edited    by    j.    u. 

BILDEREECK,  B.A.,  Professor  of  English  Literature,  Presidency  College,  Madras. 

znd  edition,     vs.  6d.  ;  sewed,  js.  gd. 
DE   QUINCEY'S  Revolt   of  the  Tartars   and  The  English   Mail-Coach. 

Edited   by  CECIL  M.    BARROW,  M.  A.,  Principal  of  Victoria  College,  Palghat,  and 

MARK  HUNTER,  B.A.,  Principal  of  Coimbatore  College.     35.  ;  sewed,  2$. 
*#*  Revolt  of  the  Tartars,  separately,  sewed,  15-.  6J. 

—  Opium  Eater      Edited  by  MARK  HUNTER,  B.A.     4$.  6d.  ;  sewed,  3$.  6d. 
GOLDSMITH'S  Good-Natured  Man  and  She  Stoops  to  Conquer.     Edited 

by  K.  DEIGHTON.   Each,  2S.  cloth  ;  is.  6d.  sewed.    The  two  plays  together,  sewed, 
vs.  6d. 

—  Traveller  and  Deserted  Village.     Edited  by  the  REV.  A.  E.  WOODWARD,  M.A. 

Cloth,  vs.,  or  separately,  sewed,  lod.  each. 

IRVING'S  Sketch  Book.     Edited  by  R.  G.  OXENHAM,  M.A.     Sewed,  is.  6d. 
JOHNSON'S  Life  of  Addison.    Edited  by  F.  RYLAND,  Author  of  "The  Students' 

Handbook  of  Psychology,"  etc.     ss.  6d. 

—  Life  of  Swift.     Edited  by  F.  RYLAND,  M.A.     2s. 

—  Life  of  Pope.     Edited  by  F.  RYLAND,  M.A.     2.?.  6d. 
*»*  The  Lives  of  Swift  and  Pope,  together,  sewed,  zs.  6d. 

—  Life  of  Miltoji.     Edited  by  v.  RYLAND,  M.A.     us.  6d. 

—  Life  of  Dryden.     Edited  by  F.  RYLAND,  M.A.     zs.  6d. 
*#*  The  Lives  of  Milton  and  Dryden,  together,  sewed;  2S.  6tf. 

—  Lives  of  Prior  and  Congreve.     Edited  by  F.  RYLAND,  M.A.   2*. 
LAMB'S  Essays.     Selected  and  Edited  by  K.  DEIGHTON.     35.  ;  sewed,  zs. 
LONGFELLOW,  Selections  from,  including  Evangelfne.     Edited  by  M.  T. 

QUINN,    M.A.,    Principal   and    Professor   of   English  Language  and  Literature, 
Pachaiyappa's  College,  Madras,     zs.  6d.  ;  sewed,  is.  gd. 
***  Evangeline,  separately,  sewed,  i*.  -$d. 

MACAULAY'S  Lays  of  Ancient  Rome.  Edited  by  p.  HORDERN.  as.  6d.  • 
sewed,  is.  gd. 

—  Essay  on  Clive.    Edited  by  CECIL  BARROW,  M.A.     zs.  ;  sewed,  is.  6d. 
MASSINGER'S  A  New  Way  to  Pay  Old  Debts.     Edited  by  K.  DEIGHTON. 

3^.  ;  sewed,  2s. 

MILTON'S  Paradise  Lost.  Books  III.  and  IV.  Edited  by  R.G.  OXENHAM,  M.A., 
Principal  of  Elphinstone  College,  Bombay.  2^.  ;  sewed,  is.  6d.,  or  separately, 
sewed,  lod.  each. 

—  Paradise  Regained.     Edited  by  K.  DEIGHTON.     2j.  6d.  ;  sewed,  is.  gd. 
POPE'S  Essay  on  Man.     Edited  by  F.  RYLAND,  MA.     i^.  6d.  ;  sewed,  15. 
POPE,    Selections    from.      Containing  Essay  on  Criticism,  Rape  of   the  Lock, 

Temple  of  Fame,  Windsor  Forest.    Edited  by  K.  DEIGHTON.    25. 6d.  ;  sewed,  is.  gd. 
SCOTT'S  Lady  of  the  Lake.     Edited  by  the  REV.  A.  E.  WOODWARD,  M.A.     Cloth, 

35.  6d.     The  Six  Cantos  separately,  sewed,  &d.  each. 
SHAKESPEARE'S  Julius  Caesar.  Edited  oyT.  DUFFBARNETT,  B.A.  (Lond.).  2*. 

—  Merchant  of  Venice.     Edited  by  T.  DI;FF  BARNETT,  B.A.  (Lond.).     2*. 

—  Tempest.     Edited  by  T.  DUFF  BARNETT,  B.A.  (Loud.).     2S. 
WORDSWORTH'S  Excursion.     Book  I.    Edited,  with  Introduction  and  Notes 

by  M.  T.  QUINN,  M.A.     Sewed,  is.  3^. 

Others  to  follow. 

BELL'S   READING    BOOKS.     Post  8vo,  cloth,  illustrated. 


Infants. 

Infant's  Primer.     3^. 
Tot  and  the  Cat.     6J. 
Fables.     6d. 

The  Old  Boathouse.     6ct. 
The  Cat  and  the  Hen.    6d 


Standard  I. 
School  Primer.     6</. 
The  Two  Parrots.     6d. 
The  Three  Monkeys.     6c/. 
The  New-born  Lamb.     6< 
The  Blind  Boy.    6<t. 
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BELL'S   READING   BOOKS- 

Standard  II. 
The  Lost  Pigs.     6d. 
Story  of  a  Cat.     td. 
Queen  Bee  and  Busy  Bee.     6d. 
Gulls'  Crag.     6d. 

Standard  III. 
Great  Deeds  in  English  History. 

is. 

Adventures  of  a  Donkey,     is. 
Grimm's  Tales,     is. 
Great  Englishmen,     is. 
Andersen's  Tales,     is. 
Life  of  Columbus,     is. 

Standard  IV. 
Uncle  Tom's  Cabin,     is. 
Swiss  Family  Robinson,     is. 
Great  Englishwomen,     is. 
Great  Scotsmen,     is. 
Edgewoith's  Tales,     is. 

BELL'S    GEOGRAPHICAL 


WARD,   M.A.  (Worcester  College,  Oxford). 


•out in  tied. 

Gatty's  Parables  from  Nature,  is. 
Scott's  Talisman,     is. 

Standard  V. 

Dickens'  Oliver  Twist,     is. 
Dickens'  Little  Nell.     is. 
Masterman  Ready,     is. 
Marryat's  Poor  Jack.     is. 
Arabian  Nights,     is. 
Gulliver's  Travels,      is. 
Lyrical  Poetry  for  Boys  &  Girls,  is. 
Vicar  of  Wakefield.     is. 

Standards  VI.  and  VII. 
Lamb's  Tales  from  Shakespeare. 

is. 

Robinson  Crusoe,     u. 
Tales  of  the  Coast,     is. 
Settlers  in  Canada,     u. 
Southey's  Life  of  Nelson,     is. 
Sir  Roger  de  Coverley.     is. 

READERS.    By  M.   j.    BARRINGTON- 


The  Child's  Geography.  Illus- 
trated. Stiff  paper  cover,  6d. 

The  Map  and  the  Compass. 
(Standard  I.)  Illustrated.  Cloth, 


The  Round  World.    (Standard  II.) 

Illustrated.     Cloth,   iod. 
About    England.     (Standard  III.) 
With   Illustrations    and    Coloured 
Map.     Cloth,  is.  4//. 
BELL'S    ANIMAL    LIFE    READERS.     A  Series  of  Reading  Books 
for  the  Standards,  designed  to  inculcate  the  humane  treatment  of  animals. 
Edited  by  EDITH   CARUINGTON   and    ERNEST   KELL.       Illustrated  by 
HARRISON  WEIR  and  others.     %*  Full  Prospectus  on  application. 
BELL'S  HISTORY    READERS: 

Early  English  History.  Adapted  for  Standard  III.  Containing 
12  Stories  from  Early  English  History  to  the  Norman  Conquest.  With 
30  Illustrations,  is. 

Stories  from  English  History,  1066-1485.  Adapted  for  Standard  IV. 
Containing  20  Stories  and  Biographies  from  the  Norman  Conquest  to  the 
end  of  Wars  of  the  Roses.  With  31  Illustrations,  is.  ^d. 

The  Tudor  Period.    Adapted  for  Standard  V.  and  following  volumes. 

[  /;/  Preparation. 

BROWN  ING  (R.).  Handbook  to  Robert  Browning's  Works  by  MRS.  SUTHER- 
LAND ORR.     *]th  edition.     Revised,  with  a  bibliography.     Fcap.  Svo.     6s. 
EDWARDS  (F.).     Examples  for  Analysis  in  Verse  and  Prose.  Selected 

and  arranged  by  F.  EDWARDS.     New  edition.     Fcap.  Svo,  cloth,  is. 
GOLDSMITH.     The  Deserted  Village.     Edited,  with  Notes  and  Life, 

by  C.  P.  MASON,  B.A.,  F.c.P.     %th  edition.     Crown  Svo,  is. 
HANDBOOKS  OF  ENGLISH  LITERATURE.     Edited  by  j.   w. 
HALES,  M.A.,  formerly  Clark  Lecturer  in  English  Literature  at  Trinity 
College,  Cambridge,  Professor  of  English  Literature  at  King's  College, 
London.     Crown  Svo,  jj,  6d.  each. 
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HANDBOOKS  OF  ENGLISH  LITERATURE—  continued. 

The  Age  of  Milton.   (1632—1660).  By  the  REV.  j.  H.  B.  MASTERMAN, 

M.A.,  with  Introduction,  etc.,  by  j.  BASS  MULLINGER,  M.A. 
The  Age  of  Dry  den.    (1660—1700).     By  R.  GARNETT,  LL.D.,  c.B. 

"2nd  edition. 

The  Age  of  Pope.    (1700 — 1744).     By  JOHN  DENNIS,     yd  edition. 
The  Age  of  Johnson.    (1744—1798).     By  THOMAS  SECCOMBE. 
The  Age  of  Wordsworth.  (1798 — 1832).    By  PROF.  c.  H.  HERFORD, 

LITT.  D.     yd  edition. 

The  Age  of  Tennyson.    (1830 — 1870).     By  PROF.  HUGH  WALKEK, 
2nd  edition. 

In  preparation. 

The  Age  of  Alfred.     By  H.  FRANK  HEATH,  PH.D. 
The  Age  of  Chaucer.    By  PROFESSOR  HALES. 
The  Age  of  Shakespeare.     By  PROFESSOR  HALES. 

HAZLITT  (W.).  Lectures  on  the  Literature  of  the  Age  of  Elizabeth. 
Small  post  8vo,  sewed,  is. 

—  Lectures  on  the  English  Poets.     Small  post  8vo,  sewed,  is. 

—  Lectures  on  the  English  Comic  Writers.     Small  post  Svo,  sewed,  is. 
LAMB   (C.).     Specimens  of  English  Dramatic  Poets  of  the  Time  of 

Elizabeth.     With  Notes.     Small  post  8vo,  3*.  6d. 

MASON  (C.  P.).,  Grammars  by  c.  P.  MASON,  B.A.,  F.C.P.,  Fellow  of 
University  College,  London. 

—  First  Notions  of  Grammar  for  Young  Learners.    Fcap.  Svo.     igth  edition. 

125/7*  thousand.     Cloth,  is. 

—  First  Steps  in  English  Grammar,  for  Junior  Classes.     Demy  i8mo.    6^A 

thousand,     is. 

—  Outlines   of  English  Grammar,    for   the   Use  of  Junior   Classes.     2Qfh 

edition.      117-126/7*  thousand.     Crown  Svo,  2s. 

—  English  Grammar;  including  the   principles  of  Grammatical  Analysis. 

39/7*  edition,  revised.     170/7*  thousand.     Crown  Svo,  green  cloth,  $s.  6d. 

—  A   Shorter   English  Grammar,  with   copious   and  carefully  graduated 

Exercises,    based  upon  the  author's   English  Grammar.       \-ztii   edition. 
57/7*-6i.r/  thousand.     Crown  Svo,  brown  cloth,  3^.  6d. 

—  Practice  and  Help  in  the  Analysis  of  Sentences.     Price  2s.     Cloth. 

—  English  Grammar  Practice,  consisting  of  the  Exercises  of  the  Shorter 

English  Grammar  published  in  a  separate  form,   yd  edit  ion.    Crown  Svo,  is, 

—  Remarks  on  the  Subjunctive  and  the  so-called  Potential  Mood. 

6d.,  sewn. 

—  Blank  Sheets  Ruled  and  headed  for  Analysis,     is.  per  dozen. 
MILTON  :  Paradise  Lost.     Books  I.,  II.,  and  III.     Edited,  with  Notes 

on  the  Analysis  and  Parsing,  and  Explanatory  Remarks,  by  C.  P.  MASON, 
B.A.,  F.c. P.     Crown  Svo.     is.  each. 

—  Paradise  Lost.     Books  V.-VIII.     With.  Notes  for  the  Use  of  Schools. 

By  c.  M.  LUMBY.     2s.  6d. 

PRICE  (A.  C.).  Elements  of  Comparative  Grammar  and  Philology. 
For  Use  in  Schools.  By  A.  c.  PRICE,  M.A.  Crown  Svo,  2s.  6d. 

SHAKESPEARE.  Notes  on  Shakespeare's  Plays.  With  Introduction, 
Summary,  Notes  (Etymological  and  Explanatory),  Prosody,  Grammatical 
Peculiarities,  etc.  By  T.  DUFF  BARNETT,  B.A.  Lond.  Specially  adapted 
for  the  Local  and  Preliminary  Examinations.  Crown  Svo,  is,  each. 
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SHAKESPEARE— continued. 

Midsummer  Night's  Dream. — Julius  Csesar. — The  Tempest. — 
Macbeth. — Henry  V. — Hamlet. — Merchant  of  Venice. —  King 
Richard  II. —  King  John. —  King  Richard  III. — King  Lear. — • 
Coriolanus. —Twelfth  Night. — As  You  Like  it. — Much  Ado  About 
Nothing. 

—  Hints  for  Shakespeare-Study.  Exemplified  in  an  Analytical  Study  of  Julius 

Ccesar.  By  MARY  GRAFTON  MOBERLY.   2nd  edition.   Crown  8vo,  sewed,  u. 

—  Coleridge's  Lectures  and  Notes  on  Shakespeare  and  other  English 

Poets.     Edited  by  T.  ASHE,  B.A.     Small  'post  8vo,  3^.  6d. 

—  Shakespeare's  Dramatic  Art.     The  History  and  Character  of  Shake- 

speare's Plays.  By  DR.  HERMANN  ULRICI.  Translated  by  L.  DORA 
SCHMITZ.  2  vols.  small  post  Svo,  3^.  6d.  each. 

—  William  Shakespeare.     A  Literary  Biography.     By  KARL  ELZE,  PH.D., 

LL.D.     Translated  by  L.  DORA  SCHMITZ.     Small  post  Svo,  $s. 

—  Hazlitt's  Lectures  on  the  Characters  of  Shakespeare's  Plays.    Small 

post  Svo,  is. 

SKEAT  (W.  W.).  Questions  for  Examinations  in  English  Litera- 
ture. With  a  Preface  containing  brief  hints  on  the  study  of  English. 
Arranged  by  REV.  w.  w.  SKEAT,  LITT.D.  yd  edit.  Cr.  Svo,  2s.  6d.  • 

SMITH  (C.  J.)  Synonyms  and  Antonyms  of  the  English  Language. 
Collected  and  Contrasted  by  the  YEN.  c.  j.  SMITH,  M.A.  2nd  edition, 
revised.  Small  post  Svo,  5*. 

—  Synonyms  Discriminated.     A  Dictionary  of  Synonymous  Words  in  the 

English  Language.  Illustrated  with  Quotations  from  Standard  Writers. 
By  the  late  YEN.  c.  j.  SMITH,  M.A.  Edited  by  REV.  H.  PERCY  SMITH, 
M.A.  $th  edition.  Demy  Svo,  14^. 

SMITHSON  (D.  J.).  Elocution  and  the  Dramatic  Art.  New  edition, 
revised  by  CHARLES  REEVE  TAYLOR,  M.A.,  LL.B.,  Lecturer  in  Public 
Reading  and  Speaking  in  King's  College,  London.  Crown  Svo,  pp. 
xvi-5S6,  3.5-.  6d. 

TEN  BRINK'S  Early  English  Literature.  Vol.  I.  (to  Wiclif).  Trans- 
lated into  English  by  HORACE  M.  KENNEDY.  Small  post  Svo,  y.  ~6d. 

—  Vol.  II.   (Wiclif,  Chaucer,  Earliest  Drama,  Renaissance).     Translated  b) 

w.  CLARKE  ROBINSON,  PH.D.     Small  post  Svo,  3-f.  6d. 

—  Vol.  III.  (to  the  Death  of  Surrey).     Edited  by  PROFESSOR  ALOIS  BRANDL. 

Translated  by  L.  DORA  SCHMITZ.     Small  post  Svo,  3*.  6d. 

—  Lectures  on   Shakespeare.     Translated  by  JULIA  FRANKLIN.     Small 

post  Svo,  35.  6d. 
TENNYSON    (LORD).     A   Handbook  to   the    Works   of  Alfred    Lord 

Tennyson.     By  MORTON  LUCE.     2nd  edition.     Fcap.  Svo.     6s. 
THOMSON:  Spring.    Edited  by  c.  P.  MASON,  B.A.,  F.C.P.     With  Life. 

2nd  edition.     Crown  Svo,  is. 

—  Winter.     Edited  by  c.  p.  MASON, B. A.,  F.C.P.    With  Life.    Crown  Svo,  i*. 
WEBSTER'S    BRIEF   INTERNATIONAL  DICTIONARY.     A 

Pronouncing  Dictionary  of  the  English  Language,  abridged  from  Webster's 
International  Dictionary.  With  a  Treatise  on  Pronunciation,  List  of 
Prefixes  and  Suffixes,  Rules  for  Spelling,  a  Pronouncing  Vocabulary  of 
Proper  Names  in  History,  Geography,  and  Mythology,  and  Tables  of 
English  and  Indian  Money,  Weights,  and  Measures.  With  564  pages 
and  800  Illustrations.  Demy  Svo,  3*. 
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WEBSTER'S   INTERNATIONAL    DICTIONARY  of  the  English 

Language.  Including  Scientific,  Technical,  and  Biblical  Words  and 
Terms,  with  their  Significations,  Pronunciations,  Alternative  Spellings, 
Derivations,  Synonyms,  and  numerous  illustrative  Quotations,  with  various 
valuable  literary  Appendices,  with  83  extra  pages  of  Illustrations  grouped 
and  classified,  rendering  the  work  a  COMPLETE  LITERARY  AND  SCIENTIFIC 
REFERENCE-BOOK.  New  edition  (1890).  Thoroughly  revised  and  en- 
larged under  the  supervision  of  NOAH  PORTER,  D.D.,  LL.D.  i  vol.  (2,118 
pages,  3,500  woodcuts),  410,  cloth,  3'i.y.  (yd.  ;  half  calf,  £2  2s.  ;  half  russify 
£2  $s.  ;  calf,  £2  Ss.  ;  or  in  2  vols.,  cloth,  £i  i^s. 

frospecfuses,  with  specimen  pages ,  sent  post  free  on  application. 


FRENCH   CLASS   BOOKS. 

BOWER  (A.  M.).  The  Public  Examination  French  Reader.  With 
a  Vocabulary  to  every  extract.  By  A.  M.  BOWER,  F.R.G.S.,  late  Master 
in  University  College  School,  etc.  3*.  6d. 

BARRERE  (A).  Precis  of  Comparative  French^Grammar  and  Idioms 
and  Guide  to  Examinations.  By  A.  BARRERE,  Professor  R.M.A., 
Woolwich,  qth  'edition.  3^.  6d. 

—  Recits  Militaires.     From   Valmy  (1792)   to  the   Siege  of  Paris  (1870). 

"With  English  Notes  and  Biographical  Notices.    2nd  edition.   Crown  Svo,  3^. 

CLAPIN  (A.  C.).  French  Grammar  for  Public  Schools.  By  the 
REV.  A.  C.  CLAPIN,  M.A.,  B.-es-L.  Fcap.  8vo.  i^th  edition.  2s.  6d. 

—  French  Primer.     Elementary  French  Grammar  and  Exercises  for  Junior 

Forms  in  Public  and  Preparatory  Schools.  "Fcap.  Svo.     \2th  edition,     is. 

—  Primer   of   French    Philology.-    With   Exercises    for    Public    Schools. 

loth  edition.     Fcap.  Svo,  is. 

—  English  Passages  for  Translation  into  French.     Crown  Svo,  2s.  6d 

Key  (for  Tutors  only),  4*.  net. 

DAVIS  (J.  F.)  and  THOMAS  (F.).  An  Elementary  French 
Reader.  Compiled,  with  a  Vocabulary,  by  j.  F.  DAVIS,  M.A.,  D.LIT., 
and  FERDINAND  THOMAS,  Assistant  Examiners  in  the  University  of 
London.  Crown  Svo,  2s. 

ESCLANGON  (A.).  The  French  Verb  Newly  Treated:  an  Easy, 
Uniform,  and  Synthetic  Method  of  its  Conjugation.  By  A.  EsCLANGOS, 
Examiner  in  the  University  of  London.  Small  4to,  $s. 

GASC  (F.  E.  A.).  First  French  Book;  being  a  New,  Practical,  and 
Easy  Method  of  Learning  the  Elements  of  the  French  Language.  Reset 
and  thoroughly  revised.  i28s/i-iT,2nd  thousand. .  Crown  Svo,  is. 

—  Second  French  Book.     57///  thousand.     Fcap.  Svo,  is.  6d. 

—  Key  to  First  and  Second  French  Books.   *]th  edition.  Fcap.  Svo,  3^.  6d.  net. 

—  French  Fables,  for  Beginners,  in  Prose,  with  an  Index  of  all  the  Words 

at  the  end  of  the  work.      \"]th  thousand.      I2mo,  is.  6d. 

—  Select  Fables  of  La  Fontaine.  ,  igth  thousand.     Fcap.  8vo,  is.  6d. 
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GASC  (F.  E.  A.)—  continued. 

—  Histoires  Amusantes   et   Instructives  ;    or,   Selections  of  Complete 

Stories  from  the  best  French  modern  authors,  who  have  written  for  the 
young.  With  English  notes.  \^th  thousand.  Fcap.  8vo,  2s. 

—  Practical   Guide   to   Modern   French    Conversation,   containing:  — 

I.  The  most  current  and  useful  Phrases  in  Everyday  Talk.  II.  Every- 
body's necessaiy  Questions  and  Answers  in  Travel-Talk.  IQ/A  edition, 
Fcap.  8vo,  \s.  6d. 

—  French  Poetry  for  the  Young.     With  Notes,  and  preceded  by  a  few 

plain  Rules  of  French  Prosody.     $th  edition,  revised.     Fcap.  8vo,  \s.  6J. 

—  French  Prose  Composition,  Materials  for.    With  copious  footnotes,  and 

hints  for  idiomatic  renderings.     2^rd  thousand.     Fcap.  8vo,  $s. 
Key.     2nd  edition.     6s.  net. 

—  Prosateurs  Contemporains  ;  or,  Selections  in  Prose  chiefly  from  con- 

temporary French  literature.     With  notes.     I2th  edition.     121110,  3^.  6</. 

—  Le  Petit  Compagnon ;  a  French  Talk-Book  for  Little  Children.     \^th 

edition.     i6mo,  is.  6d. 

—  French  and  English  Dictionary,  with  upwards  of  Fifteen  Thousand 

new  words,  senses,  &c.,  hitherto  unpublished.  8/A  edition,  reset  and  con- 
siderably enlarged.  In  one  vol.  Large  8vo,  cloth,  12s.  6d.  In  use  at 
Harrow,  Rugby,  Shrewsbury,  &c. 

—  Student's   Dictionary  of  the    French   and   English   Languages. 

1,124  pages,  double  columns.     8vo.     5s- 

—  Pocket  Dictionary  of  the  French  and  English  Languages  ;  for  the  every- 

day purposes  of  Travellers  and  Students.  New  edition.  ^]th  thousand. 
i6mo,  cloth,  2s.  6d. 

GOSSET  (A.).  Manual  of  French  Prosody  for  the  use  of  English 
Students.  By  ARTHUR  GOSSET,  M.A.,  Fellow  of  New  College,  Oxford. 
Crown  8vo,  3^. 

GRANVILLE  (W.  E.  M.).  ABC  Handbook  of  French  Corre- 
spondence. Compiled  by  W.  E.  M.  GRANVILLE.  Crown  8vo,  2s.  6d. 

LE  NOUVEAU  TRESOR;  designed  to  facilitate  the  Translation  of 
English  into  French  at  Sight.  ByM.  E.  S.  \%th  edition.  Fcap.  8vo,  is.  6d. 

STEDMAN  (A.  M.  M.).  French  Examination  Papers  in  Miscel- 
laneous Grammar  and  Idioms.  Compiled  by  A.  M.  M.  STEDMAN,  M,A. 
6th  edition.  Crown  8vo,  2s.  6d.  A  Key  (for  Tutors  only),  6s.  net. 

—  Easy  French  Passages  for  Unseen  Translation.     2nd  edition.     Fcap. 

8vo,  is.  6d. 

—  Easy  French  Exercises  on  Elementary  Syntax.     Crown  8vo,  2s.  6d. 

—  First  French  Lessons.     Crown  Svo,  is. 

—  French  Vocabularies  for  Repetition.     Fcap.  Svo,  is. 

—  Steps  to  French.     iSmo,  8aT. 

WILL  AN  (J.  N.).     Scheme  of  French  Verbs,  with  Verb  Papers.     U. 

FRENCH   ANNOTATED   EDITIONS. 
BALZAC.     Ursule  Mirouet.     By  HONORE  DE  BALZAC.     Edited,    with 

Introduction  and  Notes,  by  JAMES  BOI'ELLE,  B.-es-L.     3^. 
CLARETIE.     Pierrille.     By  JULES   CLARETIE.     With  27   Illustrations. 

Edited,  with  Introduction  and  Notes,  by  JAMES  BOIELLE,  B.-es-L.     2s.  6d, 
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DAUDET.  La  Belle  Nivernaise.  Histoire  d'un  vieux  bateau  et  de  son 
equipage.  By  ALPHONSE  DAUDET.  Edited,  with  Introduction  and 
Notes,  by  JAMES  BOIELLE,  B.-es-L.  With  Six  Illustrations.  2s. 

FENELON.     Aventures  de   Telemaque.     Edited  by  c.   j.  DELILLE. 

5/7*  edition.     Fcap.  Svo,  2s.  6d. 
GOMBERT'S  FRENCH  DRAMA.     Re-edited,  with  Notes,  by  F.  E.  A. 

GASC.     Sewed,  6d.  each. 

MOLIERE. 


Le  Misanthrope. 

L'Avare. 

Le  Bourgeois  Gentilhomme. 

Le  Tartuffe. 

Le  Malade  Imaginaire. 

Les  Femmes  Savantes. 

RACINE. 
La  Theba'ide,  ou  Les  Freres 

Ennemis. 
Andromaque. 
Les  Plaideurs. 


Les  Fourberies  de  Scapin. 
Les  Precieuses  Ridicules. 
L'Ecole  des  Femmes. 
L'Ecole  des  Maris. 
Le  Medecin  Malgre  Lui. 


Britannicus. 
Phedre. 
Esther. 
Athalie. 


Iphigenie. 

CORNEILLE. 

Le  Cid.  Cinna. 

Horace.  Polyeucte. 

VOLTAIRE.— Zaire. 
GREVILLE.    Le  Moulin  Frappier.     By  HENRY  GREVILLE.     Edited, 

with  Introduction  and  Notes,  by  JAMES  BOIELLE,  B.-es-L.     35-. 
HUGO.     Bug  Jargal.     Edited,  with  Introduction  and  Notes,  by  JAMES 

BOIELLE,  B.-eS-L.       $S. 

LA    FONTAINE.     Select   Fables.     Edited   by  F.    E.   A.    GASC.     igth 

thousand.     Fcap.  Svo,  is.  6d. 
LAMARTINE.     Le  Tailleur  de  Pierres  de  Saint-Point.     Edited  with 

Notes  by  JAMES  EOIELLE,  B.-es-L.     6lh  thousand.     Fcap.  Svo,  is.  6d. 
SAINTINE.     Picciola.     Edited  by  DR.  DUBUC.     i6th  thousand.     Fcap. 

Svo,  is.  6d. 
VOLTAIRE.     Charles  XII.     Edited  by  L.  DIREY.     St&  edition.     Fcap. 

Svo,  is.  6d. 

GERMAN  CLASS  BOOKS. 

BUCHHEIM  (DR.  C.  A.).  German  Prose  Composition.  Consist- 
ing of  Selections  from  Modem  English  Writers.  With  grammatical  notes, 
idiomatic  renderings,  and  general  introduction.  By  c.  A. "BUCHHEIM,  PH.D. 
Professor  of  the  German  Language  and  Literature  in  King's  College,  and 
Examiner  in  G  erman  to  the  London  University.  I  yh  edition,  enlarged  and 
revised.  With  a  list  of  subjects  for  original  composition.  Fcap.  Svo,  4^.  6d, 
A  KEY  to  the  1st  and  2nd  parts,  yd  edition.  3^.  net.  To  the  3rd  and 
4ih  parts.  4J-.  net. 

—  First  Book  of  German  Prose.  Being  Parts  I.  and  II.  of  the  above. 
With  Vocabulary  by  H.  R.  Fcap.  Svo,  is.  6d. 
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CLAPIN  (A.  C.).  A  German  Grammar  for  Public  Schools.  By  the 
REV.  A.  c.  CLAPIN,  and  F.  HOLL-MULLER,  Assistant  Master  at  the  Bruton 
Grammar  School.  6///  edition.  Fcap.  8vo,  2s.  6d.  _ 

—  A  German  Primer.     With  Exercises.     2nd  edition.     Fcap.  8vo,  \s. 
LANGE  (F.).    Elementary  German  Reader.    A  Graduated  Collection  of 

Readings  in.  Prose  and  Poetry.  With  English  Notes  and  a  Vocabulary. 
By  F.  LANGE,  PH.D.,  Professor  R.M.A.  Woolwich,  Examiner  in  German 
to  the  College  of  Preceptors,  London  ;  Examiner  in  German  at  the  Victoria 
University,  Manchester.  Crown  8vo.  4/7z  edition,  is.  6d, 

MORICH  (R.  J.).  German  Examination  Papers  in  Miscellaneous 
Grammar  and  Idioms.  By  R.  J.  MORICH,  Manchester  Grammar  School. 
2nd  edition.  Crown  8vo,  2s.  6d.  A  Key,  for  Tutors  only.  $s.  net. 

PHILLIPS  (M.  E.).  Handbook  of  German  Literature.  By  MARY 
E.  PHILLIPS,  LL.A.  With"  Introduction  by  DR.  A.  WEISS,  Professor  of 
German  Literature  at  R.  M.  A.  Woolwich.  Crown  8vo,  3-r.  6d. 

STOCK  (DR.).  Wortfolge,  or  Rules  and  Exercises  on  the  order  of  Words 
in  German  Sentences.  With  a  Vocabulary.  By  the  late  FREDERICK 

STOCK,  D.LIT.,  M.A.      Fcap.  8vo,    is.  6d. 

KLUGE'S  Etymological  Dictionary  of  the  German  Language. 
Translated  by  J.  F.  DAVIS,  D.LIT.  (Lond.).  Crown  410,  7*.  6d. 

GERMAN   ANNOTATED   EDITIONS. 

AUERBACH   (B.).     Auf  Wache.     Novelle  von  BERTHOLD  AUERBACH. 

Der  Gefrorene  Kuss.     Novelle  von  OTTO  RQQTJETTE.     Edited  by  A.  A. 

MACDONELL,  M.A.,  PH.D.     2nd  edition.     Crown  Svo,  2s. 
BENEDIX   (J.    R.).     Doktor  Wespe.     Lustspiel  in  funf  Aufziigen  von 

JULIUS    RODERICK   BENEDIX.       Edited    by   PROFESSOR   F.    LANGE,    PH.D. 

Crown  Svo,  2s.  6d. 
EBERS  (G.).    EineFrage.    Idyll  von  GEORG  EBERS.     Edited  by  F.  STORR, 

B.A.     Crown  Svo,  2s. 
FREYTAG   (G.).     Die  Journalisten.     Lustspiel  von  GUSTAV  FREYTAG. 

Edited  by  PROFESSOR  F.  LANGE  ,  PH.  D.  4/7*  revised  edition.  Crown  Svo,  2s.  6d. 

—  Soil  und  Haben.     Roman  von  GUSTAV  FREYTAG.     Edited  by  w.  HANBY 

CRUMP,  M.A.     Crown  8vo,  2s.  6d. 
GERMAN   BALLADS  from  Uhland,  Goethe,  and  Schiller.     With  Intro- 

d  actions,  Copious  and  Biographical  Notices.     Edited  by  c.  L.  BIELEFELD. 

5//j  edition.     Fcap.  Svo,  is.  6d. 
GERMAN    EPIC    TALES    IN    PROSE.      I.    Die    Nibehmgen,    von 

A.  F.  c.  VILMAR.     II.  Walther  u'nd  Hildegund,  von  ALBERT  RICHTER. 

Edited  by  KARL  NEUHAUS,  PH.D.     Crown  Svo,  2s.  6./. 
GOETHE.    Hermann  und  Dorothea.   With  Introduction,  Notes,  and  Argu- 

ments.   By  E.  BELL,  M.A.,  and  E.  WOLFEL.    yd  edition.  Fcap,  Svo,  is.  6d. 

—  Faust.      Part    I.     German     Text    with    Hayward's    Prose    Translation 

and  Notes.  Revised,  with  Introduction  by  c.  A.  BUCHHEIM,  PH.D., 
Professor  of  German  Language  and  Literature  at  King's  College,  London. 
Small  post  Svo,  $s. 

GUTZKOW  (K.).  Zopf  und  Schwert.  Lustspiel  von  KARL  GUTZKOW. 
Edited  by  PROFESSOR  F.  LANGE,  PH.D.  Crown  Svo,  2s.  6d. 
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KEY'S  FABELN  FUR  KINDER.  Illustrated  by  o.  SPECKTER. 
Edited,  with  an  Introduction,  Grammatical  Summary,  Words,  and  a  com- 
plete Vocabulary,  by  PROFESSOR  F.  LANGE,  PH.D.  Crown  Svo,  is.  6</. 

—  The  same.     With  a  Phonetic  Introduction,  and  Phonetic  Transcription  of 

the  Text.     By  PROFESSOR  F.  LANGE,  PH.D.     Crown  Svo,  2s. 
HEYSE   (P.).     Hans  Lange.     Schauspiel  von  PAUL  HEYSE.     Edited  by 

A.  A.  MACDONELL,  M.A.,  PH.D.       Crown  8vo,  2s. 

HOFFMANN    (E.    T.    A.).     Meister  Martin,  der  Kiifner.      Erzahlung 

von  E.  T.  A.  HOFFMANN.     Edited  by  F.   LANGE,   PH.D.     2nd  edition. 

Crown  Svo,  is.  6d. 
MOSER  (G.  VON).     Der  Bibliothekar.     Lustspiel  von  G.  VON  MOSER. 

Edited  by  F.  LANGE,  PH.D.     %th  edition.     Crown  Svo,  2s. 
SCHEFFEL     (V.     VON).      Ekkehard.     Erzahlung  des   zehnten  Jahr- 

hunderts,   von  VICTOR  VON  SCHEFFEL.     Abridged  edition,  with  Intro- 

duction  and  Notes  by  HERMAN  HAGER,  PH.D.     Crown  Svo,  3^-. 
SCHILLER'S   Wallenstein.     Complete   Text,    comprising   the   Weimar 

Prologue,  Lager,   Piccolomini,  and  Wallenstein's  Tod.     Edited  by  on. 

BUCHHEIM,  Professor  of  German  in  King's  College,  London.     6th edition. 

Fcap.   Svo,  5-r.     Or  the  Lager  and  Piccolomini,   2s.   6d.     Wallenstein's 

Tod,  2s.  6d. 

—  Maid  of  Orleans.    With  English  Notes  by  DR.  WILHELM  WAGNER.    yd 

edition.     Fcap.  Svo,  is.  6d. 

—  Maria  Stuart.      Edited  by  v.   KASTNER,  u.-es-L.,   Lecturer  on  French 

Language  and  Literature  at  Victoria  University,  Manchester,     yd  edition. 
Fcap.  Svo,  is.  6d. 

ITALIAN. 

DANTE.  The  Inferno.  A  Literal  Prose  Translation,  with  the  Text  of  the 
Original  collated  with  the  best  editions,  printed  on  the  same  page,  and 
Explanatory  Notes.  By  JOHN  A.  CARLYLE,  M.D.  With  Portrait.  2nd 
edition.  Small  post  Svo,  5^. 

—  The  Purgatorio.     A  Literal  Prose  Translation,  with  the  Text  of  Binnchi 

printed  on  the  same  page,  and  Explanatory  Notes.     By  VV.  S.  DUGDALE. 
Small  post  Svo,  5^. 

BELL'S   MODERN   TRANSLATIONS. 

A  Series  of  Translations  from  Modern  Languages,  with  Memoirs, 

Introductions,  etc.      Crown  8?v?,  is.  each. 
DANTE.     Inferno.     Translated  by  the  REV.  H.  F.  GARY,  M.A. 

—  Purgatorio.     Translated  by  the  REV.  H.  F.  GARY,  M.A. 

—  Paradise.     Translated  by  the  REV.  H.  F.  GARY,  M.A. 
GOETHE.     Egmont.     Translated  by  ANNA  SWANWICK. 

—  Iphigenia  in  Tauris.     Translated  by  ANNA  SWANWICK. 

—  Goetz  von  Berlichingen.     Translated  by  SIR  WALTER  SCOTT. 

—  Hermann  and  Dorothea.     Translated  by  E.  A.  BOWRING,  C.B. 
HAUFF.     The  Caravan.     Translated  by  s.  MENDEL. 

—  The  Inn  in  the  Spessart.     Translated  by  s.  MENDEL. 
LESSING.     Laokoon.    Translated  by  E.  c.  EEASLEY. 

—  Nathan  the  Wise.     Translated  by  R.  DILLON  IIOYLAN. 

—  Minna  von  Barnhelm.    Translated  by  ERNEST  BELL, 
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MOLIERE.     The  Misanthrope.     Translated  by  c.  HERON  WALL. 

—  The  Doctor  in  Spite  of  Himself.     (Le  Medecin  malgre  lui.)     Trans- 

lated by  C.  HERON  WALL. 

—  Tartuffe ;  or,  The  Impostor.     Translated  by  c.  HERON  WALL. 

—  The  Miser.     (L'Avare.)    Translated  by  c.  HERON  WALL. 

—  The  Shopkeeper  turned  Gentleman.     (Le  Bourgeois  Gentilhomme. 

Translated  by  C.  HERON  WALL. 

—  The  Affected  Ladies.     (Les  Precieuses  Ridicules.)     Translated  by  C. 

HERON  WALL. 

—  The  Learned  Women.     (Les  Femmes  Savantes.)     Translated  by  c. 

HERON  WALL. 

—  The  Impostures  of  Scapin.     Translated  by  c.  HERON  WALL. 

RACINE.      Athalie.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

—  Esther.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

—  Iphigenia.     Translated  by  R.  BRUCE  BOSWELL,  M,A. 

—  Andromache.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

—  Britannicus.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

SCHILLER.     William   Tell.     Translated  by  SIR  THEODORE  MARTIN, 
K.  C.  B. ,  LL.  D.     New  edition,  entirely  revised. 

—  The  Maid  of  Orleans.    Translated  by  ANNA  SWANWICK. 

—  Mary  Stuart.     Translated  by  J.  MELLISH. 

—  Wallenstein's  Camp  and  the  Piccolomini.  Translated  by  J.  CHURCHILL 

and  S.  T.  COLERIDGE. 

—  The  Death  of  Wallenstein.     Translated  by  s.  T.  COLERIDGE. 

#%  For  other  Translations  of  Modern  Languages,  see  the  Catalogue   of 
Bonn's  Libraries,  which  will  be  forwarded  on  application. 


SCIENCE,   TECHNOLOGY,   AND    ART. 

BELL'S   SCIENCE  SERIES. 

Edited  by  Percy  Groom,  M.A.  {Cantab,  et  Oxon.),  F.L.S.,  Lecturer  on  Botany , 
and  G.  M.  Minchin,  M.A.,  fi'.R.S.,  Professor  of  Applied  Mathematics  in 
the  Royal  Indian  Engineering  College,  Cooper's  Hill. 

Already  published. 
ELEMENTARY  BOTANY.     By  PERCY  GROOM,  M.A.,  F.L.S.,  sometime 
Examiner  in  Botany  to  the  University  of  Oxford.     2nd  edition.     With 
275  illustrations.     Crown  Svo.     3*.  6d. 

The  following  volumes  are  in  active  preparation : 

COMPARATIVE  ANATOMY.    By  G.  c.  BOURNE,  M.A.,  Fellow  and 

Tutor  of  New  College,  Oxford. 
PHYSIOGRAPHY.     By  H.  N.  DICKSON,  F.R.S.E.,  F.R.  MET.  soc.,  F.R.G.S. 
CHEMISTRY.     By  JAMES  WALKER,   D.SC.,   Professor  of  Chemistry  in 

University  College,  Dundee. 
MECHANICS.    By  PROF.  G.  M.  MINCHIN,  M.A.,  F.R.S. 


.   Educational  Catalogue.  35 

ELECTRICITY  AND  MAGNETISM.  By  OLIVER  j.  LODGE,  n.sc., 
F.  R.S.,  LL.D.,  M.I.E.E.,  Professor  of  Physics  in  University  College, 
Liverpool. 

ELEMENTARY  GENERAL  SCIENCE.  By  D.  E.  JONES,  D.SC., 
Science  Inspector,  and  formerly  Professor  of  Physics  in  the  University 
College  of  Wales,  Aberystwith,  and  D.  s.  MCNAIR,  PH.D.,  B.sc. 


CHEMISTRY. 

COOKE  (S.).  First  Principles  of  Chemistry.  An  Introduction  to 
Modern  Chemistry  for  Schools  and  Colleges.  By  SAMUEL  COOKE,  M.A., 
B.  E.,  Assoc.  Mem.  Inst.  C.  E.,  Principal  of  the  College  of  Science,  Poona. 
6tk  edition,  revised.  Crown  Svo,  2s.  6d. 

—  The  Student's  Practical  Chemistry.  Test  Tables  for  Qualitative 
Analysis,  yd  edition,  revised  and  enlarged.  Demy  Svo  \s. 

STOCKHARDT  (J.  A.).  Experimental  Chemistry.  Founded  on  the 
work  of  J.  A.  STOCKHARDT.  A  Handbook  for  the  Study  of  Science  by 
Simple  Experiments.  By  C.  w.  H EATON,  F.I.C.,  F.C.S.,  Lecturer  in 
Chemistry  in  the  Medical  School  of  Charing  Cross  Hospital,  Examiner  in 
Chemistry  to  the  Royal  College  of  Physicians,  etc.  Revised  edition.  $s. 


BOTANY. 

HAYWARD  (W.  R.).  The  Botanist's  Pocket-Book.  Containing  in 
a  tabulated  form  the  chief  characteristics  of  British  Plants,  with  the 
botanical  names,  soiJ,  or  situation,  colour,  growth,  and  time  of  flowering 
of  every  plant,  arranged  under  its  own  order  ;  with  a  copious  Index. 
By  w.  R.  HAYWARD.  "jt/i  edition,  revised.  Fcap.  8vo,  cloth  limp,  4*.  6d. 

LONDON  CATALOGUE  of  British  Plants.  Part  I.,  containing  the 
British  Phaenogamia,  Filices,  Equisetacere,  Lycopodiaceee,  Selaginellacew, 
Marsileacese,  and  Characese.  qt/i  edition.  Demy  Svo,  6d.  ;  interleaved 
in  limp  cloth,  is.  Generic  Index  only,  on  card,  2d. 

MASSEE  (G.).  British  Fungus-Flora.  A  Classified  Text-Book  of 
Mycology.  By  GEORGE  MASSEE,  Author  of  "The  Plant  World."  With 
numerous  Illustrations.  4  vols.  post  Svo,  Js.  6d.  each 

SOWERBY'S  English  Botany.  Edited  by  T.  BOSWELL  (late  SYME), 
LL.D.,  F.L.S.,  etc.  yd  edition,  entirely  revised.  With  Descriptions  of 
all  the  Species  by  the  Editor,  assisted  by  N.  E.  BROWN.  12  vols.,  with 
1,937  coloured  plates,  £24.  3.5-.  in  cloth,  £26  us.  in  half-morocco.  Also 
in  89  parts,  $s.,  except  Part  89,  containing  an  Index  to  the  whole 
work,  Js.  6d. 

*%  Supplementary  volume.     Parts    I.,   II.,   and   III.,   5-r.    each,    or 
bound  together,  making  Vol.  XIII,  of  the  complete  work,  17^. 

TURNBULL  (R.).  Index  of  British  Plants,  according  to  the  London 
Catalogue  (Eighth  Edition),  including  the  Synonyms  used  by  the  principal 
authors,  an  Alphabetical  List  of  English  Names,  etc.  By  ROBERT 
TURNBULL.  Cloth,  3-T. 
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GEOLOGY. 

JUKES-BROWNE  (A.  J.).  Student's  Handbook  of  Physical  Geo- 
logy. By  A.  J.  JUKES-BROWNE,  B.A.,  F.G.S.,  of  the  Geological  Survey  of 
England  and  Wales.  With  numerous  Diagrams  and  Illustrations.  2nd 
edition,  much  enlarged,  *]s.  6J. 

—  Student's  Handbook  of  Historical  Geology.    With  numerous  Diagrams 

and  Illustrations.     65. 

—  The  Building  of  the  British  Isles.    A  Study  in  Geographical  Evolution. 

With  Maps.     2nd  edition  revised.     "Js.  §d. 

MEDICINE   AND   HYGIENE. 
CARRINGTON  (R.  E.),  and  LANE  (W.  A.).     A  Manual  of  Dissec- 

tions  of  the  Human  Body.     By  the  late  R.  E.  CARRINGTON,    M.D. 

(Lone].),  F.R.C.P.     2nd  edition.     Revised  and  enlarged  by  w.  ARBUTHNOT 

LANE,  M.S.,  F.R.C.S.     Crown  8vo,  gs. 
HILTON'S  Rest  and  Pain.     Lectures  on  the  Influence  of  Mechanical  and 

Physiological  Rest  in  the  Treatment  of  Accidents  and  Surgical  Diseases, 

and  the  Diagnostic  Value  of  Pain.     By  the  late  JOHN  HII.TON,   F.R  s., 

F.R.C.S.,   etc.    Edited  by  w.  H.   A.  JACOBSON,  M.A.,  M.CH.  (Oxou.), 

F.R.C.S.     6/A  edition.     qs. 
HOBLYN'S  Dictionary  of  Terms  used  in  Medicine  and  the  Collateral 

Sciences,     I2th  edition.     Revised  and  enlarged  by  j.  A.  p.  TRICE,  B.A., 

M.D.  (Oxon.).     IQS.  6d. 
LANE  (W.  A.).     Manual  of  Operative  Surgery.     For  Practitioners  and 

Students.     By  w.    ARBUTHNOT  LANE,   M.K.,    M.S.,   F.R.C.S.,  Assistant 

Surgeon  to  Guy's  Hospital.     Crown  Svo,  8s.  6d. 
WILLIAMS(W.  A.).     Domestic  Hygiene.     By  w.  A.  WILLIAMS,  M.B., 

C.M.    (Edin.),  D.P.H.   (Lond.),   Lecturer  for  the   West    Sussex    County 

Council.     Crown  Svo.     Cloth,  is.  6d.     Sewed,  is. 

<  BELL'S  AGRICULTURAL  SERIES. 

In  crown  $>vo,  Illustrated,  160  pages,  cloth,  2s.  6d.  each. 

CHEAL  (J.).  Fruit  Culture.  A  Treatise  on  Planting,  Growing,  Storage 
of  Hardy  Fruits  for  Market  and  Private  Growers.  By  J.  CHEAL,  F.R. U.S., 
Member  of  Fruit  Committee,  Royal  Ilort.  Society,  etc. 

FREAM  (DR.).  Soils  and  their  Properties.  By  DR.  WILLIAM  FREAM, 
B.SC.  (Lond.).,  F.L.S.,  F.G.S.,  F.s.s.,  Prof,  of  Nat.  Hist,  in  Downton 
College,  and  formerly  in  the  Royal  Agric.  Coll.,  Cirencester. 

GRIFFITHS  (DR.).  Manures  and  their  Uses.  By  DR.  A.  B.  GRIFFITHS, 
F.  R.S.E.,  F.C.S. ,  late  Principal  of  the  School  of  Science,  Lincoln  ;  Membre 
de  la  Societe  Chimique  de  Paris  ;  Author  of  "A  Treatise  on  Manures," 
etc. ,  etc.  In  use  at  Downton  College. 

—  The  Diseases  of  Crops  and  their  Remedies. 

MALDEN  (W.  J.).  Tillage  and  Implements.  By  w.  J.  MALDEN, 
Prof,  of  Agriculture  in  the  College,  Downton. 

SHELDON  (PROF.).  The  Farm  and  the  Dairy.  By  PROFESSOR 
J.  P.  SHELDON,  formerly  of  the  Royal  Agricultural  College,  and  of  the 
Downton  College  of  Agriculture,  late  Special  Commissioner  of  the 
Canadian  Government .  In  use  at  Downton  College. 
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Specially  adapted  for  Agricultural  Classes.    Crown  Svo.    Illustrated.     I s.  each. 
Practical  Dairy  Farming.     By  PROFESSOR  SHELDON.     Reprinted  from  the 

author's  larger  work  entitled  "The  Farm  and  the  Dairy." 
Practical  Fruit  Growing.     By  j.  CHEAL,  F.R.H.S.      Reprinted  from  the 

author's  larger  work,  entitled  "  Fruit  Culture." 

TECHNOLOGICAL   HANDBOOKS. 

Edited  by  Sir  H.  Trueman  Wood. 
Specially  adapted  for  candidates  in  the  examinations  of  the  City  Guilds 

Institute.     Illustrated  and  uniformly  printed  in  small  post  8vo. 
BEAUMONT  (R.).     Woollen  and  Worsted  Cloth  Manufacture.    By 

ROBERTS  BEAUMONT,  Professor  of  Textile  Industry,  Yorkshire  College, 

Leeds  ;    Examiner  in  Cloth  Weaving  to  the  City  and  Guilds  ot  London 

Institute,     yd  edition,  re-written.     \Vithover2OOIllustrations.     'js.  6d. 
BENEDIKT    (R),    and    KNECHT    (E.).      Coal-tar    Colours,    The 

Chemistry  of.     With  special  reference  to  their  application  to  Dyeing,  etc. 

By  DR.  R.  BENEDIKT,  Professor  of  Chemistry  in  the  University  of  Vienna. 

Translated  by  E.  KNECHT,  PH.D.  [New  edition  in  the  Press. 

GADD  (W.  L.).     Soap  Manufacture.     By  w.  LAWRENCE  GADD,  F.I.C., 

F.C.S.,  Registered  Lecturer  on  Soap-Making  and  the  Technology  of  Oils 

and  Fats,  also  on  Bleaching,  Dyeing,  and  Calico  Printing,  to  the  City  and 

Guilds  of  London  Institute.     2nd  edition.     $s. 
IIELLYER   (S.    S.).     Plumbing:    Its  Principles  and   Practice.     By 

S.  STEVENS  HELLYER.     With  numerous  Illustration?.     $s. 
HORNBY  (J.).     Gas    Manufacture.     By  j.   HORNBY,    F.I.C.,  Lecturer 

under  the  City  and  Guilds  of  London  Institute.     $s. 
HURST  (G.  H.).     Silk-Dyeing  and  Finishing.    Bye.  H.  HURST,  F.C.S., 

Lecturer  at  the  Manchester  Technical  School,  Silver  Medallist,  City  and 

Guilds  of  London  Institute.     With  Illustrations  and  numerous  Coloured 

Patterns,     •js.  6d. 
JACOBI   (C.   T.).     Printing.     A  Practical  Treatise.      By  c.    T.   JACOBI, 

Manager  of  the  Chiswick  Press,  Examiner  in  Typography  to  the  City  and 

Guilds  of  London  Institute.     With  numerous  Illustrations.     $s. 
MARSDEN  (R.).     Cotton  Spinning  :   Its  Development,    Principles, 

and  Practice,  with  Appendix  on  Steam  Boilers  and  Engines.     By  R. 

MARSDEN,  Editor  of  the  "  Textile  Manufacturer."     ^h  edition.     6s.  6d. 
—  Cotton    Weaving:    Its    Development,    Principles,    and    Practice. 

By  R.  MARSDEN.     With  numerous  Illustrations,      icxr.  6d. 
PHILIPSON  (J.).    Coach  Building.    By  JOHN  PHILIPSON,  M.INST.M.E., 

Past  President  of  the  Institute  of  British  Carriage  Manufacturers.     With 

numerous  illustrations.     6s. 
POWELL   (H.),  CHANCE    (H.),   and   HARRIS  (H.    G.).      Glass 

Manufacture.     By  H.  POWELL,  B.A.  (Whitefriars  Glass  Works) ;  with 

chapters  on   Sheet  Glass,   by  HENRY  CHANCE,    M.A.    (Chance   Bros. 

Birmingham)  ;  and  on  Plate  Glass,  by  H.  G.  HARRIS,   Asscc.  Memb 

Inst.  C.E.     3.T.6./. 
ZAEHNSDORF   (J.    W.).      Bookbinding.      By  j.    w.    ZAEIIXSDORF. 

Examiner  in  Bookbinding  to  the  City  and  Guilds  of  London  Institute. 

With  8  Coloured  Plates  and  numerous  Diagrams,     yd  edition.     5*. 
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MUSIC. 

BANISTER  (H.  C.).  A  Text-Book  of  Music:  By  H.  c.  BANISTER, 
Professor  of  Harmony  and  Composition  at  the  R.  A.  of  Music,  at  the  Guild- 
hall School  of  Music,  and  at  the  Royal  Normal  Coll.  and  Acacl.  of  Music 
for  the  Blind.  l6th  edition.  Fcap.  Svo.  5^. 

—  Lectures  on   Musical   Analysis.      Embracing   Sonata  Form,  Fugue, 

etc.,  Illustrated  by  the  Works  of  the  Classical  Masters.  2nd  edition^ 
revised.  Crown  Svo,  Js.  6d. 

—  Interludes.     Six  Popular  Lectures  on  Musical  Subjects.     Collected  and 

Edited  by  STEWART  MACPHERSON,  Fellow  and  Professor  of  the  Royal 
Academy  of  Music.  With  Portrait.  Crown  Svo,  $s.  net. 

—  Musical  Art  and  Study  :    Papers  for  Musicians.     Fcap.  Svo,  2s. 
HUNT   (H.    G.    BONAVIA).    A  Concise  History  of  Music,  from  the 

Commencement  of  the  Christian  era  to  the  present  time.  For  the  use  of 
Students.  By  REV.  H.  G.  BONAVIA  HUNT,  Mus.  Doc.  Dublin  ;  Warden 
of  Trinity  College,  London  ;  and  Lecturer  on  Musical  History  in  the  same 
College.  \yh  edition,  revised  to  date  (1898).  Fcap.  Svo,  3.?.  6J. 


ART. 

BELL  (SIR  CHARLES).  The  Anatomy  and  Philosophy  of  Expres- 
sion, as  connected  with  the  Fine  Arts.  By  SIR  CHARLES  BELL,  K.H. 
*jth  edition,  revised.  $s. 

BRYAN'S  Biographical  and  Critical  Dictionary  of  Painters  and 
Engravers.  With  a  List  of  Ciphers,  Monograms,  and  Marks.  A  new 
Edition,  thoroughly  Revised  and  Enlarged.  By  R.  E.  GRAVES  and 
WALTER  ARMSTRONG.  2  volumes.  Imp.  8vo,  buckram,  ^3  35. 

CHEVREUL  on  Colour.  Containing  the  Principles  of  Harmony  and  Con- 
trast of  Colours,  and  their  Application  to  the  Arts,  yd  edition,  with 
Introduction  Index  and  several  Plates.  $s. — With  an  additional  series 
of  1 6  Plates  in  Colours,  7-y.  6d. 

CRANE  (WALTER).  The  Bases  of  Design.  By  WALTER  CRANE. 
With  200  Illustrations,  many  drawn  by  the  author.  Medium  Svo,  i8.y.  net. 

—  Line  and  Form.  A  Series  of  Lectures  Delivered  at  the  Municipal  School 
of  Art,  Manchester.  With  Illustrations.  \_Preparing. 

DELAMOTTE  (P.  H.).  The  Art  of  Sketching  from  Nature.  By  p. 
IT.  DELAMOTTE.  Illustrated.  New  edition.  Imp.  4to,  2is. 

DUNLOP  (J.  M.).  Anatomical  Diagrams  for  the  Use  of  Art  Students. 
Arranged  with  Analytical  Notes  and  drawn  out  by  JAMES  M.  DUNLOP, 
A.R.C.A.,  Antique  and  Life  Class  Master,  and  Lecturer  on  Artistic 
Anatomy  in  the  Glasgow  School  of  Art.  With  Introductory  Preface  by 
JOHN  CLELAND,  M.D.,  LL.D.,  F.R.S.,  Professor  of  Anatomy  in  the  Uni- 
versity of  Glasgow.  With  71  Plates,  containing  150  Subjects,  printed  in 
three  colours.  Imperial  Svo,  6s.  net. 

HARRIS  (R.).  Geometrical  Drawing.  For  Army  and  other  Examina- 
tions. With  chapters  on  Scales  and  Graphic  Statics.  With  221 
diagrams.  By  R.  HARRIS,  Art  Master  at  St.  Paul's  School.  New 
edition,  enlarged.  Crown  Svo,  3$.  6d. 

HEATON  (MRS.).  A  Concise  History  of  Painting.  By  the  late  MRS. 
CHARLES  HEATON.  New  edition.  Revised  by  COSMO  MONKHOUSE.  5-r. 
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LEONARDO  DA  VINCI'S  Treatise  on  Painting.  Translated  from 
the  Italian  by  j.  F.  RIGAUD,  R.A.  With  a  Life  of  Leonardo  and  an 
Account  of  his  Works,  by  J.  w.  BROWN.  With  numerous  Plates.  $s. 

MOODY  (F.  W.).  Lectures  and  Lessons  on  Art.  By  the  late  F.  w. 
MOODY,  Instructor  in  Decorative  Art  at  South  Kensington  Museum.  With 
Diagrams  to  illustrate  Composition  and  other  matters.  Demy  8vo,  4^.  6d. 

PEN  NELL  (J.).  Modern  Illustration  :  Its  Methods  and  Present  Con- 
dition. By  JOSEPH  PEXNELL,  Author  of  "  Pen  Drawing  and  Pen 
Draughtsmen,"  etc.  With  171  Illustrations.  Student's  Edition.  Post 
8vo,  Js.  6d. 

STRANGE  (E.  F).  Alphabets  :  a  Handbook  of  Lettering,  compiled  for 
the  use  of  Artists,  Designers,  Handicraftsmen,  and  Students.  With  com- 
plete Historical  and  Practical  Descriptions,  By  EDWARD  F.  STRANGE. 
With  more  than  200  Illustrations,  yd  edition.  Crown  8vo.  5.?. 

WHITE  (GLEESON).  Practical  Designing:  A  Handbook  on  the 
Preparation  of  Working  Drawings,  showing  the  Technical  Methods  cm- 
ployed  in  preparing  them  for  the  Manufacturer  and  the  Limits  imposed  on 
the  Design  by  the  Mechanism  of  Reproduction  and  the  Materials  employed. 
Edited  by  GLEESON  WHITE.  Freely  Illustrated,  ^th  edition.  Crown  8vo,  5^. 
Contents : — Bookbinding,  by  H.  ORRINSMITH — Carpets,  by  ALEXANDER 
MILLAR — Drawing  for  Reproduction,  by  the  Editor — Pottery,  by  w.  p. 
RIX — Metal  Work,  by  R.  LL.  RATHBONE — Stained  Glass,  by  SELWYN 
IMAGE — Tiles,  by  OWEN  CARTER — Woven  Fabrics,  Printed  Fabrics,  and 
Floorcloths,  by  ARTHUR  SILVER — Wall  Papers,  by  G.  c.  HAITE. 


MENTAL,   MORAL,   AND   SOCIAL 
SCIENCES. 

PSYCHOLOGY  AND   ETHICS. 

ANTONINUS  (M.  Aurelius).  The  Thoughts  of.  Translated  literally, 
with  Notes,  Biographical  Sketch,  Introductory  Essay  on  the  Philosophy, 
and  Index,  by  GEORGE  LONG,  M.A.  Revised  edition.  Small  post  8vo, 
3-f.  6d. ,  or  new  edition  on  Handmade  paper,  buckram,  6s. 

BACON'S  Novum  Organum  and  Advancement  of  Learning.  Edited, 
with  Notes,  by  j.  DEVEY,  M.A.  Small  post  8vo,  5*. 

EPICTETUS.  The  Discourses  of.  With  the  Encheiridion  and  Frag- 
ments. Translated  with  Notes,  a  Life  of  Epictetus,  a  View  of  his  Philo- 
sophy, and  Index,  by  GEORGE  LONG,  M.A.  Small  post  Svo,  *,*.,  or  neu 
edition  on  Handmade  paper,  2  vols.,  buckram,  los.  6d. 

HEGEL'S  Philosophy  of  Right.  Translated  by  s.  w.  DYDE,  D.SC., 
Professor  of  Mental  Philosophy  in  Queen's  College,  Kingston,  Canada. 
Large  post  Svo,  "js.  6</. 

KANT'S  Critique  of  Pure  Reason.  Translated  by/.  M.  D.  MEIKLEJOHN, 
Professor  of  Education  at  St.  Andrew's  University.  Small  post  Svo,  5^ 

—  Prolegomena  and  Metaphysical  Foundations  of  Science.  With 
Life.  Translated  by  E.  BELFORT  BAX.  Small  post  Svo,  5r. 

LOCKE'S  Philosophical  Works.  Edited  by  j.  A.  ST.  JOHN.  2  vols. 
Small  post  Svo,  30.  6tt.  each. 
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RYLAND  (F.).  Psychology,  an  Introductory  Manual  for  University 
Students,  designed  chiefly  for  the  London  B.A.  and  B.  Sc.  Fy 
F.  RYLAND,  M.A.,  late  Scholar  of  St.  John's  College,  Cambridge,  ft  A 
edition^  re-written  and  enlarged.  With  lists  of  book  for  Students,  and 
Examination  Papers  set  at  London  University.  Crown  8vo,  4$.  6d. 

—  Ethics  :  An  Introductory  Manual   for  the  use   of  University  Students. 

With  an  Appendix  containing  List  of  Books  recommended,  and  Exami- 
nation Questions.     2nd  edition.     Crown  8vo,  3^.  6d. 

—  Logic.     An   Introductory  Manual   for   the   use   of  University  Students. 

Crown  8vo,  4^.  6d. 

SCHOPENHAUER  on  the  Fourfold  Root  of  the  Principle  of  Suffi- 
cient Reason,  and  On  the  Will  in  Nature.  Translated  by  MADAME 
HILLEBRAND.  Small  post  8vo,  5-r. 

—  Essays.     Selected  and  Translated.     With  a   Biographical  Introduction 

and  Sketch  of  his  Philosophy,  by  E.  BELFORT  BAX.     Small  post  Svo,  5^. 
SMITH  (Adam).     Theory  of  Moral  Sentiments.     With  Memoir  of  the 

Author  by  DUGALD  STEWART.     Small  post  Svo,  3.?.  6d. 
SPINOZA'S  Chief  Works.     Translated,  with  Introduction,  by  R.  H.  M. 

ELVYES.     2  vols.     Small  post  Svo,  5.?.  each. 

HISTORY  OF   PHILOSOPHY. 

BAX  (E.  B.).  Handbook  of  the  History  of  Philosophy.  By  E.  BEL- 
FORT  BAX.  2nd  edition,  revised.  Small  post  Svo,  $s. 

DRAPER  (J.  W.).     A  History  of  the   Intellectual  Development 
Europe.    By  JOHN  WILLIAM  DRAPER,  M.D.,  LL.D.     With   Index.     2 
vols.     Small  post  Svo,  $s.  each. 

FALCKENBERG  (R.).  History  of  Modern  Philosophy.  By  RICHARD 
FALCKENBERG,  Professor  of  Philosophy  in  the  University  of  Erlangen. 
Translated  by  Professor  A.  C.  ARMSTRONG.  Demy  Svo,  i6.f. 

HEGEL'S  Lectures  on  the  Philosophy  of  History.  Translated  by 
j.  SIBREE,  M.A.  Small  post  Svo,  5-r. 


LAW  AND   POLITICAL   ECONOMY. 

KENT'S  Commentary  on  International  Law.  Edited  by  j.  T.  ABDY, 
LL.D.,  Judge  of  County  Courts  and  Law  Professor  at  Gresham  College, 
late  Regius  Professor  of  Laws  in  the  University  of  Cambridge.  2nd 
edition \  revised  and  brought  down  to  a  recent  date.  Crown  Svo,  io.r.  6cf. 

MONTESQUIEU'S  Spirit  of  Laws.     Edited  by  j.  v.  PRITCHARD,  A.M. 

2  vols.     Small  post  Svo,  T,S.  6d.  each. 
PROTHERO  (M.).    Political  Economy.    By  MICHAEL  PROTIIERO,  M.A. 

Crown  Svo,  qs.  §ti. 
RICARDO  on  the  Principles  of  Political  Economy  and  Taxation. 

Edited  by   E.    c.   K.   CONNER,  M.A.,    Lecturer  in   University   College, 

Liverpool.     Small  post  Svo,  5^. 
SMITH  (Adam).     The  Wealth  of  Nations.     An  Inquiry  into  the  Nature 

and  Causes  of.     Reprinted  from  the  Sixth  Edition,  with  an  Introduction 

by  ERNEST  BELFORT  BAX.     2  vols.     Small  post  Svo,  3^.  6d.  each. 
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HISTORY. 
BOWES  (A.).      A  Practical   Synopsis  of  English  History;    or,   A 

General  Summary  of  Dates  and  Events.      By  ARTHUR    HOWES.      nth 

edition.     Revised  and  brought  do\vn  to  the  present  time,      Demy  8vo,  IJ» 
DENTON   (W.).     England  in  the   Fifteenth   Century.     By  the  late 

REV.  w.  DENTON,  M.A.,  Worcester  College,  Oxford.     Demy  Svo,  i2s> 
DYER  (Dr.  T.  H.).     History  of  Modern  Europe,  from  the  Taking  of 

Constantinople  to  the  Establishment  of  the  German  Empire,  A.D.  1453* 

1871.     By  DR.  T.  H.  DYER.     A  new  edition.     In  5  vols.     £2  12s.  6d. 
GIBBON'S  Decline  and  Fall  of  the  Roman  Empire.     Complete  and 

Unabridged,  with  Variorum  Notes.     Edited  by  an  English  Churchman. 

With  2  Maps.     7  vols.     Small  post  Svo,  $s.  6d.  each. 
GREGOROVIUS'  History  of  the  City  of  Rome  in  the  Middle  Ages. 

Translated  by  ANNIE  HAMILTON.    Vols.  I.,  II.,  and  III.    Crown  Svo,  6s. 

each  net.     Vols.  IV.,  V.,  and  VI.,  each  in  two  parts,  4-v.  6d.  net  each  part. 
GUIZOT'S  History  of  the  English  Revolution  of  1640.     Translated  by 

WILLIAM  HAZLITT.     Small  post  Svo,  3^.  6d. 

—  History  of  Civilization,  from  the  Fall  of  the  Roman  Empire  to  the 

French  Revolution.     Translated  by  WILLIAM  HAZLITT.     3  vols.     Small 
post  Svo,  3-r.  6d.  each. 

HENDERSON  (E.JF.).  Select  Historical  Documents  cf  the  Middle 
Ages.  Including  the  most  famous  Charters  relating  to  England,  the 
Empire,  the  Church,  etc.,  from  the  sixth  to  the  fourteenth  centuries. 
Translated  and  edited,  with  Introductions,  by  ERNEST  F.  HENDERSON, 
A.B.,  A.M.,  PH.D.  Small  post  Svo,  5.?. 

—  A  History  of  Germany  in  the  Middle  Ages.     Post  Svo,  7?.  6d.  net. 
HOOPER  (George).     The  Campaign  of  Sedan:    The  Downfall  of  the 

Second  Empire,  August-September,  1870.     By  GEORGE  HOOPER.     With 
General  Map  and  Six  Plans  of  Battle.     Small  Post  Svo,  $s.  6d. 

—  Waterloo  :    The  Downfall  of  the  First  Napoleon:  a  History  of  the 

Campaign  of  1815.     With  Maps  and  Plans.     Small  post  Svo,  35.  6d. 
LAM  ARTINE'S  History  of  the  Girondists.     Translated  by  H.  T.  RYDE. 
3  vols.     Small  post  Svo,  3^.  6d.  each. 

—  History  of  the  Restoration  of  Monarchy  in  France  (a  Sequel  to  his 

History  of  the  Girondists).     4  vols.     Small  post  Svo,  3^.  6d.  each. 

—  History  of  the  French  Revolution  of  1848.     Small  post  Svo,  35-.  6J. 
LAPPENBERG'S    History    of  England    under    the    Anglo-Saxon 

Kings.     Translated  by  the  late  B.  THORPE,  F.s. A.     New  edition,  revised 
by  E.  C.  OTTE.     2  vols.     Small  post  Svo,  $s.  6d.  each. 

MARTINEAU  (H.).  History  of  England  from  1800-15.  By  HARRIET 
MARTIN EAU.  Small  post  8vo,  3^.  6d. 

—  History  of  the  Thirty  Years' Peace,  1815-46.    4  vols.    Small  post  Svo, 

3:r.  6d.  each. 
MAURICE  (C.  E.).    The  Revolutionary  Movement  of  1848-9  in  Italy, 

Austria,  Hungary,  and  Germany.   By'c.  EDMUND  MAURICE.  Svo,  16^. 
MENZEL'S  History  of  Germany,  from  the   Earliest  Period    to    1842. 

3  vols.     Small  post  Svo,  3^.  bd.  each. 
MICHE LET'S  History   of  the   French  Revolution   from  its   earliest 

indications  to  the  flight  of  the  King  in  1791.     Small  post  Svo,  3,?.  6</. 
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MIGNET'S  History  of  the  French  Revolution,  from  1789  to  1814. 
Small  post  Svo,  y.  6d. 

RANKE  (L.).  History  of  the  Latin  and  Teutonic  Nations,  1494 
1514.  Translated  by  p.  A.  ASHWORTH.  Small  post  8vo,  3-r.  6d. 

—  History  of  the  Popes,  their  Church  and  State,  and  especially  of  their 

conflicts  with  Protestantism  in  the  i6th  and   17  th  centuries.     Translated 
by  E.  FOSTER.     3  vols.     Small  post  8vo,  3-r.  6d.  each. 

SIX  OLD  ENGLISH  CHRONICLES:  viz.,  Asser's  Life  of  Alfred 
and  the  Chronicles  of  Ethehverd,  Gildas,  Nennius,  Geoffrey  of  Monmouth, 
and  Richard  of  Cirencester.  Edited,  with  Notes  and  Index,  by  j.  A. 
GILES,  D.C.L.  Small  post  8vo,  5*. 

STRICKLAND  (Agnes).  The  Lives  of  the  Queens  of  England  ; 
from  the  Norman  Conquest  to  the  Reign  of  Queen  Anne.  By  AGNES 
STRICKLAND.  6  vols.  $s.  each. 

—  The  Lives   of  the   Queens   of   England.     Abridged  edition  for  the 

use  of  Schools  and  Families.     Post  8vo,  6s.  6d. 

THIERRY'S  History  of  the  Conquest  of  England  by  the  Normans. 
Translated  by  WILLIAM  HAZLITT.  2  vols.  Small  post  8vo,  3-r.  6d.  each. 

WRIGHT  (H.  F.).  The  Intermediate  History  of  England,  with  Notes, 
Supplements,  Glossary,  and  a  Mnemonic  System.  For  Army  and  Civil 
Service  Candidates.  By  H.  F.  WRIGHT,  M.A.,  LL.D.  Crown  Svo,  6s. 

—  History  of  England,  B.C.  58  —  A.D.  1714.     Crown  Svo,  3^.  6d. 

For  other  Works  of  value  to  Students  of  History,  see  Catalogue  of 
Bonn's  Libraries,  sent  post-free  on  application. 


DIVINITY,  ETC. 

ASPLEN  (L.  O.).     A  Thousand  Years  of  English  Church  History. 

By  the  REV.  L.  o.  ASPLEN,  late  Foundation  Scholar  of  Emmanuel  College, 

Cambridge ;  Assistant-Priest  at  the  Parish  Church,  Weston-super-Mare. 

Crown  Svo,  4*.  net. 
AUGUSTINE  de  Civitate  Dei.    Books  XL  and  XII.    By  the  REV.  HENRY 

D.  GEE,  B.D.,  F.s.A.  I.  Text  only.  2s.  II.  Introduction  and  Translation.  3^. 

—  In  Joannis  Evangelium  Tractatus  XXIV-XXVII.     Edited  by  the 

REV.  HENRY  GEE,  B.D.,  F.S.A.  I.  Text  only,  is.  6d.  II.  Translation 
by  the  late  REV.  CANON  H.  BROWN,  is.  6d. 

—  In   Joannis  Evangelium  Tractatus  LXVII-LXXIX.       Edited    by 

the  REV.  HENRY  GEE,  B.D.,  F.S.A.  I.  Text  only,  is.  6d.  II.  Trans- 
lation by  the  late  REV.  CANON  H.  BROWN,  is.  6d. 

BARRY  (BP.).  Notes  on  the  Catechism.  For  the  use  of  Schools.  By 
the  RT.  REV.  BISHOP  BARRY,  D.D.  nt/i  edition.  Fcap.  2s. 

BLEEK.  Introduction  to  the  Old  Testament.  By  FRIEDRICHBLEEK, 
Edited  by  JOHANN  BLEEK  and  ADOLF  KAMPHAUSEN.  Translated  by 
G.  H.  VENABLES.  2  vols.  Small  post  Svo,  5.?.  each. 

BUTLER  (BP.).  Analogy  of  Religion.  With  Analytical  Introduction 
and  copious  Index,  by  the  late  RT.  REV.  DR.  STEERE.  Fcap.  $s.  6J. 
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EUSEBIUS.     Ecclesiastical  History  of  Eusebius  Pamphilus,  Bishop 

of  Caesarea.     Translated  from  the  Greek  by  REV.  c.   F.   CRUSE,  M.A. 

W  it'll  Notes,  a  Life  of  Eusebius,  and  Chronological  Table.    Sm.  post  8vo,  5^. 
HUMPHRY   (W.    G.).     Book  of  Common  Prayer,  An  Historical  and 

Explanatory  Treatise  on  the.     By  w.  G.  HUMPHRY,  B.D.     6th  edition. 

Fcap.  Svo,  is. 

JOSEPHUS  (FLAVIUS),  The  Works  of.  WHISTON'S  Translation. 
Revised  by  REV.  A.  R.  SHILLETO,  M.A.  With  Topographical  and  Geo- 
graphical Notes  by  COLONEL  SIR  c.  w.  WILSON,  K.C.B.  5  vols.  3*.  6d.  each. 

LUMBY  (DR.).  Compendium  of  English  Church  History,  from 
1688-1830.  With  a  Preface  by  j.  RAWSON  LUMBY,  D.D.  Crown  Svo,  6s. 

MACMICHAEL  (J.  F.).  The  New  Testament  in  Greek.  With 
English  Notes  and  Preface,  Synopsis,  and  Chronological  Tables.  By  the 
late  REV.  j.  F.  MACMICHAEL.  Fcap.  Svo  (730  pp.),  4.?.  6d. 

Also  the  Four  Gospels,  and  the  Acts  of  the  Apostles,  separately. 
In  paper  wrappers,  6d.  each. 

MILLER  (E.).  Guide  to  the  Textual  Criticism  of  the  New  Testament. 
By  REV.  E.  MILLER,  M.A.,  Oxon,  Rector  of  Bucknell,  Bicester.  Cr.  Svo,  4^. 

PEARSON  (BP.).  On  the  Creed.  Carefully  printed  from  an  Early 
Edition.  Edited  by  E.  WALFORD,  M.A.  Post  Svo,  5-r. 

PEROWNE  (BP.j.  The  Book  of  Psalms.  A  New  Translation,  with 
Introductions  and  Notes,  Critical  and  Explanatory.  By  the  RIGHT  REV. 
j.  j.  STEWART  PEROWNE,  D.D.,  Bishop  of  Worcester.  Svo.  Vol.  I. 
8t/i  edition,  revised.  iSs.  Vol.  II.  yth  edition,  revised.  i6s. 

—  The   Book  of  Psalms.    Abridged   Edition  for  Schools.     Crown  Svo. 

9/7*  edition.     $s. 

SADLER  (M.  F.).  The  Church  Teacher's  Manual  of  Christian  Instruc- 
tion. Being  the  Church  Catechism,  Expanded  and  Explained  in  Question 
and  Answer.  For  the  use  of  .the  Clergyman,  Parent,  and  Teacher.  By  the 
REV.  M.  F.  SADLER,  late  Prebendary  of  Wells,  and  Rector  of  Honiton. 
43?v/  thousand.  2s. 

,*»  A  Complete  List  of  Prebendary  Sadler's  Works  will  be  sent  on 
application. 

SCRIVENER  (DR.).  A  Plain  Introduction  to  the  Criticism  of  the  New 
Testament.  With  Forty-four  Facsimiles  from  Ancient  Manuscripts.  For 
the  use  of  Biblical  Students.  By  the  late  F.  H.  SCRIVENER,  M.A.,  D.C.L., 
LL.D.,  Prebendaiy  of  Exeter.  4th  edition,  thoroughly  revised,  by  the  REV. 
E.  MILLER,  formerly  Fellow  and  Tutor  of  New  College,  Oxford.  2  vols. 
Demy  Svo,  32^. 

—  Novum  Testamentum  Grsece,  Textus  Stephanie!,  1550.  Accedunt  variae 

lectiones  editionum  Bezae,  Elzeviri,  Lachmanni,  Tischendorfii,  Tregellesii, 
curante  F.  H.  A.  SCRIVENER,  A.M.,  D.C.L.,  LL.D.  Revised  edition,  $s.  6d. 

—  Novum    Testamentum    Grsece    [Editio    Major]    textus    Stephanici, 

A.D.  1556.  Cum  variis  lectionibus  editionum  Bezae,  Elzeviri,  Lachmanni, 
Tischendorfii,  Tregellesii,  Westcott-Hortii,  versionis  Anglicans  emendato- 
rum  curante  F.  H.  A.  SCRIVENER,  A.M.,  D.C.L.,  LL.D.,  accedunt  parallela 
s.  scripture  loca.  Small  post  Svo.  2nd  edition.  Js.  6d. 

An  Edition  on  writing-paper,  with  margin  for  notes.  4to,  half  bound,  12s, 
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SUMMARY   OF   SERIES. 

BlBLIOTHECA  CLASSICA. 

PUBLIC  SCHOOL  SERIES. 

BELL'S  ILLUSTRATED  CLASSICS. 

CAMBRIDGE  GREEK  AND  LATIN  TEXTS. 

CAMBRIDGE  TEXTS  WITH  NOTES. 

GRAMMAR  SCHOOL  CLASSICS. 

BELL'S  CLASSICAL  TRANSLATIONS. 

CAMBRIDGE  MATHEMATICAL  SERIES. 

CAMBRIDGE  SCHOOL  AND  COLLEGE  TEXT  BOOKS. 

FOREIGN  CLASSICS. 

MODERN  FRENCH  AUTHORS. 

MODERN  GERMAN  AUTHORS. 

GOMBF.RT'S  FRENCH  DRAMA. 

BELL'S  MODERN  TRANSLATIONS. 

BELL'S  ENGLISH  CLASSICS. 

HANDBOOKS  OF  ENGLISH  LITERATURE. 

BELL'S  SCIENCE  SERIES. 

TECHNOLOGICAL  HANDBOOKS. 

BELL'S  AGRICULTURAL  SERIES. 

BELL'S  READING  BOOKS  AND  GEOGRAPHICAL  READERS. 

BlBLIOTHECA    CLASSICA. 

AESCHYLUS.    By  DR.  PALEY.     8*. 

CICERO.     Bye.  LONG.     Vols.  I.  and  II.     8s.  each. 

DEMOSTHENES.     By  R.  WHISTON.     2  Vols.     Breach. 

EURIPIDES.     By  DR.  PA  LEV.     Vols.  II.  and  III.     8s.  each. 

HERODOTUS.     By  DR.  BLAKESLEY.     2  Vols.     12*. 

HESIOD.     By  DR.  PALEY.     55. 

HOMER.     By  DR.  PALEY.     2  Vols.     145. 

HORACE.     By  A.  j.  MACLEANE.     8s. 

PLATO.     Phaedrus.     By  DR.  THOMPSON.    5*. 

SOPHOCLES.    Vol.1.     By  F.  H.  BLAYDES.    5*.     Vol.11.     By  DR.  PALEY.    fl». 

VIRGIL.     By  CONINGTON  AND  NETTLESHIP.     3  Vols.     IQS.  fxi.  each. 

PUBLIC    SCHOOL    SERIES. 

ARISTOPHANES.     Peace.    By  DR.  PALEY.    as.  6d. 

—  Acharnians.     By  DR.  PALEY.     zs.  6d. 

—  Frogs.     By  DR.  PALEY.    2s.  6a. 

—  PlutUS.       By  M.   T.   QUINN.       35.   kd. 

CICERO.     Letters  to  Atticus.     Book  I.     By  A.  PRETOR.    45.  6tt. 
DEMOSTHENES.     De  Falsa  Legatione.     By  R.  SHILLETO.    6& 

—  Adv.  Leptinem.     By  B.  w.  BEATSON.    3*.  6ef. 

LIVY.     Book  VI.     By  E.  s.  WEYMOUTH  and  G.  F.  HAMILTON,     zj.  6d. 

—  Books  XXI.  and  XXII.     By  L.  D.  DOWDALL.    as.  each. 

PLATO.     Apology  of  Socrates  and  Crito.     By  DR.  w.  WAGNER.     21.  fid. 

—  Phaedo.     By  DR.  w.  WAGNER.     5*.  6d. 

—  Protagoras.     By  w.  WAYTE.     45.  6d. 

—  Gorgias.     By  DR.  THOMPSON.    6s. 

—  Euthyphro.     By  G.  H.  WELLS.     3^. 

—  Euthydemus.     By  G.  H.  WELLS.     4^. 

—  Republic.     Books  I.  and  II.     By  G.  H.  WELLS.     3*. 
PLAUTUS.     Aulularia.     By  DR.  w.  WAGNER.    4$.  &f. 

—  Trinummus.     By  DR.  w.  WAGNER.    4$.  6d. 

—  Menaechmei.     By  DR.  w.  WAGNER.    4^.  6d. 

—  Mostellaria.    By  E.  A.  SONNENSCUEIN.    53. 
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PUBLIC    SCHOOL    SERIES— continued. 

SOPHOCLES.     Trachiniae.     By  A.  PRETOR.    4*.  6d. 

—  Oedipus  Tyrannus.     By  B.  H.  KENNEDY,    zs.  6d. 
TERENCE.     By  DR.  \v.  WAGNER,     -is.  6d. 
THUCYDIDES.    Book  VI.    By  T.  vv.  DOLGAN.    2*. 

BELL'S  ILLUSTRATED   CLASSICS. 

C-fliSAR.     Books  I.  and  II.    By  A.  c.  LIDDELL.     is.  bd.  each. 

—  Book  III.     By  F.  H.  COLSON  and  G.  M.  GWYTHER.     if.  6d. 

—  Book  IV.     By  REV.  A.  w.  UPCOTT.     is.  6d. 

—  Book  V.    By  A.  REYNOLDS,     is.  dd. 

—  Book  VI.     By  j.  T.  PHILLIPSON.     is.  6d. 

CICERO.     Against  Catiline.     Books  I.  and  II.     By  F.  HERRING,     is.  fxi. 

—  Selections.     By  j.  F.  CHARLES,     is.  6d. 

CORNELIUS  NEPOS.    Epaminondas,  Hannibal,  Cato.    By  H.  L.  EARL. 

is.  6d. 

EUTROPIUS.    Books  I.  and  II.     By  j.  G.  SPENCER,     is.  6d. 
HORACE.     Odes.     Books  I.  and  II.     By  c.  G.  BOTTINC.     z  vols.,  is.  6d.  each. 
LIVY.     Book  IX.  (c.  1-19).     By  w.  FLAMSTEAD  WALTERS,  M.A.     is.  6d. 

—  Hannibal's  First  Campaign  in  Italy.     By  F.  E.  A.  TRAYES.     is.  6J. 
OVID.     Metamorphoses.     Book  I.     By  c.  H.  WELLS,     is.  6</. 

—  Selections  from  the  Metamorphoses.     By  F.  COVERLEY  SMITH,     is.  6d. 

—  Elegiac  Selections.    By  j.  w.  E.  PEARCE.     is.  6d. 

—  Tristia.     Book  III.     By  H.  R.  WOOLRYCH.     is.  6d. 
PH^DRUS.     Selections.     By  REV.  R.  H.  CHAMBERS.     15.  6d. 
STORIES  OF  GREAT  MEN.     By  REV.  F.  CON  WAY.     is.  6J. 
VIRGIL.     iEneid.     Book  I.     By  REV.  E.  H.  s.  ESCOTT. 

Books  II.  and  III.     By  L.  D.  WAINWRIGHT.     2  vols.     is.  6d.  each. 

Book  IV.     By*,  s.  WARMAN.     is.  6d. 

Selections  from  Books  VII. -XII.     By  w.  G.  COAST.      u.  6d. 

CAMBRIDGE   GREEK   AND    LATIN    TEXTS. 

AESCHYLUS.     By  DR.  PALEY.     zs. 
CAESAR.     By  G.  LONG.     is.  6d. 

CICERO.    De  Senectute,  de  Amicitia,  et  Epistolae  Selectae.     By  G.  LONG. 
is.  6d. 

—  Orationes  in  Verrem.     By  G.  LONG.    zs.  6d. 
EURIPIDES.     By  DR.  PALEY.     3  Vols.     vs.  each. 
HERODOTUS.     By  DR.  BLAKESLEY.     2  Vols.     zs.  6<t.  each. 
HOMER'S  Iliad.     By  DR.  PAI.EY.     is.  6d. 

HORACE.     By  A.  j.  MACLEANE.     is.  6d. 

JUVENAL  AND    PERSIUS.     By  A.  j.  MACLEANE.    is.  6d. 

LUCRETIUS.     By  H.  A.  j.  MUNRO.     zs. 

OVID.     By  DR.  POSTGATE  and  Others.    3  vols.     zs.  each. 

SALLUST.     By  G.  LONG.     M.  6d. 

SOPHOCLES.     By  DR.  PALEY.     zs.  6d. 

TERENCE.     By  DR.  w.  WAGNER,     zs. 

THUCYDIDES.     By  DR.  DONALDSON.     2  Vols.     a*,  each, 

VIRGIL.     By  PROF.  CONINGTON.     zs. 

XENOPHON.     By  j.  P.  MACMICHABL.     is.  6d. 

NOVUM  TESTAMENTUM  GRAECE.    By  DR.  SCRIVENER.    4* .  &/. 

CAMBRIDGE  TEXTS  WITH  NOTES. 

AESCHYLUS.     By  DR.  PALEY.    6  Vols.     is.  6d.  each 

EURIPIDES.     By  DR.  PALEY.     13  Vols.    (Ion.  2^.)    is.  6d.  each 

HOMER'S  Iliad.     By  DR.  PALEV.     is. 

SOPHOCLES.     By  DR.  PALEY.     5  Vols.     is.  6d.  each. 

XENOPHON.    Hellenica.    By  REV.  L.  D.  DOWDALL.    Books  Land  II.    zs .  each. 

—  Anabasis.     By  j.  F.  MACMICHAEL.    6  Vols.     is.  6d.  each. 

CICERO.    De  Senectute,  de  Amicitia,  et  Epistolae  Selectae.    By  G.  LONG. 

3  Vols.     is.  6d.  each. 
OVID.    Selections.     By  A.  j.  MACLEANE.     is .  (>d. 

—  Fasti.     By  DR.  PALEY.     3  Vols.     zs.  each. 
TERENCE.     By  DR.  w.  WAGNER.     4  Vols.     is.  6d.  each. 
VIROIL.    By  pfcoF.  cowiNQTON.    12  Vqls.    is.  6d.  each. 
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GRAMMAR   SCHOOL   CLASSICS. 

CAESAR.    De  Bello  Gallico.     By  G.  LONG.     4*. ,  or  in  3  parts,  is.  6d.  each. 
CATULLUS,  TIBULLUS,  and  PROPERTIUS.      By  A.  H.  WRATISLAW 

and  F.  N.  SUTTON.     as.  6d. 

CORNELIUS   NEPOS.    By  j.  F.  MACMICHAEL.    9$. 
CICERO.    De  Senectute,  De  Amicitia,  and  Select  Epistles.   Bye.  LONG.  35. 
HOMER.  Iliad.  By  DR.  PALEY.  Books  I.-XII.  45.  6d.,  or  in  2  Parts,  as.  6d.  each. 
HORACE.     By  A.  j.  MACLEANS.     3$.  6d.,  or  in  2  Parts,  as.  each. 
JUVENAL.     By  HERMAN  PRIOR.     3$.  6d. 
MARTIAL.    By  DR.  PALEY  and  w.  H.  STONK.     4s.  6d. 
OVID.     Fasti.     By  DR.  PALEY.     35.  6d.,  or  in  3  Parts,  is.  6d.  each. 
SALLUST.   Catilina  and  Jugurtha.    By  G.  LONG  and  j.  G.  FRAZER.     3*.  6d. 

or  in  2  Parts,  as.  each. 

TACITUS.   Germania  and  Agricola.     By  P.  FROST,    as.  6d. 
VIRGIL.    CONINGTON'S  edition  abridged,     a  Vols.     45.  6d.  each,  or  in  9  Parts, 

is.  6d.  each. 

—  Bucolics  and  Georgics.    CONINGTON'S  edition  abridged.    3$. 
XENOPHON.     By  j.  F.  MACMICHAEL.    3$.  6d.,  or  in  4  Parts,  is.  6d.  each. 

—  Cyropaedia.     By  G.  M.  GORHAM.     3*.  6d.,  or  in  2  Parts,  is.  6d.  each. 

—  Memorabilia.     By  PERCIVAL  FROST.    3.?. 

BELL'S  CLASSICAL   TRANSLATIONS. 

AESCHYLUS.     By  WALTER  HEADLAM.    6  Vols.  [hi  the  Press. 

ARISTOPHANES.    Acharnians.    By  w.  H.  COVINGTON.    is. 

—  PlutUS.       By  M.  T.  QUINN.       IS. 

CAESAR'S  Gallic 'War.     By  w.  A.  MCDEVITTE.    2  Vols.     is.  each. 
CICERO.    Friendship  and  Old  Age.     By  G.  H.  WELLS,     is. 
DEMOSTHENES.    On  the  Crown.     By  c.  RANN  KENNEDY,    w. 
EURIPIDES.     14  Vols.     By  E.  P.  COLERIDGE,     is.  each. 
HORACE.    4  Vols.     By  A.  HAMILTON  BRYCE,  LL.D.    is.  each. 
LIVY.     Books  I. -IV.     By  j.  H.  FREESE.     is.  each. 

—  Book  V.  and  VI.     By  E.  s.  WEYMOUTH.    is.  each. 

—  Book  IX.     By  F.  STORR.     is. 

—  Book  XXI.     By  j.  B.  BAKER,     is. 

LUCAN  :  The  Pharsalia.     Book  I.    By  F.  CONWAY.    M. 
OVID.     Fasti.    3  Vols.     By  H.  T.  RILEY.     is.  each. 

—  Tristia.     By  H.  T.  RILEY.     is. 

SOPHOCLES.    7  Vols.    By  E.  p.  COLERIDGE,     is.  each 
THUCYDIDES.     Books  VI.  and  VII.     By  E.  c.  MARCHANT.     is.  each. 
VIRGIL.    6  Vols.     By  A.  HAMILTON  BRYCE.     is.  each. 
XENOPHON.    Anabasis.    3  Vols.    By  j.  s.  WATSON,    is.  each. 

—  Hellenics.    Books  I.  and  II.     BY  H.  DALE.    is. 

CAMBRIDGE   MATHEMATICAL   SERIES. 

ARITHMETIC.    By  c.  PENDLEBURY.    4S.  6d.,  or  in  a  Parts,  2s.  6d.  each. 

Key  to  Part  II.     7S.  6d.  net. 
EXAMPLES   IN  ARITHMETIC.    By  c.  PENDLEBURY.    3s..  or  in  2  Parts, 

is.  6d.  and  2S. 

COMMERCIAL  ARITHMETIC.    Bye.  PENDLEBURY  and  w.  s.  BEARD.  2s.  &/. 
ARITHMETIC  FOR  INDIAN  SCHOOLS.   By  PENDLEBURY  and  TAIT.   3s. 
ELEMENTARY  ALGEBRA.     By  j.  T.  HATHORNTHWAITE.     2s. 
CHOICE    AND   CHANCE.     By  w.  A.  WHITWORTH.     6s. 
D  C  C  EXERCISES  (a  companion  to  "Choice  and  Chance").     6s. 
EUCLID.    By  H.  DEIGHTON.    4s.  6d.,  or  Books  I.-IV.,  3s.  ;  Books  V.-XL,  2.?.  6d. 

or  Book  L,  is.  ;  Books  I.  and  II..  is.  6d. ;  Books  l.-III.,  as.  6d. ;  Books  III 

and  IV.,  is.  bd.     KEY.     c,s.  net. 

INTRODUCTION  TO  EUCLID.    By  H.  DEIGHTON  and  EMTAGE.     is.  cW. 
EXERCISES   ON   EUCLID,  &c.     By  j.  MCDOWELL.     6s. 
ELEMENTARY    MENSURATION.     By  B.  T.  MOORE.     3s.  6d. 
ELEMENTARY   TRIGONOMETRY.     By  c.  PENDLEBURY.    4*.  6d. 
ELEMENTARY   TRIGONOMETRY.     By  DYER  and  WHITCOMBE.    AS  6d 
PLANE   TRIGONOMETRY.     By  T.  G.  VYVYAN.     3s.  6d. 
ANALYTICAL    GEOMETRY    FOR    BEGINNERS.     By  T.  G.  VYVYAN. 

2s.  6d. 
EXAMPLES  IN  ANALYTICAL  CONICS.    By  w.  M.  BAKER.    25.  6d. 
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CAMBRIDGE    MATHEMATICAL   SERIES— fonttnutd. 

ELEMENTARY  GEOMETRY  OF  COMICS.    By  DR.  TAYLOR.    45.  6d. 
GEOMETRICAL,  CONIC   SECTIONS.    By  DR.   w.   H.   BESANT.    4*.    6d. 

Key,  5*.  net. 

ELEMENTARY   CONICS.     By  DR.  w.  H.  BESANT.     zs.  6d. 
GEOMETRICAL  CONIC  SECTIONS.     By  H.  G.  WILLIS.     5*. 
SOLID   GEOMETRY.     By  w.  s.  ALOIS.     6s. 
GEOMETRICAL   OPTICS.     By  \v.  s.  ALOIS.     4*. 
ROULETTES   AND   GLISSETTES.     By  DR.  w.  H.  BESANT.     55. 
ELEMENTARY   HYDROSTATICS.     By  DR.  w.  H.  BESANT.     4^.  (xL 

Solutions.     5*.  net 

HYDROMECHANICS.    Parti.     Hydrostatics.    By  DR.  w.  H.  BESANT.     «. 
DYNAMICS.     By  DR.  w.  H.  BESANT.     10*.  6d. 
RIGID    DYNAMICS.     By  \v.  s.  ALOIS.     4*. 
ELEMENTARY   DYNAMICS.     By  DR.  w.  GARNETT.     6*. 
ELEMENTARY  TREATISE   ON"  HEAT.     By  DR.  w.  GARNETT.     45.  6d. 
ELEMENTS  OF  APPLIED  MATHEMATICS.     By  c.  M.  JESSOP.     4s.  6</. 
PROBLEMS    IN    ELEMENTARY   MECHANICS.     By  w.  WALTON.     6s. 
EXAMPLES   IN   ELEMENTARY   PHYSICS.     By  w.  GALLATLY.    4*. 
MATHEMATICAL  EXAMPLES.    By  DYER  and  PROWDE  SMITH.    6s. 

CAMBRIDGE  SCHOOL  AND  COLLEGE  TEXT  BOOKS. 

ARITHMETIC.     By  c.  ELSEE.     y.  6ct. 

—  By  A.  WRIGLEY.     3f.  6d. 

EXAMPLES   IN   ARITHMETIC.    By  WATSON  and  GOUDIE.    is.  6d. 
ALGEBRA.     By  c.  ELSEE.     4*. 
.       EXAMPLES   IN   ALGEBRA.    By  MACMICHAEL  and  PKOWDS  SMITH,    y.  6d. 

and  AS.  6;i. 

PLANE   ASTRONOMY.    By  p.  T.  MAIN.    4*. 
STATICS.     By  BISHOP  GOODWIN.     3*. 
NEWTON'S    Principia.     By  EVANS  and  MAIN.     4*. 
ANALYTICAL  GEOMETRY.     By  T.  G.  VVVVAK.     4*.  M. 
COMPANION    TO  THE  GREEK  TESTAMENT.    By  A.  c.  BARRETT.    5*. 
TEXT   BOOK   OF   MUSIC.     By  H.  c.  BANISTER.     5*. 
CONCISE   HISTORY  OF  MUSIC.    By  DR.  H.  G.  BONAVIA  HUNT.    35.  6d. 

FOREIGN   CLASSICS. 

FENELON'S  Telemaque.    Bye.  T.  DELILLE.    is.  6d. 

LA   FONTAINE'S   Select  Fables.     By  F.  E.  A.  GASC.     rx.  6d. 

LAMARTINE'S  Le  Tailleur  de  Pierres  de  Saint- Point.     By  j.  BOIELLE. 

is.  6J. 

SAINTINE'S  Picciola.     By  DR.  DCBUC.     «.  &/. 
VOLTAIRE'S   Charles  XII.     By  L.  DIREY.     u.  &/. 
GERMAN    BALLADS.     By  c.  L.  BIELEFELD,     is.  fxt. 

GOETHE'S  Hermann  und  Dorothea.    By  E.  BELL  and  E.  WOLFEL.     w.  6d. 
SCHILLER'S  Wallenstein.    By  DR.  BUCHHEIM.    5^.,  or  in  2  Parts,  zs.  6«/.  each. 

—  Maid  of  Orleans.     By  DR.  w.  WAGNER      «.  6d. 

—  Maria  Stuart.    By  v.  KASTNER.     is.  6d. 

MODERN  FRENCH  AUTHORS. 

BALZAC'S  Ursule  Mirouet.     By  j.  BOIELLE.     31. 
CLARETIE'S  Pierrille.     By  j.  BOIELLE.     zs.  6d. 
DAUDET'S  La  Belle  Nivernaise.     By  j.  BOIELLE.     zs. 
GREVILLE'S  Le  Moulin  Frappier.     By  j.  BOIELLE.    y, 
HUGO'S  Bug  Jargal.     By  j.  BOIELLE.     3*. 

MODERN  GERMAN  AUTHORS. 

AUERBACH'S  Auf  Wache,  etc.     By  A.  A.  MACDONF.LL.    a* 
BENEDIX'S  Doktor  Wespe.     By  PROF.  LANGE.     zs.  6J. 
EBERS'  Eine  Frage.     By  F.  STORR.     2^. 
FREYTAG'S  Die  Journalisten.     By  PROF.  LANGE.     zs.  6d, 

—  Soil  und  Haben.     By  w.  H.  CRUMP.     zs.6d. 
GERMAN  EPIC  TALES.    By  DR.  KARL  NEUHAUS.    zs.Qd- 
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MODERN    GERMAN   AUTHORS— continued. 

GUTZKOW'S  Zopf  und  Schwert.     By  PROF.  LANGE.    zs.  6d. 
KEY'S  Fabeln  fur  Kinder.     By  PROF.  LANGE.     u.  6d. 

with  PhoneticTranscription  of  Text,  &c.     zs. 

HEYSE'S  Hans  Lange.     By  A.  A.  MACDONELL.     2*. 
HOFFMANN'S  Meister  Martin.     By  PROF.  LANGE.     is.  6d. 
MOSER'S  Der  Bibliothekar.     By  PROF.  LANGE.     zs. 
SCHEFFEL'S  Ekkehard.     By  DR.  H.  HAGER.    3$. 

The  following  Series  are  given  in  full  in  the  body  of  the  Catalogue, 

BELL'S  Science  Series.    Seepage  34. 

BELL'S  Agricultural  Series.     See  page  36. 

BELL'S  English  Classics.    See  pp.  24,  25. 

BELL'S  Modern  Translations.    Seepage^. 

BELL'S  Reading  Books  and  Geographical  Readers.     See  pp.  25,  36. 

GOMBERT'S  French  Drama.     See  page  j.\. 

HANDBOOKS   OF   ENGLISH    LITERATURE.    See    6.26,37. 

TECHNOLOGICAL  HANDBOOKS.    See  page  yj. 
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